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Trong bUi nay chling tUi thu nh~n h? phiTang trinh Bonssin.esq vii phuang trinh 
Korteweg- De Vries tClng quat rnO th S!! lan truyen cila cac s6ng phi tuyen tr~n· Song 
c-6 tinh den bien ct~ng day. V6i gi~l ihiet r!ing t}' sO gifra dQ sAu trung binh va d!j diu 
btr&c sOng d~c tnrng, bien d¢ d~c tnwg v8. dQ silu tn1ng binh, lun lll'qng bUn c:it va luu 
hrgng thi'ty h;rc d~c 1.rrrng li d_e d~i lLrr;mg v6 ·cling nhO, xu6t pbttt tfr h~ pl1uang trinh 
ca blm nio t:i chuy?;n dQng cO tb~ c_·{w. cb'it lOng lj trrbng kh6ng nen dugc va phuang 
trinh v~n cbuyen bUn dtL d_il llw ;,h~n duqc h~ phtrang lrinh Boussinesr1 va ph~.:mg 

' tr1nh Kortevveg -De Vries tD11g qn8t v6i O.Q ch inh xfl.e b%c nhffl theo cac !ham sd nbO 
n6i tren. 

Trong tru6'ng hqp day Clfn.~, phln.g. tir h~ phll'O'ng trinh tOng quat oa thu nh~ll 
l~i h¢ phuong trinh l3orssinesq va phuung trinh Korte\V~g- De Vr!es cO diCn. 

H~ ·phuong trlnh co b:lin va c3c (1i0u ki¢n bi~n. m6 ta chuy~n d¢ng c6 th~ ella 
ehAt lOng l.Y tuOng, kh6ilg nen duqe cr) dqng nhtr sau [-J] : 

9x;;. + 'Fy:;- = o·, Z(x~ !) C: y <:-·fJ (x. t), 

•0t + .li<. 'P<- 'J'y = o; y = '1 (x, !), 

Zt + Z;:: , q?x tp 7 = 0; y = Z ~x, t), 

1( ' 1 . ( ) gl]+cpt+-,'Px)-+--~(~y) =0; y="f) x,t_. 

Gi3 1hi.n ding ; 

Trong do: 
cp ~~ cp (x, y, l) 
'I] = 'I] (x, t) 
Z = Z (x, l) 
Q = Q ( ( '~'' ) , h) 

z 

2 . 

n Q{ ( c:p"-= ) _. h) ; h = 11 ~ Z 

; tbB cloa t.rtnJng v$-n tOe 

: m~t thoftng c'1s sOng 

: m?t dli..Y ella s6ng 

: luu luqng bUn cAt, Ia hlirn s6 da bi&L 

: v~n i6c trung binh. 

ebL&il x. y, t dilng s.u cac hAm s6 dung <I~ chi d~o ham ri~ng theo ca.c bi~n nay. 

(1. tJ 
(1.2) 

(1-3) 

( 1.4) 

(1.5) 

(1.6) 



H~ (1.·1h (LG) duqc. ;'.iu~J ,,,,~ ,'"', ,,_r} 

u&c s6ng c1?.<"· inrng~ h·:. l8. dQ 

nguy f-11 

Q 0 la luu 
t\l:iH .1~f1_l.: ~ gr;;i J;:, 13 d:Q rHd 
ltr(>ng blin clit i!~c tnrng, 

hi <16 : 

Q = Qo. Q~ ; '1} = ho • 'IJ~; h ~ he. n'; 

The (!.7) vao (Ll), (1.6) nil qua dau (') chi cac d<i luqng khOng thti nguyi!n 

trong 110 

~'\'ax+ 'f>yy = 0; z(x, t) < y < "IJ(x, t), 

~(~, + ·r,, . 'I'•J- <py = 0; y = ·r, (z, t), 

~(zt + Zx • '\'<) - 'J'y = 0 ; y = Z (x, t), 

~ ( '1 + <pt +-;- (<px)2) +-;- (<py)2 = 0; y = 'IJ(x, 1), 

Zt +iLQx=O, 

Q = Q((<px), h) .. 

GHi thiet rltog: 

Nghi$m clia (1.8) dug~~ tlrn du&i cl<:mg .sau: 

'? = <p' + (3q>1 + ~292 + .•• 

(1.8) 

(1.9) 

(1.10) 

( 1.11) 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

(1-16) 

TM (!.til) vao (1.8), nh6m c~c s6 hong c6 CUllg b~c ~- ta thu dugc cac phtrang 
trinh sa u : 

-lp~y = 0, 

0 1 -
(():n:: + 'f!yy - 0~ 

1 • 
l'f!xx + ~yy = 0, 

The (1-16) vo.o Ci\c di~u ki~n bih (1.9), (!.!(l), (1.11), ta tbu <ltrqo: 

('?~h-'1 '~ (;>y),~, ~ (<p~)~-'1 = 0 

T•l· {1.17) -c- (!-20) cl-~ !hiiy ding: 

i) 

• 
1 epx'-' ., 11 1' M :!'ll'=--.v"'~a •Y+.J::~_.,, 

T f • , 
2. 

0 ,,11 12· 
2 1ii4l 4 ~ u "' hx. 2 21 22 q> = -- . v - -- , '(" ~ --. :v + i:J. ··- ~ y + a , 

4 ! . 3! ~ 2! ' 

(1.17) 

(1.18) 

(!.19) 

(!.20) 

(1.22) 

(1.23) 



¢ 1l Zl -s;z st 
'1'4 = q:>,~, • y8 - -"-'"-' • y 

8 . 7 ! 
6 + 3 \41 5 y --.y 

5! c 

8.(41 4 axx 3 
- --. y -:- -,-. 3' -

4 l 3. 
32 

3 xX 2 41 4 -~--.:_:_y +a ·Y+a 2 
2 l . 

(1.25) 

trong d6 aiJ lA cic hi\m sO chtra bi6t ftla- x, t ;: kj hi~u Frml dUng d~ chi phep l;iy d~o 
ham theo x,-- m U.n• Ta drra vao ct:c ham sO sau : 

f(x, t) = cp' + ~·" + ~2a22 + ... = q>' + L ~kak•2 

k=l 

S(x" t) = 0 11 + ~a21 + ~2,31 + ... = L ~kak+l•i 
k=O 

Ttr (1"26). (!.27), r!ay (1. \6) c6 dang: 

00 

L 
( -t)m . 13m. ,zm, fC2ml 

<p= -
(2m)! 

m=O 

00 

+ '\' (-1)m-1 • ~m. y2m-1. St2m-21 

L; (2m - 1)! 
m=l 

( 1.26) 

( 1·27) 

( 1-28) 

Tir ( 1-28) d~ tHy rilng ham q> hoau loan xiw dinh n~u hi<'! f. s. Nhu- v%y bai 
to3.n tim CJ'• -~, z dtra bai toan tim f, S, i'J, Z 13. c&c ham chua biet theo x, t. CQc h:!lm 
nAy duqc tim ra ll'r cite phtrang trinh ([.9), (1.10), (1-11), (1.12)" 

The (1-28) viw (1-9), bo qua cac s6 h~ng b~c 0(~ 2 ) ta tho dugc: 

'l)t +('I). r,), + .t '"~'. s,)x - .t.('ll'. rm)x- s +oWl= o. (t.29) 
2 6 

Tuong tv, the (1-28) vao (1.10), bo qua cac s6 h~ng b~c o((3 2) ta c6: 

Zt + (z. fx)x + j_ (z2 • s,)x - . .! (z3 
• Sm)x - s + 0(~2 ) = o. 

2 6 

Khi\- S ltr (1.29), (1.30'>, he c6: 

('lj- z), + ((-~- z). fxh + ~ ( ( 112 ~ 22 
(zxt + (zfx)xx>), 

- ( "' -

23 

fxxx ) ') + 0(~2) = o. 
\ 6 X 

Th~ (t-28) vito (L!t) !a lhu ihrgc 

'l + ft + ___1__ (fx)2 + ~( - _j_: . fut 
2 \ :z 

V~n 16o trung blnh co d~.ng: 

'1] 

u = --
1
-- r 'f'xdy = fx + 

IJ-z e, 

z 

11' + Y). St -· -- fx • fa+ 'T] • fx , S + 
2 

~{ _ '1)
2 + 'I]· z + z2 

\ 6 

(1.30] 

(1.31). 

{t-32) 

(1-33) 



PhLwng iriuh V$.0 chuy~n bUn cat U-.lJ), v&i (1<) chinh xac t1t"n (n(f:r') cO d.~ng: 

:zt + p.f.F(u"~ h). u~ + G(u'\ h), hg)+ ~l~(F(u~~ h), uJ + Fu(u0 ~ h). u1 . u~ + 
+ Gu( n", h), u1 " h.) + 0(~2 ) = (1, 

trong d6 : 
F(u", h)= Qu(u 0

, h); G{u'\ h)= Qh{•J 0
, h); 

~ 112 + "f)Z + z2 f . Zxt + (zfxhx u = r, ; u1 = - . xu + .,;;:::c:_:_:;,;=c=. • (11 + z). 
6 2 

(1.34) 

(1.35) 

(1.36) 

Ht 4 phrrang trinh (1.30), (1.31), (1.32), (j,J.J) l~p !bonh h~ phtrung trinh d6ng 
kin dOi v&i 4 fin sO f, S, 'l), Z. San kbi cae h<'un nay dtrqc xac tljnh, 'tl dtrqc tim hi' 
{1.28! vit u lbrqc tim h'r (t,:J3). H¢ phm:rng trinb (1.30), (1.3!), (t.:l2) chinh lith~ pbuong 
trinh Boussinesq tOng quat, dugc gi3.i cU;1g v&i pinran'g trinh v{w chuy~n bUn. eat (1.34). 

§ 2. M()T s6 TRU'(n~G HQ'P RltNG 

2.1. CAC s6NG PHI TUYEN CO lll~i'l 1)¢ Hil'U H~N. LAN TRUY~ 
TI!EN SONG CO l'lA Y CllNG, Pll.biG 

Coi Z = o, ·tu (1.30) ta thay S ""' 0 

Phuong trinh (1,31) c6 d?r,g; 

. f ' ~ ( 3 f '· i - "0 ,, "tlt + {'n • x)"'t. ~~ - il ~ x:ujx ·r- UU,.[.:.J } = 0 
. 6 

Phuong trlnh (t .32) sau kh~ d~.o hl~m thEli x, c6 d~~ng: 

(2.1) 

( ' ' " ~ ~· ~· ~ 2 f.,+~·+ L. fu + ~ --. L"--. Lfn +- (fn) )\ + o(~ ) = o, (2.2) 
2 2 :J X 

= 
~ (-1)rn.j3m.,y2mf~3m:i (P=J· ~ -, 
·""'"'' <2m) l 

m=O 

L1 ~ f:;:; ~ .}_, 'lfj3 • fxx;~ + G\~2 ), 
f) 

2.2. cA<: SONG PHI iUYiiN 1:6 B!@N i:>Q NHO. LAN 'flll.li!E!''i l'Rh& !iOI'IH> 
~6 l!'AY @!!'iN !lOi Ct--l~M l'H~O i Oi G!iiN 

Ta dtro lhhn gih thiH 00\l; 

(M) 

{ ) ,2.4 

Oo 
cr: = ---<: L ao bi~n d¢ d~e trung ella sOng (2.5) 

he 

P, = Qo , <: I (2.6) 
he , Y gho 

Ngoai ra, g13 thiN rang cac kich dQng m~t. thoing, v~n f6c va day h\ nhO b~e «. 
~ 

C$.e kich dl}ng drrgc X~H b l&r.. ~:~n t.r~ng thai d:irD!.?; c6 Y~U tDc baug lil1 m~t tbci.ng blng 
1 ,. m~ t dlly bang o, hire 10. : 



·~ = I + "' ' Tj, 

z:;;::,cx.z, (2.8) 

f =:.X + ctf, 
s = ~. s. (2.10) 

The (2.7), u.s), {~SJ) Y80 (1,31), bb cp.w di~ sO h~ng b~c binb phuc-ng ctia Q:j ~' 
!J. -ho~c b~c tich clig chting, ta cO: 

(ij- Z)t + u 1)- z\: + (I 1 -·/- O:("/j - Z )\V)x + P • (- Zxn--.:- \Vx:n + --~--·" "' 'u- l·) 
c \ 2 6 

4- 0( ~3, ,u~, ~ 2 ) ~ 0 (2.11) 

W=f,. (~12) 

Th~ (2.7), (2~6~, (2.9) (2.10} v:'tn ( i.32L chU Y ( 1.30}'- bO qua cfu: sO ,.h~11g b~c 
binh pbuang ho~c Uch cUa c:i-c tbarn Si) nL), cuOi ctlag dqo ham ket quil theo x, ·,ta 
thu duqc : 

~ 

- ~ ( \.Ynt tl _....... "" 
Wt + 71• + uW. + CJ.WW. + f3 - -2-- - :; w.,. + u2 • Zux) + o(~f3. fl-{3, f3 2) = 0. 

(2.13) 
Phtrong trlnh (1.34J, chu y den (1.35), (1.36), (2.7), (2.10) c6 d~ng 

,..... - ......... "' 
zt + flo(F(u, 1), Wx + G(u, 1). hx) + O(llf!o, ~flo)= 0, 

h=7J-z (2 .15) 
- -H~ (2.11), (2.13), (2.!4) l~r thauh b¢ d6ng kin d6i veri cac An s6 1). W, z, Ham 

'P d~rgc tim tit (1.28), harn S l1i (1.30) vit u li'r (!.3?.) ciJ chu y den (2.7), (2.10): 

u = u + otf< + o(o:~, ~2 j, 

S ~ :, + ';;. ;, + ~(; . f,)x + 0(~2, oc~). 

(2.16) 

(2.17) 

(2.18) 

H$ c,ac phu-a,!~~ t:·Lh (2.11), (2.13), (~.14) c6 Jht viet dtr&i d<;~ng tuong duang nhu 
!33.U fa dtra v;Jo biC:n iTl (lj: 

; co 1;: - ~=)/·z, 

(2,8}, (2.\:l') t• c6: 

-
Tit (2.20) c6 th~ bi~u di~n \V qua u: 

(2·19) 

(2·20) 

(2.:11) .. 



"""' ,._, - .... ,..., '"" ,.... --
('!- z), + u. (r,- z). + ((1 + e<(1J - z))u)x + 0(«~, [l[l, ~2) = 0, (2.22) 

l~ + -;, ~x + C1: ~;x + ~x- ~ (--; ;Jrn + l_ ~xxt -- -;2. .:xu) + 0(17.~~ !).~, 
3 3 2 

The (2.21) vi>.o (2.14), ta ~thu dtrgc: 

,.._, ,.,-...._ - - "' 
zt + f' · (F(u, 1). Ux + G(u, 1). bx) + O(af', ~[.') = 0. (2.24) 

H¢ (2.22), (2.23), (2.24) lu-ang duong v&i b~ (2.11), (2.13), (2.14) v&i d¢ chinh d.c den 
h~c 2 el1a c:iC tham s6 nhO v:l tleh cUa chllngo 

2·3. H~· PHU'CtNG TRiNH BOUSSlNESQ CO DIJ!N 

~ ~ 

Tit (2.1!), (2.13) gia thii!t 1~ z = f' = u = 0, ta thu l~i h~ phuong trinh 
nesq c?> di~n [!, 4] 

~~ - ~ 
1}t + ((1 + «1)) W)x - - Wxxx + 0(«~, ~2) = o, 

6 
~ f3 w, + 7Jx + «WWx - - Wx>t + o(ocfl, Pl = o. 

2 

Boussi-

(2.26) 

Tu (2.22), (2.23) ciing vai gia thiH n6i tr~n, thu "h~n !~i d~ng ttrong dttang cua 
h~ phtrong trinb Bou&sinesq c& di~n: 

;, + (11 + «~) ;;')x + o( "~· f3 ) = 0, 

- - -· - fl - . 
Ut -to:u Ux + ·~x- B Uut t 0(af3, !3 2

) = 0. 

Tir cite pbuang trinh (2.11), (2.13) taco: (gia !hie! r~ng-;;-"""' 0) 

"'t + w, = o(rx, ~. ft}, 

Wt + 'lx = 0( a, f, ). 

(2.27) 

(2.28) 

(2-29) 

(2.30) 

Nghi~m dw (2.29), (:~.30) c·=.' d~ng: (chi xet dec s6ng chuylJn dQng tir trid sang pb~d) 

TIT (2.31 i, nghi¢m cU~t (2. 11 ), (:3~13) cO tb€ lim chn)[ <l~ng : 

W= '1 + :t .. A + ~. B + I"· C 

(2.31) 

(2.32) 

(2.33) 

trong d6 A, B, c !a cac ham chu:1 bi~t, ph~ thu¢c v:\o x, t. Th~ (2.33) ~ao (2.11) bi~u 

dilin zt qua W;c, hx tbeo phrrang trinh (2.14)~ ta thu dugc ~ 



+ f'(C• + F( u, 1) ~' + G(~~ !)(~- ;)x) + O(ot(O, f'~, ~ 2) "' O. 

The (2.33) vil.o (3-13) Ia c6 : 

+ ,.c, + o( ocf3, f'f3, ~2) = o. 

BH!u ki~n d~ (2.34), (2.35) dbng nhal · viri nhau fa: 

At- A,= 1J 1Jx- (~ ~)., 

Ct- Cx = F(-;;, 1) ~. + G(-;;, 1)(; - ;)., 

I ~ 1 -
Bt - Bx = - 1)nt - -1)ux• 

2 6 

B~ gi:i.i h% (2.36) + (2.38) Ia t!tra viw h¢ tQa d¢ m6i nhtr sau : 

~ = X - -l, 

a - x +I· 
Chti y rAng phtrcmg trinh (2.32) c6 d~ng: 

7Jcr = 0( ct, [3, f'l 

(s.sa) 

(2.36) 

(3.37) 

(2.38) 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

ViH l~i phrrong trinh (2 .. 3+! h ,;;c (c.3c') trong h~ lqa ely, (2.39), (2.•10), sau d6 
th1j A, B:~ C vac tlr C'l.43) ~- (2 .. .:-t)~ b6 qua c~lc s<> h~mg b~c blnh phu-ang ho~c ticb cil.c 
tham s6 nhO, ta thu duac phuang trlnh Korte\Yeg- De Vries tOng quat (Glii thil!t rZing 
<I> A = <fla = <Pc = o). · 

~ 
-,so:--[>···"':.-····-. r--) 

21JO' I - "fJ 7j~ + ~ 7J';U + - i_ -· :! 'q)i; ~ "!) za j;- + j" 'T) • Zaa ~ d~ + 
2 G :2 ~ ':lO ' ' 

~0 
~ 

' 
+ :, ( (F + G);;, - a7,- G;" ~~o + G r ;aa, J~) + 0(~(3, f'i>, ~2 ) =D. (2,<15) 

- ~ ,. 
Ta thA:y rling, troog trrr&n.g hQp c6 dft)' bien Q;3i chQm tl;eo t, phuong trlnh Kor .. 

teweg - De Vries tOng quat c6 (~tJng phuaug trinh •d lich phfin. Gia thicH: z""" 1-' = Oe 
tfr (2.45) Ia thu dugc phuang trinh Korleweg - lle Vries co d1en.: 

3oc "' ~ ~ 
· 21J" + -· -· 1J 'tJ< + - 'lm + o<"~· ~2 l = o, · -(M6) 

2 6 



FJ?Lng ~phuaog phap tbam sO nhO~ xuat phLtt tl'r h~ phirang trinh ca b3.n mO ta 
chuy€n d()ng c6 the cih. chill lOng 1)',. ttrt~nr ¥hOng n€n d1r.:)-c va p.huang trinh Vl).h cbuy~n 
blm clit~ d& thu nl1t)n h~ phLrung tdnb Bou:,;..-;;tnesq lOng qL;{lt TnO ti chuy~n dQng ella cite 
s6ng da~~ c6 bien dQ hU·u b~n, tren s-6ng cc) tinh .ci:~-n bi0n d~mg day. Trong tru&ng_ hqp 
bit~n a:~;. s611g nhO]l biCn dO~ Jay ch~\m, CHi -nnu nhi;J_t; p~.txang irinh Kortn\·eg- De Vries 
tOng quftt, ell tinh .ren bien d~r:ig dily. Ct!..c phu·artg trin h BDUS~!inesq va Korteweg- De 
_Vl'ies cO dien dtrgc th:r nh~n l~i n~u cai, tnr&11g i1qp ri.Bl~g khi d3.y sOng phiing, kh6ng 
bien d:};:g. cac tile gHi. bay tO lOng bl~t an ,:Ua minh tbi G, s. T. s. NGUYEN VAN oiep 
da qua11 t~lrn va dOng gop nqieu nh~n xd qui Litu cho h<li bao n~IY· 

Via chi 
Vi?n Ca hp; Vi?n KHVN. 
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PE3IOME 
BL,fl:lO)l 0506ill;EHHhiX YPABI-IEHfll1 BYCCHHEKCA H KOPTEBEfA 

w: l::PH3A Ol1HCLIBAIOill;HX PALTIPOCT!'AHEUHE BOJ1H 110 PYCJIY 
C Yl!ETOM Jj,E<POPJVL\l.l,fllil )lHA 

H::J cHcTeMbl ypaBHBHIIfi TeopiiH H,Il,E-ElJTbrm}I ne:~JEJ-H ... raervro~1 .LKU,li..KOCTH E ypam-xeHH51 

'.i.'[XUC.i1-JpT9 pe'-l:I-:Ih!X: HaHOCOB npH npe,ll.fl0.1JOJE2HHH 0 Mfl,/fOCTH KB3,UpaTHOf0 OTHOillefiHZI 

r,Jei-K.lly :wpmnepHm"'I r.ny6rra.oti H AJIHHoH BOJIH B:SIB'2Il.El-LDI o5o6rn,eHHDie ypaEHeH:l·lH ByccH­
r-reg:c.a H KopT€Bera )1,€ bpH3a OI1HCbiB3toUJ,He pacnpocrp.8I-I2.!'LH2 BOJlH TIO pycJiy C yq€.TOM 

.D,ecj:mpMaUHU )J,Ha 1\:aK B o6f.il;€iVI CJiyqae TEIK H B H€:KOTOpbiX '-:i:EICTI-IbiX CJ1Yti3HX. floKa3a:HO 

4TO B CJiytiae CJia6o HeJll1HefiHbiX H Co~1a6o ,IiJICITepi'EpyJOUIHX BQJIFO: npH OTCyTCTBHI:I .n.e1Jop~ 
lvtaUHH ,"Q",Ha H3 rroJlyqeHI-IOH cncTeMH ypasueH11-:ti: C.neAyioT K.rwccl'FI<:cJn:-Ie ypaBHeHHH ByccH .. 
I-teKca n KopTeBera ,n,e Bp1-ma. 


