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V£ Sil ON D(NH clJAVO MONG TRONG LY THUY£T 
QUATitiNH BIEN DANG DAN - DEO . . .. . 

sAo HUY BICH- BAo vAN D(JNG 

§1. D~T VAN DE. 

Trong [1], dii. thiH l~p baitoan 6n djnb ngoai gJ~i hn dan hl\i, khi au dvng 
ti~u chu1tn·r~. nbanh q~a trinh· [2] v~ ly thuyEt'qua trinb bi~n d~1.g dan- deo [3]. Trong 
-Mi nit;)' x;J,y dl,l'ng cao h~ tht'rc ca· -biln cua -Mi. toan ~n djnh vo try mong, xet tru<'>ng 
hgp vO trl}. chju tAc d1;1ng ctia. l1;l'c n~n dQc ·theo drrUng sinh. 

9~ thilft 1~p cite phuang trinh va di~u ki0n ella vO mOng, chUng ta siT dvng gii 
tbiet phap tuy~n th£ng ci1a Kiec Kh6p va g·iit thiH bi\ q'!a thanh p)lan t'rng s~H hu<'>ng 
th~o pMp.tuy'l!n v&i -m~t gifra. Kbi do tqng thai (rug suat Ia phil.ng suy r(lng. Nfti dt· 
Y~t litu lit khOng n~d dm;rc thi lien h~ t'rng _su!t bien d~ng co d~ng [3]. · . · 

• 2 · • , O"mnimn . ' . 
O'!j ""-crukls)(<ij + <mmlh;) + (<f> (sl-O'uk(s)) (1.1) 

3 a~ 
i, j, m, n = 1, 2. 

va hi•u di~n ngcrgc l~i 

~lj - !_ f-1- (~;j- ~3!;) + ;.., (,.-..!__ - .. l ) _s_·mco•S:c"m~•:...(cHl- .-O;j)] 
2 O'ukl s) · · '2 ' \' oV'( s) . O'uk(s) 0'~ 

i,j=1t 2_:m, 11=1, 2, 3 

·hOng d6 lll'(s)~ k(s') ·J;l cac him O?c~ lt11ng chO: titlh chf_t ell_ a v~t li¢.u 
@''(s) > ti kh.i s > s 0 

· <!J'(s) = 'E khi s < 8
0 

I 'K + "' - Kso khi 8 ;> so 
O'uk(s) = ' 

8 

E khi. S < 8 0 

trong do 

(1.3) 

( !.4) 

s 12 d(l diii cung ciia guj d~w bi€n cb.mg1 cru hi ctrOng d¢ trng su«t~ S:ij a. ten:xa l~e~ 
l'mg suot-

§2. ~.Ac H:$. THUC C~uAN e6I V(n TR~NG TIIAI 
XUAT PilAT 

.- xei vo tr~ Mn'kitih Fi; chfeu"day"h'va d~ dai L alj.t ttoog h$ to~ d:<) (x, y .. R8; 
z}_ v&i true x trling vaJ drrCrng sinh, t-ri;IC -z ·:fu6llg goc vai· m~t 'gift.a. 'Khi d6 cac thlnh 
·phl!n :bi~n ·ct'l-rrl;:t;;ti· di~m:'h:iL kf ·. :.· .. 



trang do E~j Li d..c th8nb ph:'i.n hi€n ll~ng ella m~~t gilta cUa vO 

·~y = + (t :: + :; ) 
'* 8u * ()v- \V 

S:x:r = - , ~vy ;;;;;.o -- - -

ox ~ ay R 
(2.2) 

c'S~ Xij Ia cac t'harri s6 d(l cong ella mfit gitrn 

82 \V · 1 8v 1i2W 
Xxx =- --, Xyy =---- -, 

ax2 R oy ay' 
· t a2w 

%xy = ------
ZR 8x8y 

(2.3) 

b dAy u, v lit cac t.hanh phan chuyen djch thea htr&ng x, vi>. y, con. W la tt~'v<ing cu~ 
m~t gifts. · 

C6.c tha.llh phan ll}'c~ ('Ian va m6men cl1a vO mOng x:lc dinh qu·a ttng s-i..l~t"b3.ng clic 
h• thuc quen biet : · 

h/Z h/2 . 

~ f cruclZ ; Nvy = J O'yvdZ ; 

. -h/2 -h/2 . ' 

/:) _:_ dZ 
[' 

. h/2 b/2 h/2 

Nxy,; J axy ( 1 - ~ ) dZ :" J irxydZ ; Nyx = J ayxdZ ; 

-h/2 -h/2 . -h/2 

b/2 h/2 

Mxx = J axx( 1 - ~' )zctz "' f. anZclZ ; 

-b/2 - h/3 

h/2 . . h/2 

Mxy = J ·r1xy ~1 - ~ )zdZ "' J O"xyZdZ ; 

-b/2 -h/2 

h/2 . 

Myy "" J GyyZdZ; 

'-h/2 

h/2 

Myx =., J cr1,ZdZ, 

-h/2 

PhuUng trinh can b~ng d6i v&j pban, _tlr ciia vO la 

lJNxr ONxv -- + --·- + q:x: = 0, 
ih "Y 

iJ.Nxy iJNvy 1 ( liH , liMvv)-'- _ 0' -- + -- - -- -- T -- ' q-v- ~ 
IJ.x . . . 8 y R 8x liy . ~ · 
. 2. -. -
0 2Mxx 02H 0 Mvy .L Nyy -·-.- + 2 --· + --'- r + qr. = 0, 

iix 2 8xoy uy 2 
R 

v6i H = i\lxy = l\-1yx· 
Neu xet st,r On ct}nh trong pbSJ.-m vi .be~ khi d6. 'lheo [4] c.hting ta c¢ 

tile phucrng trinh cin 

i~ j = 1' :2 ; 

82Myy + Nn 
~y' . R 

+q, = 0 

(2.4) 

(2.5) 

(2.6) 

(2· 7) 

~ 
. I 
I 
I 



:ee xac dliuh duqc hmin toi!n ughi~m dia b:Ed loAn nay ci.n ph2.i !h€m c!c ·, Ui;§u 
kif~n bi~n va cac mn b~ v~t ly cua c:k ly lhuy~t cleo (vi d\1 ly thuy~t bien d~ng dan 
di'o nbO, ly lhuyet chity, •.. )• San nay Ia xem nhu biti loan nay dii. gilti dtrqc, tlic Ia 
tim dtrqc dtc thAnb phlin d'ij. ~1j, u~ phl} thu¢c vAo cac l'!C ngotii va dOng th6i gii thiH 
ciing xllc djnb duqc mien deo, mien dim hOi. Tr~ng thai nay gQi Ia tr~ng thai ll:u!it. pMt 
(ky hi~u Mi chi s6 0 Mn tren). Trfn ca sa tr~ng thai nay ta se di xH bai 'totn bn i!jnh 
thea tieu ch11An re nbanh dong chti d:<)ng [2]. 

§a. PHU()'NG' TfttNH R:E NBANB DONG CBU Di)NG 
D6I V(YI VO TRV 

Il~ lhiel l~p cac phuang trlnh nay, chung ta khOng xet den hi~u ling dt tid. Xem 
r&ng lap trung binh Ia tmng hoa theo nghia Ia ling suiH va bien d~ng ctia cbinh sv u6n 
li).i cac di~m ctia lap nay bling khOng. ~ Nhung sau khi vo da bi u6n thi l~i ch pbO.i 
tlnh d~u cac gia so eua liug sult va bi~n d~ng trong m~l nay. ,Vi v~y khi xel blo.i loan 
~n djnh etia vo trQ thl trong phuong trlnh (2.&) cAn phlti thay [4]: . . 

• 12W o azw -'- o B2W· 
q::~; = rrxx-.-- + ayy --r 1 20'xy--

lx2 3y oxoy 
Sau day ta . se viii phtrang trinh re nh:inh dong choi d~ng ctia vo trQ. Ky hi~n 

!Ji~U cua CRC gia Si! t'ing y(,j fi~p lQC chfnh va li~p lt}C phi}. 

ANt; =·dN;; -dN~i• AM;;= dM;j- dM~i• !J.w = dW- dW,; i, j = 1, 2 (~.u 
Uy bieri pMn (2.7), \2.8) va chu y ain (3,1), ta nh~n dtrqc ~Phtrang trinh can 

bling d!l'6i d~ng hieu cSia so (v&i w. = 0) 
ANii•i. ~ 0; (3.2) 

A.Mij,ii + N~;AW,ij + ...!_ANyy = o; i, J·= t~ 2 
·.fl 

Cac li~n ht (2.1), (2.4), (2.6) du&i d~ng hi~u gio s6 la 

(<P' • 
i,j,k,m=J,:Z; 

= ~ [--J.- (lia;; ~ tla~!jl + .:!.. (-1-, - -
1
-) 

2 Gul(o 2 q, 
0 

C"_uko 

i. j = 1, 2: m, n = 13 ·2, 3· 

b/2 h/2 

.6.N;; - f ila;;dz; .6.Mtj = f AO'ijzolz 

-h/2 -h/2 

(3.4) 

(3,5) 

(3. 7) 

H~ illy du cite plmang lrinh trin cilng v&i cite i'lieu ki~nbi~n se eho ta giai hob 
toan bai loan re nhlinh d~ng eM ct~ng etia v6 tr~. 

N~u lrl).ng thai ban <rau kh6ng phv ihu¢c vao z thi 

, . [('"'' • ) cr:m.dek~ o 2 o * .,. ] '->Ntj = h '"'•- O'uk, • 2 ··ali + -<r,k0(At;j + Aek&lltj) , 
O"u 3 

A h
3 

[("'' o ) O'~mL\.W,km 0 2 0 · ] M;; = -- "'•- "•k• 02 "ii + -puk0(L\Wo~; + Aw,kkQij) (3,&l 
12 ~ 3 



khi d6 h~ phrrong trinb can hicng (3 2), (3.3! Ia c~c phtrarig trinh d•o ham rient 
c6 M s6 lit ham ctla x, y. Sau cBy ta dua ra m¢1 each tuong mmh h~ pbuong trinh 
nay cho trtrung bgp tr~ng thai han dAn kbOng phTJ thuQc vao x, Y• 

Trtr{Jc Ml d~t 

. 
khi do (3.2) se thoa ,min dMg nh~t. Con b/lm tp d11gc x:l'c djnh lir phtrong tr!nh tuong 
thlch bi~n d0ng. sau· 

a2tJ.•zr a2tJ.eyy . a2tJ.e,y 
..:;__:~:.. + ..;....;;;'-:!-'- - 2 = ay2 axz a~ay 

1 112 Aw 

H 

M~t khac tir (3.6) vl (3.9) till 

trong d:6 

0 0 
axx -a 

0'~2 

a;r.- a~ 
a~2 

--
1
-- ; 1e (S, As}-= S~r. L\smn: m, n = 1, 2, 3. 

Gu k0 

·" Tbay.(3.11) vao (3.10) ilh~n 4u'qc phuang trlnh x:i.c djnb hilm 'I' nhu san 

]_ (' _I_ _ 1 ) 2cr~x - cr~y 
A.' 0 k ' o2 4 "'o O'u 0 O'u 

o21t (S, lc.S) 

ayz 

1127t (S, Ll.S) 

ax2 

+ - 1
-

02'1') ""0: i, j, k, m = !, 2 
ll 8x2 ' 

1 a2!lW 

R ax1 

. (3.10) 

(3.12) 

(3.13). 

Nh~n xet r~ng nlu v4t tH Ill dan hai lcrc a.l!l; = E, cr~ k • .,. E tbl (3.12) va (3.13J 
r& ve die phuang trlnh &n <ljnh dan Mi (trang 166 (4]) 

Neu qua trlnh cf~t taJ Iii dan gian VA <1>~ = <1>: (•8), rr~ ko = cr~fe~ = F:s thi (3.12) 

va f3.i3) tra v~ cite ph11anc trlnh 5n djnh tbeo Jy thuyH bi~o d~J,ng dan deo nhil (5] .. 

Nhtr' v~y biti toAn llm di~m re nhanh chinh Ia bili !olin Urn ngbi~m kb~c k~~n~ 
cua (3.12), (a.u)"'Phuang phlp chung d~ glai Iii ta se chQn nghi~m. sao cho Ll.W va .f tbtja 
man di~u ki~n bien dQng hqc, sau do thay vao c~c phuang. trinh tren va ttr <1i~u kHn 
khOng tAm thlrlrng cua nghi~m auy ra phtrang trlnh xac djnh 1\rc. Gia trt nhci .nhat Ciia 
n6 ebinn 111 life t&i h~n cl11 tlm. Sau d~y d~ minb h9a ta xet bil.i loan lr!J chju·nen dQc 
duang sinh. 
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X€t yO .trl} ~l· f!e-_D d~.c du-&ng sinh h&i· h,rc· p) t-rvc, y'hrr·;~n-g d~c ·(iu-~ng. :dub,.ti;(tC .. z 
vu6ng g6c v6i m~t truog binh, trl}c y theo chu tuy~n iv6ng. GUi st} tnt tga .. bUn H~ & 
h~i diu X = 0 va X= L. Khi d6 O'~x = ~ p,· cryY = cr:y = 0, a~ = I O'~x \. ' 

Phuang trinh (3-.13) c6 d~ng _ 

(
..!._ + __ s ~; __ ) »4 

t.w + 
4 ' 4 flu ko ax·4 

fl~ viM plnrcrng trinh (3.12) I~ tinh 

11: (S, ilS) = Sihn tlSmn = a':nn- <1'8m•) (ilcr=- tla8mn) 

• ( 2 o2
q; . 1 »2

q; ·) 
= "xx -; »y2-- S 8x2 I 

Thay fui~u !Me ni:y vao (3.12) va sau m¢1 vii pUp th<h loan ta·nh.n drro;rc 

(__:~_ + 2. "~ k. ) ·a_4q> + (3 _ .. a. ) 'a4q; + "~ k, a4cp = 
4 4 <I>: · a,4 - ~4>:- Bx2 8y2 i!lk ay4 

.(J~ kQ 02 tJ.. y .. l 
.crx 2 R. 

nnv 
cos ~ va thay vao (4.2) nh~n dtrqc· 'phrrarlg trinh x~c djnh '!' 

(
_:!_ + _1_ "~ k,) •"'I' + (s _· ,-~ k, ) &4'1' + "_~ k. a4q; = 
4 4- <I>' a • <I>' · a z a. ' <I>' 8 • . <? X <:> • X .y , '"' J 

a• k 
=~C 

R ( 
m;t )' L siiJ 

mnx 
-_-.cos 

L 

Nghi~m ril!ng ella phrr<JIJg' trinh nay 13. 

mn:x nrcv 
rp = Asin --- co:-; --· 

L It 
trong dO 

R 

nh~n dtrqc 

. ~ h
2 r·( 1 3 <!>' ) (' mrc )' _ ( 11 

.)' ( L 2 )' J f'l=O".~~k· ·-- .-·+--~-· -- --\~2 ---.. +- n. ·.~ 
9 . 4 4 O't~ k0 , L . R · ·m1t'.RZ 

+ '( 0 ) "( • )' 

1 

0 ) • 
3 1 <J11. k0 , ~7tft, ~ ( O:u ko · 2. .Q'u. k 0 -+---.- --• +3---- n+--
4 4 <l>' L I ¢' ,, o o 'P'o 

( ~-)'} m1tR 

10 
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mnx 
L. 
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BaY giG ta tim gilt trj nhl) rih£t ella t; 

Tn:r6c Mt dua vao cac bien kMng tbir nguykn 

_....._. PR n 2 h - , rn1tR <!>' 
P. ~ -- ,1, = -- 6- -- ' ""'--·-' i" ' • 1\, ' • 

Eh H nL a-~k0 

Khi d6 (4.5) c6 d\tng sllu 

I' =·-- - v + 2 + -/-. . cr~.k.,. tjJ (. 1 + 3A 02 . 1 ) + 
E 9 4 '62 

'( .. 1+3"A 'l' 1 
4 

---··----",' 

"l 

.B~ng each tlnh tuang t1,r e6 th~ ki~tn tra d.6i. vlri cac d~a ham b~e 2. Nlm vh t~i 
di~m M<.Ji., 6:;) h,rc P d:it gii tri eve ti~u bang 

lhay vito (1 •• 6) ta nh~n duge v 1/1 + 3.A + 2 

V1+3X+3A-1 

(4.9} 

(MO) 

D~y chlnh 10 cOng thirc xac djnh Ivc t&i h~n trong truong hqp d~ag m!l lin ~jnh la 
khOng d6i xt'tng. 

Nh4• xlt: 
a) N€u v~! tb~ i~ dan bM t• o6 <P~ = er~k, = E, ),, "" 1, (4.10) dua v~ d~ng 
2 h 

Pth·=~E-. 
3 R 

COn•g th(rc nay trung v6i life. !t1i h~n dan Mi [4] 

b) Ngu d~t tili 13. don giin ta c.6 cr~ko = a~}€~ = Es, ¢J -""' $~( t: :1 thl 

V V 3<1>' 
2 h -. 1+-.-· +2 

Pth ~ - Ee - <Po _ E~ 
3 f\ v g, <!>; . l/ . 3<1>~ 

s--1+ 1+--
E,; Es 

!rung v&l lv• t&i h~n trong I] tlo.uyi!t bien dang i!an·-di'o nho [5] 

i1 

l 
1' 
j 
l ,, 

I 



) N ' "tb' t'c ' tn·• iJ" lt'r .. Ia' <Jy = (J bay It= I.Ji tl.l1 til' l-LtO)- nha.-tl Ju(,JC e ~ eU Ylf' e 11 t'' 1_v .... unl5> ..: · 0 \ 

cr'k h ( 2 )312 
Pth = -•-•- ! -; 

R 3 . 

d) N~u d¥ng mat ;)n ctjnh Ia d6i x{rng tuc lit n=O tbi tu (4.5) suy ra 

p = cr~ko [ h9. (: ~ + : "~:. ) (' :" .)' + e- +I.~) ( ~r] 
· 4 4 rPo . ' L 

Gilt .'ti~i Cl!C !i~u p tl1eo mrc/L Ia 

(.,ac phucrng. trinh ca ban nb~n dugc cho phep giili bai loan bn djnh ngolli gi<'d 
hnn dan Mi cua vo trl) khi chju tlti phtrc t~p bfft ky. M¢1 s6 truang hi'P cho hih thlrc 
gHU tich ella l\[c t6i h~n, cilc truOng hqp ri~ng cho kH qua tritng vbi cac Ij, tbuye.t 
u bi~t. ... . . 

tlja chl Nh4• ngdg 5!5!19~5 
Tr~tung fl~i h,c TH- HN 
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HESUME 
SUfi LA STABIUT(' DE LA COQUE Ml?\CE SYIVANT LA TH(conm 

DES PHOCESSC~ ELASTO- PI. ISTIQPES 

Dans CL~t nrt1cle on a 8tud1t te probleme de la stahilit& ~e la coque mince su!v:ii.nt 
la th(•orie des processus elasto-plastiques de deformation, ainsi on a eon.litruH des equatien 
fondamentales, consldere le probleme de 1a mince coque f•yliodriquo sous l'eJfet de la 
compression axiale ~t trouve Ia pression cr1tique. Dans les cas particu!iers, ces rCsultats 
ant coincide sv.t)c eeux des theories (lifftire.ntes. 
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