
VE CHUY~N D()NG CUA cAc CO' HE V(H LIEN KET . 
CHliO'NG TRINH LOA! BAT DANG UHJC 

BCJ SANH 

Khao sat m¢t h~ ca hQc, vt tl'i eUa n6 duqc xac djuh bllng cfte t9a dQ Lagorangio 
qil ch!u tile (j}_t,J.ng ca.c Ivc kh6ng the Qi (i = 1, n), va bam Lagoran_Qia ciia h~ ch,'i qua 

L = T- TI. o d6: 

n n 
1 I: * ,;.~j+I: a~~i+a*'; n= n (t. q<) •. (0. 1) T=- 2ij 
2 

i,j= 1 i=l 

trong d6 arj. ar, 3.* l:l c:ic h:lm da cho ella tb<':ri gia_n va t9a d¢ h~-' rna tr{tn quim linh 
11 a!i \1 l:l rna tr~n vu6ng, d6i xtrng va khi nghjch. 

Giii siT h~ dtrQ'C' dieu khien theo chuang trinh df_l-ng: 

n 

2:: g~, ~, + g~ > o, ~ = t, s 

i=1 

(0.2) 

Bieu ki€m (0.2) duqc thOa man v&i n19i di~m cUa kh6ng gian pha m6 r9ng 
It, qi, qi} tro~g mH~n khfto sat. 

Bai toan d:ugc di'J_t ra nhu sau: lim cic diCu khi0n Ul (i = 1, n) sao cho h~ (o. n 
du&i t~lc (•ll,ID,t: cUa cac llJ:c. khOng thC Qi (i = I, n) va dtc l·lJC di~u khi~n u1 (i = 1. n) 
fhtp"'- hi~-n chuang trinh (0.2). 

Nhu dil bi6t phuang tr·inh chuy~n d(lng clia h¢ cO th~ ·viet trong d'_1ng: 

d BL ilL 
----.---.- =Qi+ui, i=1, n 

dt &q; oqi 
(1.1) 

}~'e giUi quyeit bid to{ul t1~t ra, cbUng !u tim d1c h.rc die.u khi€:L1 Ul (i = 1, n) sao 
cho h~ U.l) th1F hi~n _clnrong trinh d:Jng: 

n 

L: g~i ~·, + g~ = p~ (t. q;,;;), ~ = u (!.2) 

i=l 

P~ft, q;, q;) > 0, ~ = !, S (1.3) 
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u·,,r,_~ ·i;:t•J :1g!i _. 'Oi ! ·, )l.L ~L, t· ~ c _; ,~; 

trinD. s~::...Jl: 

_i_-= i 

trong d6 l)j) lhi.Jo. mr:l;:; diiiu ki•,:n \1.'3;, (,-'()1) CH(' (-;,~l_i L.'i.\•Jlg ClBi v~l G[3 c1ur;c tinh 1heo cac 
r:t•ng thlic SiHl ~ 

t);; = . ' 

n 

i=1 

r 
:lij I 

'· 

j ::..--: 1 

k,n;=~ 

( 
D·-1':~ 

+' -'-----~ 
\ Dcu 

(1 5) 

j:~1 

n 

E (~-~:,~ 
k=1 

(k, m, l) 13 ec.\c chl' s6 &nxto pb.C'll Io:.li 1, !J aij ]'I Iii m.u tr~ln ngtrgc cua mn tr~}n quf:tn 
t.\ d-." cUng 1::1 nur_· tr¢.n vu6ng~ dtii x(l'ng va kh?~ ngb}cb. 

Chimp; ta :xet tn.rCmg hqp chu'anr< trl:-lh (1.2) hi.hofw lol:ln 1 t&c s = n; vS ma tr~_n 
Jj G~i ii '-'IJ b<-.'-I;g n. Kbi C16 lt'r (:.4) W Hm duqc: 

l:i = (L6) 

Nbu v~.~.-} khi'l.~ nJ} lr>l~l'f'ng Lqp cue. 
chrn1g trinh !o\d bat <Ling ·tii{rc. ch'1. ehrwug 

lrinh J.ooi ctKng thtl:c, trong tnrOilg bqp 
trlni1 lb. ho:\;1 tofcn_, e~lc 1\T,:: t!i8u kU2n phlJ 

~~~t~J'~·~~ ~~~~·;:~~:~~-~~t'gp~':·~~·tb~~·il ~~~lJ .b2u~~~n~~:·~k;i~~~ ~~~~.1 ~Jl;&~ n~O~ ;·~~;\]: cr~:: :;~~~ 
h8:;l d.!r; di€1.1 kh:?ll tH (i = 1' Il,~ t~tm t6i GU ti•~il 1;[ru~n c.!:l3~ luq·ng n!io 

: 1 u·~~·11g h(.''[J ri.?nt; c6 t11't~ ehqn Fp = Cp, \l'o,1g (l(J f'B b htn:.g eli) 

}; ~~ '\ '-J ; 

t}lw thuQc 
)i phl,h 

(21) 

ci\H h~ Ylri li6n kGt kh6:;g h616n0m (2,1)) th1.rc hi~n 
l.h;tG.!:f: trinh (L<i\ e6 !_b.~ \')J;t tnwg d:-p1g: 

n 

=Qi + 1!~"" 
l-· / h)i U.J (2-2) 



,, l-· 
;(: 

n 

r 

trcng ctJ l?c:i·, C<7. d:nqc: tinl1 'liiu r-:ie cDng thll (1.;,; d.,; !.:-1 

c~u gin tOe L;:t~6'rtagio J.:::·ri L"&u di~n ehUng quit, ·l.::: Uic 
die gia t6(: d:)·. ;;:-,, rfl:- f\'~1~ hxy·ng il.jj d;_l.'c:· f!;:J-, n .. ') eiJn.\' tl~;·· 

r 

} = 1, 

o:=1 

U _;;:: .:v:. 1\ ;\ 1l" ~o:j la phclu p~H.~ (1·_ti s6 d~ c:A1 

n6i chang, n<i c6 h:r.;.:'. ;1, 

h~ s6 t rong b;~i u 
IL'Ong lrlhn<,~ ]<,.tn rl{· 

' 1 

(2.l) 

it 

Cite d:i?u khi~nm \i = _;_, Li ···~~- ~~ (2.2) ·:;e J:n-ryc x{tc O!nh Llr "-:u; :,Juang lrinh_: 
n 

t. s L'.G) 

::: L 

.. n r 

G~i 
1t 

·~:(21, ,--..':,;- "" -!~o \.' ' .,~ ,, = 
'~ 

+ hji l ; \.) [:l ~~ '~e- + } gf3\ --:--
L~ 

'-r~j \!j 
•"-=--"' 

(2.?) 

,j=: 

(~ 13 ~ O:u·gc liai1 : h::··' ,-.on~ thiTc 

Cltn,2; ninr t:-oug t:·1;hng hctp h~ UJE, 16:i~, ci~c h_Yc tli&u kbi('n i!~u¢c l~lt6ng nhi~:ug 
dto v.i lri c~~ct I. rOll};; LhOng ph -l - • J r·t.~ng rn:' cOn p1E,1 thq~>c v-i?..o s hl~ lll duong Pp 
m~c dl': 21n,.nr;L; t~·i:lb Li L:::-...~-. ~n-~n, L(': r,,.- ;'::.ii!· t!'G:J.:; Lru·frL·g h(J]) cLuOIJ}J' tl'inh kb6ng 
hnc'tn toB.:.J, cttc Jc_•.,· 1- i·H:)l thF~~~· '\\)I' C ::he'·"-~- ·.-~~" .s b:):n ~ .· 'I!'Gng mft eOn-ph\' 
U; l_l·)·-- \'TG l c. 

c:-: t ~ ., ?r'' 

i=l 

qi -+ 

i=l 

c6;1 bam P13 (t, qi. qi' thJa m~·t~: a;;;;., i~n (i.'ll, Ll~'" h'l 

Pll (ts qi) '> t'~ 

Ot 
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v&i nu;i [, qi thu¢c rniCn kh:lq saL 

2. Neu chuang trinh cO ·dZlng: 

n 

2:.: g~,<i, + g' > o. ~ = 1. s 

i=l 

!hl chtrang !rlnh (2·11) can duqc viet trong ci~ng (2.g), trong d:6 

n 

g~, = g~,; g~ = I: 
i,j=t 

(2.1L 

3. Kf'it quU nh~Ui dtrgc van cOn c6 th~ si't d~mg trong tru~mg hqp khi lii!n k~t 
chuang tTinh c6 d~ng: 

Khi d6 chtmg ta kh:lo sat h~ c6 chuy~n d¢ng chuang trinh ·cl!fng 
n 

.. .. -
g,;q; + g, = P~, (3 = 1, S 

trong il6: 

ag~ 
--, g~ = aq, 

i=l 

n 

i,j=1 

con ham P~(t) !bOa miin d:ien ki~n . 
P~ (t>>o 

V&i m9i t trong khoi'tng th&i gian kblw sat. 

(2.12) 

(2.13) 

(2.14) 

•· C6 th~ si'r «l~ng nguyen ly Gaoxa d~ khio sat hili loan chuy~n d:¢ng ctla w b~ 

v&i lit:n ket chuang trinh lo!).i bcit d&ng tbirc. 

B~ minh b9a. chlmg ta kb:io sat h~, h3.m LagCrriingia ella n6 c6 d:J-ng: 
• • 2 • • 

2L = aqf + bqz + 2cq1 qz (2.15) 

trong d6 qb qz Ht cac t9a d¢ Lag&rilngia ella h~, a, b, c-Ia cftc hUng s6. 
Gi3. sir Qh Qz h\ cUe Jvc khUng the tl.c d1,1ng H!n b~. Tim cac c1i~u khit'~n u~ v d~ 

h~ th~rc hi~n chnan g trinh d~ng ~ 
(2.16) 

trong ao d, b Ja nhfrng htmg m6. 

B~ gd.i quyet bai toan . tren chllng ta tim c:ic di-Eu khi~n u, v d~ h~ th17e hi~n 
chuang trinh dgng ~ 

d~i + h~z = P(t) (2.17) 

trong d6 P(t) 18. ham dt.rong trong kbofing thCri gian khdo sat t > tG. 

B~ vi~! phuang trlnh (1.4) !a t!nh cae-ma tr~n 1 X 211 G~; II va ma tr~n 1X1 II G~ II 
II G~i II= II (ab- chl/11 (ha- dc)/1111, 

II G~ II =II P + [Ql(db- ch) + Qz(ha- dcl]/11!! 

trong d6 11 = ab c2, 
Be lhlJ'C hi~n -chuang trinh (2.16 I _cac lt,rc -dii:~u khi~n u, v duqc x:ic dinh tir h~ 

phucrng trinh sau ~ 

(db - he) u +' (ha - de) v + Ot(db - he) + Q2(ha - de) + PLI. = 0 (2.18) 



Hi\ r;\n~ Ia ,•(\C iii(•n id1.i.:~1' n 

thu¢c v~\o m¢t b9 tb6ng s6. 
Bfiy giU cJ1ling ta gi3. sll· r:lng 

ca hqc gi:ii tich t.hi 
JiC>n k€it chuGng frinh (2.17) 13 1}' tuCrng .tiu~o ngh'ia 

u -=- dv/h = 0. 
Til (2.18), (:l.t9) ta c6: 

ll = d [b.};- Q,(db 

v = h [LIP- (h(db he) - Qz(ha 
Plnwug tri:!h (1.1) c6 cl:;u1g : 

del]/ (d2b - h2a). 

~1.q1 + Ctft = Q1 + U: Crii. -j- bq2 :;"'~ Q2 + v. 

Fhi gilti h¢ phu:ang irinh (2.20) chUng ta nL~n dtrqc: 

·,;, ~ [h(hQt - dQz) + 6P(hd - h< 1] / (d'b + h2a - 2hdc), 

~z = [d(<IQt - hQz) + llriah -· de)] I (d 2 b + h2a - "hdc). 
. Khi tich phfln nhfmg phuang trinh nay 1:l nh~ri duqc: 

[P(bd - he) + _!._ h(hQ! - <JQzlt 2 + CJl + cz] I (d 2 b + h2a -
2 

(2.19) 

('!.~0) 

2bdc ), 

1 
qz = [P(ah - •!c) +- dUQt - hQ2)t2 + Dll + Ilz] /id 2b + h'a - 2hdcl. 

2 
ctl.c bUng ~o tich phan r1, C2, D1, Di th0a miin dtc: d:ieu kifn : 

dC1 + ;t:D! = 0, dC2 + hDz = O. 
Do c16: 

q1 = [P(bd he) + 

d 
qz = [P(ah -·de) + --;-- (dQ!- hQz)t 2 + Dtt ·~ Dz] I (d 2h + L2a- 2hdcl 

Cac h3.ng s6 iich ph lin Dt. D2 dm;rc xitc djnh tlr c1H~u ki~n d3_u: 
., 
C[2(0), 

0 ' 0 ) ]/ 6* q 2 =lP(nh-dc +D2 ~ 

vCri P" = P(o)~ P 0 
= .P(ul, 

1. 'frong b8.i bfto dft trinh bUy phu·ong ph:lp xac d!nh cac h1c dL u khf'~n de h~ 
thvc hi~n chuong trinh loqi bfi:t dfing thUc., cho tnr&ng hqp h~ hOlM Urn (h~ phuan·g trinh 
(t.4ll va h~ phucrn g trtnh (2.6} cho tnr&ng hryp M kMng h6!6nom. ' 

2. ,:EH'i. V?ch ra tinh ch:it qwm tl'QIJg d6i v&i 1oQ,i chuong triub ln)i Mit ·d_lhig ihUc 
Hl J:hi n3Jlg di€u khi€n (a b~ trong lruCrng hQp nf!y duqc n,(r r¢Hg beL d6i . .Y.~j tr~.Op,g 
hqp cUa lo~i chuang lrinh d~ng thirc Vl chuy€n d¢ng ella h~ trong truOng 'hgp chtrOng 
trinh Ht hoUn to~m~ chuy'~n dQng ci'1a h~ ~on ph\1 thuQc vao s bAm duong~ 

Dia cki : 
1'rttilng Dqi hpc Edc!t kkoa HN 

Nh411 ngily 18/3/1985 
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TEE ~ .. :u-;tn:,r OF"-\ ~~YSTE~d \\',IT{-1 PHOGCJ.::.: c:o;\STF:.li.tNTS Of 

LITY T'{FE 

lr:. ~he p:-,;-·s-e::i_ p~q_;eJ.'; l':'_; ~r:;_'nblc-:--, ·~;t l.h: :r~oticr, or ~~ :;ystem vdt!.1 pro:~:ram of hc
i-i:? t:TPB i:;; c·-:;nsit'kd·&::-1.. 

~c-s ~s co:s.<::<.-L:_ctc(:. 
It ic; sl;,c;;dl, tlEli: 1r, tbe c~ti:H.' of tbe. systl:;m tth pi .. 'tgram (·oas1raints of i::eqnaliy 

r) ;_1-,e e.:J.ntro.licd' fcre(o.s depeDfl orJ S(,n1c p.ctraiT>.C·-tcr:• tb·:n.1gb tL<: o~rop;Tan) is complete. 
I·: th.e Hl~L a iJ[L,,str:ati,-:.:- exa-np~c' ·:f: t>J,_<sidu,~< 

c.,~--~C ELAO cAr; KHOA. HOC Vi\ TRi~1H 
H~QC CHt\.T t6NG;. TR-'(JNG f'"iHU'f"<\E'~ 

(ThuOng 
ng ~;/HI:::g 

ng 10/1083 
ng 11/Hl83 
ng 1/:i.98·1-

ky mT>i thang mt}t li?.n vao sang thl-r 7 tu?i.D -cu6i Cl\ng tqi Vi~n Ca hQd 
Ngu~;f~n Van Tuy~n (DH Bflc:h khoa Ba nQd AJ¢t s6 phu·ung hut.'mg nghi~n 
cU:n g·illm slrc din chuy~n df;ng cUa v$-t ·the trong rnr6c, 
Ph0-m V3.n Nir:h {Vi9n cO') sOng trt>n rn~t dOng cbiiy Jw&y·" 
Nguy0n Van Cia (Vi~n to3.n) BS.·l to8.n bi6n khuech tR..n va ITng dl}ng. 
Nguy~n Binh Kg9c (BQ N¢i Vt,ll lvi:Qt s6 vitH cle lo{m ca trong khl tu:qng 

D!J. /:qB4 H08ilg Xui.\~l NlHI{\.Jl ( l$~-~ cu: Ngi:ien c-&n hot~n r-lrn b'J ::hi€u t~li bi~-,1 ('l:{'lng: 

JJilng p!1uung nv) hini1. h6n :s6 t'r_l 
n ~·:' :l'fi,~;~_;, Pi;_Q.m Lqi -.~u (Vi\~n cu) Bell tct.L cgu:r,-r.:~ l:iTl x:;_t c:.01 v-<)·! lJb.:rur.g tr\n1i S()ng" 
r:g 5· l_!:>>:• c:u \;':;.\n Tny8n _Ehcl, khu-a 1-b '?~~d) ~-I¢•t s5 vlln QB •.ri? th:.1y 

· 1 ~)-J~S 

hJ'C hoc 
j\ 

l 3"1;>'~'· 

:lg :::/l~_ig;} Vl~GJlf( 

h1\l ,-.)1 r;g{L;L, 

Ar,· S ~,-, (LrT T:Li 

~i~ YC•Ih b,(( 
J:_)·) V?r 'C'o(~r~ (l:)J-: X!-'1-.;, rf-,_.F 

- i:': 

l'!:( ·:_1,'. ;::· ,,, ,·:.; -, 
ug n/:\·:;1,~;) 'l'_nr:.Jil 

:_:ti: ~,': 1,111 ',T:, m:~,_:·, tr8r;. }:i{ c:C)ng. 
t~-~.t [;ir1IJ (Vi,~;-\ c,_;/ :~.-if: m:'ti Ou cCJ:lnh c1'ta :rnang ru6ng lir tinh. 


