
BAI TOAN ON DJNH NGOAI GI(H HA.N DAN HCH CUA BAN 
VA VO MONG THEO L Y THUYET QUA TRINH BIEN D~NG DAN DEO 

BAO BUY BiCH 

Bi1i.. toan ~n djnli ngoill gi&i h:;m dim hbi ella hiin va vb mOng di dugc ~bieu 
nguUi quan Hlm. d3 slr d1,1ng eac d~ng khac nhau ella ly thnylit deo va cB.c ti~u chu?in xet 
bn dinh kh8_c nhnu [1, 2, :::~ 4, 5], do c16 t'la din cltin dtc kiH qul.t Ichac nhau, CHmh gia d¢ 
chinh xic ella chllng phUi elva v:lo k€t qua thvc nghi$m. MQt htr&ng ngbien ciTu c6 tri~n 
v 9ng y~ On dinh Ia si'r d1,1ng ti~u chu3.n re nhanh qua trinh hi~n d~ng [:~;, 6, 7, 8, 9]. Do 
v~y vi~c sU: dt.mg IJ thuyet qua trinh bien dt_mg dan cteo trong -blti to~m nay cO nhV~u khi 
nlng mang l~i k~t qua phU· hqp v&i thvc te. B3.i nU.y nhUm (U&n d~.t! )T tu&ng d6. 

§ l. AI" DVNG LY TliiUYET QUA TRiNH BitN D<\.NG 

DAN DEO TRONG BAI TOAN ON DJNH CUA BAN VA VO MONG 

NhU' dii bi~t, biti toin dOi v&i b&n vf:). vO mOng c6 th~ dua ve hili toan ph~ng suy 
r¢i1g, do v~y can thii'H bi't:!u di~n quan h~ gifra irng sutH vl bif§n d<:~ng cho • trubng 
hgp nay. 

N~u qua trinh bien d~ng dim deo turrng doi tran, ta c6 [10]. 

·' 2 ( ) ["'"( ) J Skmrlekm l!ISij = ~ cruk s deij + "-~-' s - cruk(s) 
2 

Sij 
9 ~ 

(1-1) 

!rang d6 <P'(s) va k(s) lit hai Mm vilL li~u d~.c tnmg cho tlnh chat v6 huang va vecla 
cUa v~t Ji~u 

Vth 

K + Gs- Kso 
6uk(s) = s 

"" ( ' "-'+' s} p 0 

cj}'(s) = 3G 

3G S ~ Sc, 

,') ?:.;o• 

s < s 0 ) 

V6i s <sa h~, tht'rc (1.1) dua v~ d!nh lu~t Hiw • Ehi s tang cruk(s) giilm, n6 phln 
i.nh dU"qc tinh btit di:i ng htrfmg bi~n rl?ng 1rong qua trinh bi~n dzmg d0o. 

'·,, D~ str dvng vao cite blti toan phli.ug suy r¢ng, ta viEll~i dtc h~ th(rc (1.1) qua ban 
tha.n ten xu crij v:\ Cij (viTi i, j = 1, 2). XCt tnr&ng hsrp v~t li~u ld16ng n6n dtrgc v a t/2, 
E ~ 3G kb1 <16 Ia c6 

1 



') 

(lG'ij = .:'-cr'uk(s'1 (dsij + Sij(iE:kk) + [CP'(::i) - Uuk(:-;)j 
3 

(1.2) 

Gift sU· bfrn, vO mOng bien d:;~.ng chr6i H1c d\Jng cU~1 h;rc khiJi K;,. l"l!c. m~t Fi (f mQt 
r,'l3_n bien va chuy&n dich Ui & m¢1 philn bien. 'ca~. d:;~i Iuvng wiy thay dOi tbeo m¢t 
t 1am s6 n~w diiy~ tey_i m6i phfln til· v?t the thvc hi~n mQi qub · tdnh bli§n d~ng, a:1en 06 
, 0 nghia Ia neu tld ngoid nh~n m(lt gia s6 r:!ito GO, thi c8.e d(:i lu~.rng d~c trli'ng· trtmg 
b3.i ben trong v*"f the cling tbay aM li~~rl gia s6 xac dinh n:lo dfty. N8u bO qua SlJ thay 
·~~Oi hinh hQc cUa v?-t th~ khi vHH cic d-leu ki$n c&n bUng, th! bfti toin hi~n d6i vr'Ji gia sO 
u'ty se cho nghi¢m cluy nhfft, Urc Jit fJH.f.t trinh _bi~n d:;tUg duqc xitc dinh m(1t each don tr)o 

Van dC mat CJ.r: dinh clw diu irUc th~ hi~n b ehO, v6i t:ii ngoi\i d~t gh'1 trt dq_c. 
'Li$t nao JUy K~, F~, l 1L Ung v6i n6 v~t th~ c6 tr~;ng th<li bii'§n <hmg ejj vti trng sutlt 
<i~ thi khi clwyen qun Lr?ng p1a.i nity cO st.r chuyen hien ve chat: tru6c vt\ 'cl10 dCn 
t .n tr~cng thii nily qua trlnh van (!(fn trj, I~lnrng sau frt;lng thai d6' c6 thC cO ~1hi6u lnr6'ng 
ill?._p t~w- qu5. trinh, tlrc Ut bid to~tn bien Ci6i v6i gi~t sO ph3.i tinh cren .s~;t thay i:10i binh 
·h9c cUa v~t. do bi~n cl<J-ng cho nghi~m khOng duy n_ha't. -Dfem s~i gyi 1<1 ('tf~m re nh&nh 
(iOi v6:i qua trinb bifin dzmg, tr9.ng thai sfj, G~j gy~ 18. tr~ng thai xn@:t ph.a±. 

Htdmg uep tt}C chinh ci'ta qua trinh dE:~j hu6·ng thco tiep tuyen qny a~_to, di.c tii~p 
f·)c pht)- (l£ij c6 hu{sng kh8.c nhau. Gqi rlT\:1, dFi, dlil l~t cic gicl sO t[ti ngo·:-~l tlnh llr cb.c 
-".j{l tri Ki, Fi. Ui v:\ gill thiet lnrUng t:dc d'l;Wg cth ili-t" ngofti kh6ng t.h~;y Cl0i khi v~.t bit~n 
''<.mg. Khi d6 bfd to{m bien dtJi vtd gin sO tiEh dCn sv tlmy dOi hinh h9c et1 the vi(;t t.n\1ng 
;_!,mlg nhtr sau: 

-Phuong trlnh c:"tn bfing 

Lk[dcrij, dE:iJ·. ciEi] = G 

Plnrong trinh tun·ng thkh 

Ph[dcri}J dSij. 5iJ~ cH'i dfi'i) = U 

phli"\Ji~~i trlnh ];.tt.:: (]~~J.h: :SJ} d9ng ll~ t[:{H (1 

ong {i6 Lk:, ~~h. Nko Pk L\ nhfmg td:n tlr >ri. _ipihO_~l·· Bo: Iv_·qi!,I; c'·~~j 
r_-_-"c 6 tq_ng tb{Ji U',fft phitt X\..'m nhn· fl8 biCL 

Tr:;mg th;\i Kj', F~, U~ t~xor.;g f~ng v&~ cULn r& :~_h{w_h, nf.;Lt !·,--, C!~'u JJ,S pl;_u-Png 
'trinh !rt~n kh6ng Uny eh&t dOi v6i gia s•~ v6 ctlng I1hi'f, dui; dSij, dG'ij· bi('L: n;1y- cf', Il,&;h'la 

.h th&-i Cli~rr;, re' nb{mh trling v6i th&i di0-E1 xuiH h.i¢n tighi~m kt,{lc kb() ·:g 1:i'•~~ bi~Ll .s6 z 

r. 
= (\, 
= u. 

(l .. s) 



Lien b¢ lisi 1 -- l.i(,, c:Lt.mg 1:hbng u3 aong rdm ~ L llLLrDg w6'l r~ nh&nh 
d:bng cbU dQng, tU~.: l~L l::d mbi cl:iem cUa v~t iinh chU dQng eUa tifp tt_te: pht; boan toftn 
gi6ng nbu tinh chll d6IJg ella ti~p t\Jc ch!nh; li~n h? L.\crij ~ D.elj se gi{);-.g nhuj1.2) ttfc 18. 

(1.4) 

If~ (1.3), (!.-!) l~p thitnb h¢ pbu:ung trinh co Mo ci1a bai (oim bn .c1jnh. 

Do v~y, ta c6 ti~u chu3.n re nbftnh dbng chii d¢ng nhu sau_ [8, 11]: dHhn re nhllnh 
dbng chll d¢ng xac dJnh thOi dihn tUu tien trong IjCh sU' d~t tiii, tqi d6 quit tri:ah bi~n 
dfl.ng d{ul cleo chinh trO thanh mM On d!nh theo nghia nhi~u nhO kh6ng ch\ng k~ cUa qua 
trinh (xern nhu m¢t chuyl1n d¢ng ch~mJ cliln dCn Sl! 1~ch hUu ht}n t<J-i mQi thO.i di~m bftu 
h;.J.n ti~p snu. 

Khi xet hlti toan On dtnb ci'ra b:in:o vO mOng ta vift cac phnunr;, trinh (1.3) qua 
cil.c dqi ltrqng n¢i h;rc (llJ'c dan V[l m6men), bi~n clq_ng va d¢- con,g ella m~t gilta. Tru&c 
h€t. xet bai t'oan Cln djnh dw b:ln. 

Xet b:in c6 cl¢ (by h trong h~ tQa dQ x, y, 'l,; ta viin gifr nguyen d!.c gia thi€t 
dQng h9c va tlnh hQc nhtr trong lj thuyet u6n b:ln. Ta c6 

Eij = efj- Z\V,ij, 

h/2 h/2 

Nq ~ f Uijdz, Mij = J <>ijzdz, 

-h/2 -h/2 

(2.1) 

trong d6 etj Ht ten:x:o bi~n cltJng clia m~t gifta, W - c1¢c v5ng, Nij, \Ilj- h;rc trong va _ 
mbmJen trong tac ch,mg Jen ph?tn t-lr biln. ChUng thOa man h~ phu<?ng trinh cfln bang c6 
tlnh aen Slf thay iiOl hinh h(,)c ci'm blin:' 

Nij,i + qi ::::: 0; 

(2,2) 
Y6i gUi thift (\\' ,i)2 ~ L (1i€u ki~n hien viet theo chu tu~Ten chua bi~n d<',mg. H~ 

(2.2) kN hgp v&i (1.2) cho Ia b~ kin il~ tim nghi~m i1 tr~ng thili xufit phat, tire Ia xac 
c1!nh t1tiQC Z~j, aii pln_1 thu~c V\\o Hti ngo~ti v~t mi&n Ofm hC·L miC11 dfo. 

B'b thi~t 1.$-p b~ phuung trlnh cO' h3.n (1 .. 3), (1.4) cib bii to3n fJn djnh bin mOng~ 
ta lily hi fin ph an phuung lrlnh (2.2) 1:mg v&i tigp lt;t-c chfnb q: n )) v8 ti#p t:_lC ph\I, rOi l§.y 
)1i¢u cC1.c phuong trlnh nh~tD rln·Q'c, ta di tl~n h~ phtwn,Q· trinh ~::m {\z'li Yl'fi hifu gia s6 

6.N!j.j = 0, 

trong d6 
D.Nij = dNij - dN~j 1 Ll:V1ij ::::::: dl\Iij -·- tBI~j? il\V = d\1r ~ (T\V

0 

Theo (~.1) to. r:6 
h/2 

fiNij - f b.crijclz, 

-h/2 

h/2 

Al.rij = J LI<Hj zdz, 

-h/2 

(2.3) 



·,"c/\ \[-~}ng 

{Ui;;tlg -LTng 

'0fli ~_,_,{tn ,,t; clan gi;dl h6a, u~n trf;l,.n,g th/li xu~lt 

l~ tr:.Jng thid. tnr6c 16i h:::n L'l- p!liing. c\c {fq_; l11tfng 
L~<:l ()'Q 

eli".~ ~;-,t"J if(, cLty 
r·t:c_l t!tuYe z 

2 Q 

- r.s~k(s j 
3 

h/2 J /iqrot\7 

-h/2 

= ~~" c~k(s")h(&;cOjm + O;j&km) + h[<ll'(.s 0
) - a~k(s")] 

Is 

.I 3 
' ,. ) l ["''{ 0 0 • 0)' + ('!'lijOkm + ~~ '-V \,S -- 0\1_k\s j 

V,T
0 = U. phtrang trinh th(r 

[a·~k 0 (3;k3jm + 3ij&krn) + 

12 

(2.4) 

(2.5) 

vllo, dll. n d~n 

, o, (:l.o) 

Neu tran.Q tl:JUi xufft tJh::lt ho:ln toin thui:ln nb:ilt,, tlrr Hl G~j. s0
. khi)Lg ph~! t!:n;Qc 

~' y); Nfj =· h;;.il thi khi ihay (~_.4) v:J.o phuang trinh F~lr IlhU.t eli a Ll di d~n 
f ,crrri:~r t:rinb d6i v(ri b.aui cho Dgbi~m hang khQng-, Cr'1n (lfnro-J:Jg trlulJ 

[ 
o. c{ o " f 0' 11_\{ fiikOjm ·-

·!'J]nrung t-rl2h \~.7) n~·i c(-l.C d:.<ng ri0llg: khac _:,l:u~,--- tlH_:!Jc ,_.-~·,,0 -.--J 

1, tlJU\~Gt d8o khi,~ r,hau dll th1'<;c dlc tti.e gi3 t>"Lr6c Gin (~ 11 qc. cH.'l' 

c-J tu:~l:n) (i·ng v&i 1:7 liw,yet bi&n cL:mg Q3_ duqe Ilit;.sEr -;oo·-~ . .::~ii l! )J 
r ·iu 'i'!ko = E(mOU.un ditn bOi) lrng v&i 1)· thnyiH cl:lii~~" Htl D·eo Gt!r:r:: 
r- :·agn, Hanclelmnn I12J~ Pearsoo [13], Hopk-ins [14] ~1ghi.i~n cil'l1 .. 

-· {i i) 

L:1 c-tl:n: 
([3 d U'(,iC: 

Vo]mir [1], Hutchinsou [15J, Bushnell [1r.] cho r2.r;g gi6i b~1l lo{LJ:: l'i:; :;hhnh then 
l~{- lhuy(~t bi8n d$ng cho nghi~m t6t han Jy thuye-t ch.B;y Uti b1?n df1.ng hu{,,;,:>, >;:} ngm!c 
10l tinfu. tr(-tng tbfu :.::u.:\t phfd l,X tbuyCt cbiy t~d t-f~ll ch.o kr}t o:-pJ:i ttl\' LG:l. 

a, 
-~ ='= Fs ~- UuK(~;_·; <.;. F 

s 

j 

I 



I U~·,o ,. __ ,; .·.~,- (.·.~.1-.i d 1n tu. J(/2'- <JU~{ dung.·. 111Ja lla.i l.}' tbu.\Ct trt-n. D0 vB.\.r, c6 the dWng :y 1' "J '-'' /":> !_!_I ' ~ 

·thuyN 'Cjiicl. tr,;lL bif:in d:_lJli, d?l.n dBn ,l(~ tinh d't tr.;lng !hii Xil<lt ph3.l dt re nh:'"tnh qmi l:rinh. 
LiC mil- h hq:l fit .x(.l biti to:lr;. quen bi6.t bUn vuOng g8:n b&n 1€ bt 11C:::n tbeo hurJng x 

b.Cri h.rc ph:_in 1J6 ct&n p• Kbi d6 

sLly ra 

Phuang trlnh en JJS.n (2. 7) ells bai to~ill u,3y c6 d~ng 

(p > o) 

I "~" I 

( 

1 3 -+-
4 '1 .. 

o'll.w 
--=0 

iJx2 
(2 'I) 

t~i X = O, 3 

a' L\.w 
= 0,,--,- = 0 

ay-

(2.10) 

t~i .y = O, a 

Nghi('m cila phnang trinh (2.9) thOa man dieu ki~.n bien (2.10) c6 th~ ch9n cl:_mg·, 

nrrx rn7tv 
Ll\Y = Csin --sin --·-

a a 

re nhinh (tOn t~i nghi$:nl LhOng tam t h if(\- .'1
1 g, tlrc 

it2m27t4 m47t4 9p n211;2 
2 + --.-- = 0 

a4 a h2ifuk0 a' 

Gi2. tr! h.r~ tCri h<:~o Ia gia lri p nhC'l nhclt, n6 t'rng v&i'm = n = 1: 

cr~ko7t:2h2 j' 
36a 2 \ 

10 + 3 (2. 11) 

TruOng hqp nan cEm hOi, ta c6 

¢' = Guk 3G = E 

J ::o: 
[u], p:;. u,., . 

;:~ ~:: ,·i':r ;] ; ;1_rr ir~·i hq11 p~b ti:nh tbco lj thn:vf;_ ch3y i;'<J bf.n <'1-~mg hJJ&J ~ 
0L L:i1~!J d;_mg [:3_1 'TiJ ti.nh d8n bfft clang tb(Te (2. 8) fa d!l'Q"C 

~ ' ~ 
pth < ptll < Pth 

L~~ qu(, trlnh bii.;11 t:hng dAn ('leo philn anh tOt cUe quy 1n~t dOi xU· eUc~ 
v~t th~ bii."-· ''·-;;· __ ;:: d_(:r) khi qa:} trinh diilt ~iii phU:e t~})· Sl'r dt_mg ti&.u chu:in.re nh§.nh qu:;_ 

-tri.n-h -hi<-I: 'l~t:.:~ v:i J)· fh.uy6t_ treu d8. tbiH J:~p c1u9·c cite phuong trinh cO' sV d_f; "'l:6-i !;;J.i 
toan 'On d:~Jlh I~gu:Ji g:kri b.o-n dan hhi d]:l h.§.ll va vO mOn~> -


