
T<ip <hi Ca h?< T.VIII 1986 S<) I (trang 4-1'2) 

VE BAI TOAN DIEU KHIEN qrc NHANH HE CON LAC 

NGUYEN vAN BlNH 

Trong [1] \trang 339- 344) da khao stt blli toan doi chuyh eve nhanh dugc di~u 
i~n bbi gia tOe trong di€u ki~n v~n tOe bi cb~n. Nh& dua v~\o phep bi~n d?>i thich hqp 
phuang trinh vi phA.n chuyi!n d:l)ng trO nen Clan gian v&i diCu khi~n 1a v~n t6c va da 

(rog minh duqc r:lng _h~ l~ diCu khi~n d crqc neu h~ r:6 tAn s6 rieng phAn bi~t. 

Trang b::li bao nay xet h3.i to:in d(}·i chuy~n Yi khOi dQng qrc nhanb h¢ con ll,: 
·ge Ctieu khl~n biJi l!JC gi6i nQj. 

§ l BAI TOAN D()'l CHUY~N CVC NHANH 

Cho h~ g~m khOi luqng m !jnh ti€n theo tqtc nam ngang OX du6i tic dvng cUa 
'C F(t) mang theo ht n con_ltlC lA nhfrng kh6i lugng Ini treo a dlu dAy dAi lj (i = 1, 
.• ., n), dao d¢ng trong m~t ph&ng th&ng dtrng qua OX. 
ia thi~t IF!tll ~ F0 (F,- hAng •6 dtrang). 

m B3.i toitn d6i chuy~n ClJ'C nhanh y~u diu xic djnb 

rc di~u khitn F(t) d~ trong khoang thai ginn qrc ti~u A--~~o;;].j~'~:o::'-.-' 
din tim h~ chuy~n ttr tr~ng thai can bttng ban dau d~ll e~ \~ ~ 

<,1ng thlti can b~ng m6i sau khi chuy~n dcJi duqc do~n •O 9i· 
• ::> 0 cbo tru&c. 

· B6i ng[u la hUi toan dOi chuyen C\rc -xa: cho tnr6c m; 
, xac djnh i!i~u khi~n F(t) d~ h~ dai chuy~n duqc do~n 

·>Ji: Ct,rc d~i ciin tim. 

H¢ng nang cUa h~ Ia: 

n 

( 1 '1) 

rong d6: X ~ huanb d~ khOl luqng tinh li<'fn; cl~i (i = 1, 2, •• , n)- g6c nghieng du:.· c011 

n 

~c (tlnh theo chi(m kim d5ng hO tlr vj tri can ·bang bn dinh thfing dUog); fvl = m + L mi­

i=l 
;h6i lugng toltn b~. 

Cac ! t,rc suy rrjng 13. ; 

Qx '=7 F(t); Qi = - ffiiglisin<lh (i = b 2p .. , n) 

roog d6: g -- gia t6c trong tnrCrng. 



f;ii! lhtr dao d¢ng nh0~ gift l~! cfl.c sO h~ng b$.c nh8.L h¢ pbuong trJnh vi ph~•~ 
chuy~n c!¢ng lit: 

n 

.\!X--L mJ;iP; = F(t), 

i=l 

md1<Di +- migli<Di = miliX, (i = l_. 2, .... 1 n). 
Cac dieu ki~n d3.u va cu6i 13. : 

(1.3) 

t = 0; X(O) =·o; x(OJ = <!l;(O) = <!l;(O) = 0, (i = I, 2····• n) (1.4) 

t = T; X(T) = x.; X(T) = <T>;(T) = <I>;(T) = 0, (i = l, 2, ... , n) (i.5) 

§ 2· H~ PHUO'NG TRINH CRU AN VA TiNH DitU KHitN DU()'C. 

ChQu bit5n m6i l3 ho3.nh d¢ x cUll kh6i t:.\m toitn h~ xlc djnh bbi ht thtrc: 

n 

~~~ = mX + L m; X - l~:.P;) 

i=1 

H~ phlfong trinh vi ph8n (1.3) 1ro thanh: 

~lx = F(t ), 

. (M- m;)rn;if<l:>, + gMm;/;1!>; - md;Lm;J;(j;; = rnillF(t). 

jo/=i 

(2.1) 

(2.2) 

Phtrang trinh dilu v6i bi~n x ilugc phAn ly bi~u di~n chuy~n d¢ng khoi lftm. Cac 

phuong trtnh sau rn6 til b~ dao dQng v&i d¢ng nang T v':l tb~ nang V: 

(2.3) 

i,,i=1 i=l 

trong dO: au = (i\1 - mi)md1; aij ~ aji = mili 1njlj; c i = Mgm/ i (2.4) 

Ky hi~u: Wi- c:ic t8.n s6 ri~ng; (di, d~-••·1 d!)- di.c h~ sO phan ph6i ttrang trng 
thOa man cic h~ th(rc tqrc giao: 

n n 

; i . 
8. t:m.dkdm = 0 , (2.5' 

k=i 
n 

Bat <Pi = L c~;r.pj (i = 11 2,, .. , n) (2.61 

j=l 
H~ (2 J) trlr thanb 

Mx = Fltl 

(2.7) 

5 



lrong d6: 

n 

1\[i = I: 
k,m=l 

1 F '. X = - 0 X: , <f'i = 
M 

n 
i i 

l\liWr E akl •1 )2 f!Jcmdkdin : - k • 

1 

1li 

k=l 

n 

!f':·po r rrqlja; (i = 1~ z, ... ,n) 

j=l 

{2.8) 

H~ phuang trinh vi ph:1n chuy€n d¢ng se c6 d~ng dan gHm; 
2 

x = u(t); q>; + Wi 'f'i =. u(t), (2.10) 

trong d6 d~ dan g1an chung ta v~n dung cac ky hi¢u x, 'P! con dieu khi~n u(t) = Ftt)/F, 
chin dieu ki~n I u(t\ I,;;;; 1. 

D~ dang nbi).•1 thil:; cite dieu ki~n dau (1.4) va cuoi (1.5) tr& tb:lnh: 

trong d6 

I ~ 0; x(o) = 0; ~lo) = 'f'ilo) = ~~(o) = 0, 

t = T ; x(T) = "•· ~(T) = 'f'i(T) = ~i(T) ~ 0, 

1 
x* = -- MX* > 0 

Fa 

Dtr&i d:;tng vccto-ma tr?n, h~ (2. tO) viet dtrqc : 

trong d6 : 

yl 

Y2 

.)"3 

y4 

y = 

X 

X 

'1'1 

'1'1 

'f'n 

<pn 
I J 

; = Ay + bu(t) 

;A= 

0 0 0 

0 0 0 0 

0 0 0 1 

0 o -(J)I o 

0 0 0 0 

0 0 0 0 

0 0 

0 0 

0 0 

0 0 

; b = 

0 1 

. ~w~ 1 

0 

1 

0 

0 

1 

(2. it) 

(2.12) 

(2.13) 

(2.!4) 

(2.15) 

Nhu 0 {l], dC cln'rng minh tinh diEu khi!tn Ou(Jc d'w h~, <'iln kitrn tra hai tinh chal sau: 

1. !'huang trinh del( A - AE) = 0 chi c6 nghi~m vO'i ph an thvc khong duong 
(E -rna tn)n dan vi) 

2. Dinh lhtrc Ll. = I B. AB, A2B, ... , A2n+lg I =F 0 

Bien ki~n th(r nbat Ja hi€n nhi~n vi: 

Il 

det(A- f-E) = A2 n (2.16) 



~--

1 

fh8u ki~n thU ha!, nhO cac quy t3.c tinh djnh thl're quen bteL Qua vEt dinh thlrc 
Vandecm6n va diin a:en yCu cilu de tan s6 rieng ella h¢ phUi kh{\c bi~l nhau! 

il.= I 

0 0 0 0 0 

0 0 0 0 0 

0 1 0 
2 

-wl e (-pn (•)~n 

B, AB • .-1 21J,., .• A2n+lJlj = 1 0 -wT 0 (-j)Dw~n 0 

2 cu 4 
- "'J 1 

( -1l"wr" 

0 
VJ~ 0). 

2 
( -1)"<u~" 

,, 2 (d! Wn 

2 • ( _ )n Zn 
"'J wl -1 (Ul 

2 4 ( -1JnW~n w w2 
0 2 

- w' 4 (-1)"w" w 
n n n 

1 w2 f.d2n-2 2 
1 1 

1 t (o)~n-2 
n 2+ 1 

oJ 2 

=(-1) (wf w~)2 = 

1 
2 m~n-2 CIJn 

n 2 +1 2 2 )2 I 11 ') ) -~ 
= (--·1) (W1 Wu (wk -· oJ;)l + 0 

i<k 

§ 3. MQT s6 TINH CHAT CUA DiiW KHI~N 
eve NHANH 

= 

E.}' hieu pi (i ;= 1, ~ .... , lJ)- cA.c bi~n lien hgp va th8n h l~p ham Hamintan: 

Jl 

H =pix + 12 u + L [p2l+1 ~; + P2i+2 (- <uJ lj>i + u)] 

i=l 

(2.17) 

(3.1) 



H? phuang trlnh lii>n hqp ta: 

p1 = 0, pz = -~ pL 

Pzi+l = w} p.2i+2, ~2i+2 =- p:ai+l~ G = 1. 2 •.•. , n) 

Theo nguyen ly POntriaghin [2] dien khi~n Cl)"C nhanh co d~ng: 

u (t) = 

n 

+ 1 k hi P(t) = Pz + L p2i+ 2 > 0 

i=l 

[) 

1 Kh1 P(t) = Pz + ·r ·p2;+z < 0 

1=1 

Hay, san khi tlch pMn h~ ( 1.2): 

,u (t) = 

+ 1 kbi P (t) = Ct + D 

n 

L Eisinuli (t + ~;) > o· 

i=1 

n 

- 1 khi P (t) = Ct + D - r E; sin 1uli (t + ~;) < 0 

i=1 

trong d6: C, D, Ei, ~; (i = 1. 2, ... , n) - cac h3.ng s6 chut~ xac cljnh. 

(3. 21 

(3.l) 

Nhtr the, dieu khi'E!n C\fC nhanh l:\ bam luan ho;lo c6 gia tri + 1 va - 1; th&i di~m ~ 

n 

chuyln trj Ia giao diEhn cUa ducJng thiing Ct + D vit dtr&ng L Ei sin Wi (t + ~i). 

i =1 

Han nfta, 0 b<'ti toRn nily, cOn c6 tinh ch3J sau: Dif.u khiE:n CT,rr nhanb c6 1.-lm d61 
xirng t~i t = T /2 nghia lit : 

u(t)=-u(T-t) 

va t.i d~ thOa miill cac h~ thlrc: S3ll: 

x IT/2) = a/2 (3.6a); 'Pi (T/2) ·- 0, (i = 1, 2, ... , nl 

Thvc v~y, g9i 11 (t) 13 dieu khi'~n ct,rc nhanh, chling ta c6: 

v ('f) 

T 

= Jv(~)d1:=0;x(T) 
0 

T 

. 0 0 

<pi (T) = - 1
- J u ( 1:) sin w; (T - 1:) d~ = 0; 

w; 

<p; (T) 

0 

T f u(1:) cosWi (T- 1:) d'' = 0; (i = 1, 2,, ., n). 

Q 

(.3.5) 

(3.6b) 

(.1.7) 

(e-s) 



T 

• () m ·~ l' !:'1.")- cos G)j 'f ciT--- cos (,J-1 T . '(1 (<1, sl n (JJ-; 1." iil't' ::=: 0 T j" 
S'.lil J i l ~ • -. - ~ 

.! 

0 

T "' i 

{3.9) 

cos c.H T f u (-r) cos em tt d"r + sin WiT 

J 
J u (<')sin""~ ll~ ~ 0, (i = 1,·2, ... , n)-

'o 

Tlr d6 suy ra: 

T f \1 ( ~) cos "" "' <117 

0 

0 

T 

0~ f u (1:) sin Wi~ d"' = 0, (i ~ 1, 2, ... , n). 

0 

(3.10) 

xet di€u khten- u (T ._... t), d6i xUng clia di(~u khiSn n {t) qnn tam d6i xlmg t =T/2· 
ChUng ta c<): 

T T f [ -- u (T ·· T )]c11: =- S u (z) dz = 0, 

0 0 

'!' t T T-·t 
' 

T T J (f[-u(T-T)jdT)dt= s (J u (z) dz) clt = J ( J u (z) clz + 
o o o T 

T-t 

+ S u (z)dz) cH 

T 

T T-t 

J (: J u (z) clz) dt 

0 0 

0 0 

M:}t kh:ic, ehU -y U&n c~c b¢ thUc (3.10\ chUrg in c6 ~ 

T 
r 

~ 
0 

'l' T 
f 

0 0 

T cr J (i J u (z) dz) da = 

0 0 

J u(.z) COSN:iZd'l --- {J, 

0 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

V:o).y Ctieu khf~m -u(T - t) c6 cling til.c <h,mg nhu difu khi~n u(t) (cling thOi .gian di~u 
khi~n, cling tr~ng thai dau va cu6i). De khOng mau thu:in v&i tinh duy nMf.t c:Ua di~u 
khien eve nhanh h~ thlrc (3.5) pb.8.i thOa man. 

Cl1U y rt_ng: 
T 

f 
T/2 0 0 0 

-~ 



'I'/2 T-c I 

J( J u(-r) d~ f u(t) d'r) do 

0 0 0 

T/3 T T/2 l 

f ( 
,. 

u(T) d't") dcr f ( f D('r) d't) dt. = J = 

0 T-cr 

Tir d6 suy ra (:;.Ga) 

T/2 l 

x{T/3) = J (: J 
0 

Tuong tcy·, chU y ding 

T 

u 

0 0 

1 
=~ 

0 u 

T 

--;;- S u('t) sinWi ( : - ~) d't = 
1 f u(T 't') siuWi (--

{l)i 

T/2 

= 

T/2 
'f/2 

S ( T 
u(z) sinw; -

2 
-

(J)i 

1 

0 

Tir d6, tren cu sa cac h~ thirc (".10), suy m (3.6b): 

T/2 

--- u(t) sinw, 1-- -1 ~ s I T 
2Gi \ 2 

0 

T 

r ( T + J U('C") siO(')i. 2 
T/2 

T 

t) dt + 

T 
1 J u(,)sinw;( :· l T f 8 i lH~?i --·-

2 '2&li 

1 

0 

T 
- COS(Iii --

2 

0 

0 

(3.15) 

a 

2 

T I 
+ '"') <l't = 

2 

(3.!6; 

Bili toilll nay yeu clio xac d)nh dieu khi~D de trong khoang thai gian C\fC ti~ll '"ll 

tim, h¢ chuyen tl'r tr:,_ng thid c&n hilng ban dilu t&i ir~ng thai tjnh tii'!n v&i v(tn tOe cho 

tnr(rc. D6i ngllu Ht b:li toim khb·i et¢ng v6i v~n t6c qrc dq._i. 

1o 

I-I~ phuong trinh vi phlln chuy't~n d¢ng 18.: . .. 
v = u(t); qJi + (<J?<:pi = u(t), 

' 
(i = 1, 2, ••·) n) ( 4'!) 



t = 0; v(o) = 0, <p<(o) = q>;(o) = 0 (i = 1, 2, ... ; n 1 

t = T; v(T) = V*, -Cfi(o) = !fli(o) = 0 •;(i = 1~ 2, ,.,~_ u) 

Trong f16: V* - v~n t6c tjn_h tign t~i tr~ng thai cu6i. 

l4.2l 

lhroi d~ng vecta·ma tr~n, h~ (4.1) cling c6 d:;tng nhu (2.15) trong·do bO ·y~u t6 
dii.u ella d.e vectcr y va b, dOng d~u vil c¢t dlu cUa rna tr~n .e..o 

Tinh dieu khH~n duqc ella h~ da chlrng rninh trong [1]. ~ 
Bi~n li~n hqp pi kh6ng cOn c6 m~.t, h!.\m Harninton va h~ ptuang trjnh li~n hqp la 

l1 

H = Pzu + L [ P2i+l'{li + P2i+2 (- CU~'{li + u) l 
i=l 

Pz = 0, 

Theo nguy~n lj P6ntriaghin~ dieu khi'l!n c1,tc nhanh c6 dq_ng: 

+ 1 khi 

u(t) = 

- l khi 

hay, sau khi tlch pMn h~ (4.5): 

+ 1 khi 

u(t) = 

- 1 khi 

ll 

P(t) = p2 + LP2l+l > 0 

i=l 
n 

P(t) = p2' + LP2i+2 < 0 

i=1 

n 

P( t) = D - L E;cos<D;( t + ~;) > ll 

i=l 
n 

P(l) = D - L Eicos<,>i( t + ~,) < o 

1=1 

h·ong d6: D, Eii £1 (j = 1, 2:~ ... ~ n) -- c<lc b8..ng s6 ch11a xae d}nh" 

( 4 .!) 

(4.5) 

(4. 7) 

NhiT tb€, (1i€u khi€n cl,rc nhanh lU ham tu~n boan c6 gia trj + 1 v~1 ~· l~ c3.c di~m 
n 

chuy~n tri 13. giao di€m ella ChrCrng nam ngang D 1'3 duUng ], EiCOS(•)j( t + ~i). ,,_, 
i=l 

Han nUa, difu khi~n eve nhanh b b~ti toin nay eOn c6 n.hfrng tinh 
khi~n eve nhanh c6 trl)c d6i xung t = Tl2 nghia la: u(t) = u(T- t) 
va thiia man cac ht thirc: 

~i ( ~ ) = 0, (i = 1, ~ .... , n) 

Cluing minh tu:ang lJ$ nhn d6i v&i bfti to&n d&i d-auyfn eve nhanh. 

chat sau; Bieu 
(4.8) 

(4.9) 

11 

:i! 
" 
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