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GIAI BAI TOAN DQNG Ll)'C CUA H~ DAN DEO BIEN D.I}.NG 
Cl-IUYEN V! U}N BANG PHUO'NG PHAP PHAN n} HUU H.I}.N. 

l-MO Tft. LAGRANGE DUNG 

TRXN nuaNG HIEN 

H(mg ll,rc ella b¢ dan deo bie:l ·t th ~·~·w-'en vi l<'rn la 16-p .b:li toan phUc tt.tp, do 
S\f ph\{ thu(lc ]ftn IJhau gifra die d:ieu k'\ •'i:- h!)i.;, V~t li~u, kich dQng ngoaJ Vii. pbuang 
phitp giili. Ngay cii s~r k€l hqp clia h1U tihb pbUn tlr hfru h~n (PTHH) v6i, dtrCrng l6i gia 
s6 tuyen tinh t heo d6 h~ phuong trtnh chuyf!n d(>ng dugc l~p va tich pb&n tr~n CO' sO 
mQt cti.u hinh d2. biet tey.i m(>t th6i diem tnr&c d6 cling cO nhil!u h~n che khi xet den 8.uh 
bubng chuyen vj va blih1 dtmg l&n ·ella v~t lieu ngo3.i pho.m vi dAn hOi. Phat tri'~n du&ng 
16i tren, siT d1,1ng nhfrng ket qua hi~n d(li ella ca hQc phi tuyen va kj thu:1-t tinh s6 
phuung phap dung m~ tit Lagrange khoug dl'rng [!, 2] oho hi~u qua ro r~t 80 v&i nhi<lu 
phuang philp khic, nh&t JB khi kEH hgp v&i cic thu~t toau tich phan sO :in v:i bi~n. Trong 
khu6n l<h~ hai bai bao, hai phuang phap tr~n duqc gi&i thi~u. ap dgug gli!i mqt s6 vi 
dv ClJ th€ va qua dO, so sinh lJ_i~u qua s6 ella chltng. Trmig b:ii nay chUng ta tl'inh bay 
mO hiuh PTHH lt·ong ml> tit Lagrange dirng, de nghi m¢1 d')ng cai bien tich phfin 80 h~ 
phuong trinh chuyE!n (lQng va giiii m<;>t vi dl,l minh hQ3o 

~ l. Mfi HINH PTHH 'l'RONG MIJ TA LAGRANGE DUNG 

Xet chuyf!n .d¢ng ella v~t the trong h~ tqa dQ Cartesian dlrng {oxd. Gi<i thiet aa 
bi€t cfiu hinh ti_li c:lc thlri di~m 0, b._t, :2L\t, •.• , t dln xft~ djnh~ ctLc biEfn tinh v:'t d:Qng h9c 
cib c:iu htnh tqi t + 6-t~ Kbi v$-l th~ U trong tr<~ng thiti can b!lng1 nguyen Iy c6ng lto 
trong -m(J 13. Lagrange dirng c6 chmg 

f '+"';sii 3'Ml Eii 'Jv = f 
''V 'A 

'+";9>;3'+"'U•'<la + f 'pt+";F;a'+"'U; 0 dv 

oy 

( 1.0 

trong d6 St+b-tUi Ia bi6n phitn ci'u:t cf:J.c th~tnh ph3.n cbuy'tm vj suy r9ng t+D..tpi 
Qt-f·i'l..JEij - Difo pb<ln ci'w cbc th8..nh pbi.ln CGrtcsian e-lla tensor biCn dong Green ella diu 
hinh t~i t + Llt theo cflu hinh ban 1liin L_ti t =:.: 0?. '+t.~Sij - d.c- th~lllh plii~n nh1 tcn.sor 
lrng sufil piola Kirchoff 1o~:-i 2 t~~i t + 6t tuang lrng v&i t = 0 

t 

t+.6..JiEij = ___!__ (t+6.~U;,i + t+D.~lTt,i + t+L.\;eH >< t-h:.'>~Ubi)~ 
:l 

( l.:.!l 

+LllC7\ va t+t.6_Fi ttrang t'rng la 1-~;rc m~t va h~rc kh6i (bao g3m hi~u lrn!£ elm va hi~u irng 
quftn tinh trong tnLGI]g hqp bai toan dQng hrc) t~i t + ~t do tren be m~t 0 A, th'&. tich 
0 V t~i t = 0 va' 0

(J, t+6.tp - m~t d¢ khOi lu:qng t;;li t = 0 va t + .6.t. Giii. thiH hu&ng va 
giit tri cUa t+LlJ?i va 

0

Pt+L~Fi d¢c l~p v&i diu hinh tqi t + dtl nghla la l\fC tac dl}.ng 
kh6ng phlf thn¢c tr~ng thai chuy~n vi va bien dt;tng. f)~ giili bAi toan,,dtc bam lin t+A~Sij 
va t+ti.~Eij c6 th'8 viet t:ich 

«·"'s·· - '~·· "- lis·· 
0 1] - o"-ll 1 o 1]' 

l+t-\~Eij = ;Eq ~ ol:.t. En~ 
(1.3) 

(1.4) 



~rong tiC ~Sij" 
bilfn d9-ng Gr,;:~n 

h1l'.l)"il[j (! ~]_~: 

(/~Eo c6 til~ 
h!. ~;~\\; J.r;ti [L'i'Jii~·, 1:hi_ li~fl. (jj,~ di\.1. i:J.fti.lJ t;d ~' :J-i/;1. l;i-\:l i~J1.fJ!)l{

ph.ftr:l r.a t;_,' fll{tnh pldtu wy{!r~ Hnh vB. phi wyen. 

v&i 

Kj- :hi~u v~ ph3i ci,a ( 1.1) 
sufit va bi€.n d;:tng [lJ 

o.6. E_km 

(1.5) 

k .. i,:, (1.6) 

(!. 7) 

rOi thay (1.3) -:- :1,3) v;',.o (LO) dO ~~- (,tt·.,;Eij ::;:; Or./~Eii ::tli· (1 ... ~)) nh~1n dtr9·c phuang 
~trinh phi tuyen cUu gia s6 ,chuyen vj i1L:i 

f 0 Cijkm ,~Ekm S,LlElj 
0
dV + f bSq S0 11Ej;* 'dv = 

oy oy 

= '""'C'2 -,J :s;l S,Ll.Efi 'clv 

va d~ng tuyfin tinh h6a cUa n6 

f ,Cijkm ,D.Et m &,b.EfJ 

'v 

'dv + f lSij 30 li.Et) 0 dv = 

ov 

(1.9) 

(1.10) 

Trang tn.r&ng hvP phi tu.yfo:n Um~ xap xl tuyi3n tir-!h (1.10) c6 tb'e trb nen tho. D~ 
khiic phqc cO thE dUng ph~p l~p can h3eg [~}, trong ((() trinh bf>.y ph!!ODg phbp Ne'\Vion 
Raphson~ phtrang trinh tuyen tinh b6a l~Lp ciln bl'ing du·qc thio2t J~p cho bu&c l¥p thtl i 
va qu{l trinh l~p tiC'D h:lnh eho den k!Ji d-i}.t clndirJ h¢i ty_ 

DUng m6 hinb chuy~n vi c1b pJcuo-ng pb.~l.f' PTHH 

(!.ll) 

v6i tur. L:.uf vf, J-b iu·u--cl~· t}t!f:, 1~;,_ c!.:~"));_._, .... m:;!> &'.lti s6 t:.\; -;~nUt vii bf,m nVi suy 
cho b~c tl}: do tlllr i ttu(1c m'qt :l cit:>. F---~j--HI e6 i\1 r:Ut. :f) 'ii v{Ji b~'<.i t-o~n; d~)ng 1v-c1 gilt 
tbi~t Unh bB_o li)l~:; khCH )1r~;Tg: c:Lw. v:)(-. c'<.e 'nn :n)'J kfl{ii lrr·;:,.1:g v<' u1:0. t;·~~n co~n d:uqc 
xac d1tlh th.eo cau ~1i 1.lll !.C)i ~::;:;; (j_ T\::l' d:\ nh·:~' (''1iJ::: i)~]l\U ·,r; trlnl:t s() :ei':!:a TIH)t 
ph8.n tlr troog n\1':0 1&. L1:\grting-e 

(1.12) 

trong d6 cUe mn tr~n kh6_; lugng ?d, rna tr;~.n c.i.i.:1 D vit vedor lvc tb.c cil]ng t+AtR c6 
dqng (d~ Y tror;g tnrCmg l~vp n3_y t+D..tR t.·i11 bao g6m (;ac th:.inh phiin cl:;a llJc m~t t+A£9' 
va Ive kh6i t+.(.\t·F) 

ru 

ill = J 0 8HTcf'dv, 

Q'l.' 

' 

(1.13) 



D = J '':nTH\1-v, 

oA 

I('''""'J''da + f H1't+"6F 0 dv, 

ov 

c6H ~-K*, ~K*~ va ~F -nhif_n duqc tlr nl6 hinh J.i'J'H}-J tuong ling ciia 

I oCijkm odE~mS.ilErj 0 dv, I ~Sij S oilE;t "dv vil S ~Sij S.II.Ef;"dv: 

oy - oV oy 

6 K* = s ; B'1 oC ;B* 0 dv, (1.16) J.K** = s lB**1' ~ S :B** 0dv, 

oy oV 

~F = f 
oy 

(1.15) 

(1.17) 

(!.18) 

(] dt\y ~ R" va J B** tuang Ung 13. cac ma tr~n li~n h¢ tuyen tfnh va phi tuy~n giil'a 
chny~n vj va bi€n clqug, 0 C biht thj quan h¢ gia sO (rng sndt v:l bit!n dqug, £s la rna tran 

~ 

chtin dtc ihl\nh phitn li-ng su:lt Piola Kirchhoff lolJ.i bai, ~S h\ vector ella cite thanh ph!n 
(mg suat tren. cac ma tr$n nay d(n x:lc dinh theo diu hinh t\1-i t do tr~n diu hinh t~i 
t - 9 va dung d~ xac dinh cac ham h t~i t + llt. Duug Jlhep l~p can b~ng [2], ph11ong 
trinh (!.12) tr& tbilnh 

(i) (i-l) (i) 

(i) 

D t+i!..ti.J, (!.19) 

trong d6 tH>tu '+"' U + ilu. fl~ y khi i = 1, (t.l9) tr& v~ d~ng (1.12) nghla Ia: 

(1) (IJ : ) (o) 
~u = Au; t+t~t U = t+b.tu; i+At'U = t+.D.tu; t+Atu = 

(o) 
tU; t+A;p = !F· (!.20) 

M~c · dt't quan h~ d¢ng b<;>c cUn mti t3. Lagrange dUng trong mO hinh PTHH mang 
tinh tOng quat cho c:i chuy~n vj l&n va bien d:;mg l&n, nhung khi Rp dvng cin hru Y 
dCn quan h~ gifta cac gia s6 trng suat va bU~n d:;mgQ Vi tensor ti'ng sutit Piola Kirchhoff 
loQ.i hai trong truCmg hqp cbung khOng m6 t3. U:ng su!'l:t thvc n€n thuCm.g ph3.i dua ve 
d:;mg Cauchy Cl~ }' nghia v~t ly r5 rang hvno Tinh toin v&i c9.c chuy't\n vi vfJ cllng be~ 
lien h~ ( 1.8) triJ ve cl~ng t()ng quat eli a d8n h~i tuy~n tinh 

oC!jkm = A8ij Bkrn + fl. (3ik Bjm + 3;m 3jk) (!.21) 

vil OL'lSih o.6Eij tnlng v6i cac djnb. nghl<:: kJ thu~_[ cUa lrng suat vi bien d::;tng. Trong 
tnrOng hqp cbuyl:n vj l6n v:l bien ch_mg nhO quan h~ (1.8) v3.n tuang duong v6i dinL 
lu0-t Hookes? vi cac tensor Kirchhoff vit Green Ia dtc b:1t bi~n khi v<tt.t th~ chuy~n d¢n,g 
nbtr v~t Cl'rng tuy¢t dOi. TU nh*n xet 'tr~n -th~y rJlng m6 t8. Lagrange dt'rng c6 tb~ dUng 
phil hgp cho cac looi v~t li~u phi tuy~n v?t IY chiu chuy~n vj l6n va bien d::.tng nhO. Khi 
v~t li~u chiu bien d~ng ion, dimg (1.8) khOng thich hgp. C6 tM ap d~ug, vi d~ mO hiuh 
Mooney Riv1in [2] cbo v~tt li~u hyperelastic trong d6 niing luqng bi€n d:=).ng la ham cU:1 
cac hal bi~n bien d~ng W = W (!,, !2, !3) kern theo gii\ tbiet kb6ng nen 1p/ 0 p = J. 

t g .. - IJW 
Q lJ- --- a~ Eij 

(1.22) 
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H~ (1.12) c· . .J th~ UelL philr:.. b~,ng phuu cr rhf•:-· -i,__,h cbt:d.in hor~c tic.b pha·n tr1fc 
J~ Theo phrwn.~ pM.p r:'l:~:1 tic~; ch~J.~';u, d .. :: i::ije h; de: tQ.i n{l.\ dlL7C (;;11Jjen vl! d~ng 
:an, nghla 13. Utxa ve C<ic b~e tv· d:.\ S':-'1) r(dJ,?; lll:Cr;g f; _g v0i H'Llni :.; d:p.lg -dso d(>ng 
nh· V6i giU thl·?.t !qc ch.n m61 trtr6eg e(, !h~:·; .t:J«:?u dt{-c, a;';; ih.lt:g ti -i') v·.!i kb6i hrqng 
d9 cUng, nhll' ~UbJ h;m Rnyle~gb~ Tth•.\' Hnh ln.rc gi.:J.o _f::ul'i:;r ~6 :ht! ere~:,• h~ n b*c i'! 
v~ n phuang tl'ii1b vi pb:B.n, cho m(il D~tc LV dt, vB. gi{,_, ,J(.c. lf,;p 1:l:~cl h~:r:g tkh phftn 
Ngbi~m ella h¢ nh(m dr.rgc.· httng pb6p e¢ng t{lc d~np.;• T:"'vtq..; i.ruJ;·~g iF.rJ? b3.i loan phi 
en, tan s6 vii d~ng tJ~i.o d(1ng riCng l'·1ay c(>i ~hco th&i c-::ull~ cHi' dua :_.~ phu·crng trinh 
d:Jng cheo phili gi{\i b~i. ~at~~t c;,,_c, i't•).1S: Ti(Df i·;d h':ng d·~ .. i 6i(~n:: xu;. F)!n_t·ong phfip li.i.p 
~ng gian co:} [2l cho L':i ;;i3.i tn:;Jng .5: :! c':,".b. ,.::( G:-1 CiJ ·, ::JtJ ·"i ·~;,.: p:j~xoTg pb3.p s6 
.i b<li toltn dno d¢.ng ti·.:.cg Jd~·c:·· :L'1nJ ,t l.->~ cr.~ i'Q' tv·~· ·:'1. chlc· G p'-::: i.:J·.il,')~ nbiE~u vito 
) d~c trU'ng viji.t lj vu t~ir1h i:c;.-.:: 1..i'<J !".<· ·,-..-,i. ]'>-:_, .-::i-n;,J,C •:~· ,.,: .. ~:g ! :1.J :

7

j.r1 t·ch ehui\n cO 
n qu:i cho bfl.i t.;tm ph; ,uy0o kbi d L d:;_T,,., d:J.') !\.·~ ··.' rtf·np: ':.;·, ·J!:G. .' 2ll cho d.c h~ 
i tuyen ct;~c by, vi d1,1 tro:1g bfn to~U' fl'Z (!~'i.t Et¢:: n::-y~ e·:1c ;,J:r\Tlng -f·ltf!p tich phiin 
rc ti€p vfin la <.:'(H1g q; mq;1h nb:;(t li~b pb:lc. trong: r:1i 1: u l~ltr! f.:t~m .h(: pttrGJg trinh 
1y'~n dQng. C6 tliB k€ dJn pho:n,::r·.Jg ph~p sn.i phfi.1: trnng tftm, plurung pb3.iJ .f,lUP.e, V\tilson 6, 
wmark ••. trong d6 cftc pittriJH}.: philp \Vilsc)n e vi\ Kc-...nmnk duqe dUng phC\ bJ~ll han, 
tinh dan gi5.n v:l On dinh ugbi¢m elm chU11g· BUy L\ nbti'ng phBp tich ph&n ln vi 

.uong trinh ciw.rtn d¢nd rn6 t:i he t~i 1 + Lit. l' chinlt cUa c!i<: phtrurrg pb.Up nay la 
llY vi gild h~ tqi thrJi di0m t bfit k:> •. h~ dtrqc ·gi:li cho tlr>1g lHl't.\e L1t li8n ti€p v&i gU 
i~t di?lu ki¢n c~tn bUng eLl din rhOa man tro1:g kho&ng [t, t + Ll.t] ·va xlip xi v~n teic va 
a 16c tbco ch11y€n vj !~1l th6i ci1:Cm xt'!t· L!uf;l dfly de nghl mQt d~.rng c•Ui bffn cUa phuong 
t8.p Wilson 6 dli:lg cbu l;~ phi tuyl;n, GU. lhiCt gia t.6c blfn dOi tny(•n tinh trong kho:ing 
t + L\t]~ trong d6 t) > 1 (\Vilson cbi n~ rftog v&i 6 ~ 1.~;7 phu:ang pha p cho nghi~m On 

nhJ, ughia if\ trong kboilng (l ~ T '(: 6,6.t itt C6 

t +~ ij = tij + -'"- (' + Mtij 
61it 

'U) 

t + "'u = 'G + 'U"' + 

httc v65 phucmg '}h\;p ·,v·i\.-;un e, tro;j~;: ) dil 
a (2.3) t~l lhO·i di~~m t -:~ tk.\t c<' t.h(· vi~ 

(2.4) ( ,, -\ '' '' ~·!J) <d ,.o 

1) 

• (ic..~[ ' •• 
2 tu -··· ·---~ l G. 

'J. 

(2.3) 

(.:1.5) 

(2,6) 

{2. I) 



BE\ linh dug-~ enoy;~n vi, d}'l !Oc '-';':\ ~:ia t6c- t~1i Ibid ·,.Ji'Cm t + ill xEd phnang trinh 

(1.12) t~i l + 66:. 

( , 1,.,-' '"*''•6~L\p ~ t+6c\;R _'oF_ ,,1t+Mtr'1' -· Dt+6itu:. 
::~ '' r o !\. 1 -.>- -' tl 

v&i t+8!l.tH-= tH+6( t+AtR _ tR). 

(2.8) 

(2.9) 

Tt'f--(2.6), (2.7) tidy rUng t~i t.. + B6t Y(t:l tOe _va g~n !6c viP.t duqc du&i d~ng h-~m 
cUa gia s6 chuyen .vi JJglJla l;J ld11 tbuy (:~.5), (:2.7) v3o (2,8) nll:%n dtrqc h~ pbuong idnh 
d~i s6 tuyCn tinh t'l6( vCri EID.tu. Giilr bC~ r,:)y xitc dinh Juqc 6~ 1 u. Thay gHt tri- ella 

Mtu vao (2.6) tiuh du·qc t +B:lt Li, ttr d<l lheo (~.J), (c.c) va r":c) v&i "'= L'.t linh dugc 

t+"-tu" t+!l.t'u , t+6•t· ;'" + i; 'll l'h . h' . t. • b' -6 h . , vh .' = l. :....::. .. UTJilg p :J.p neu rcn \-e ca an g1 ng p uong 
phip \YilsoiJ 0 nhu·ng dn hi~t~ diCu cbtl-)-'eil '.Jj dtn'Yi d<fi-ng g!a s6) thu:}t to.an trb nen dan 
giiin han khi tiPh veclor tfti !1'9ng quy d()i. 

Tir car h2t q::a nht)_n Otr(l'C trong ffi\1e ~ 1· va ~2, c6 th~ viet thn?t toan gi3i b:h 
toan dQng il!C

1 
'--'1'1a h.:;- -lLin d€o hi&n rJ:_HJg ch,_~y{';n. vj lt'Yn trong m6 tl\. Lagrange dUng cU3. 

m6 hinh PTJ-n--; [,h_qz , hrr<f!lci nhf-.~:1 ~-'Jch p1··i;t' tnlc· r i8p: 

oU, 0 U, 0 l) 

b) Tinh cfH.: hfing sO 

TruC:mg hqp b:':Ji Ln~_,:-( ;\r-h, 0 = ~~ T·b~y i('.•i B· 

0 = 1. ".' ,· "o "'-" ' 1tf\:1t 2 . ''_' = '~ifl\t. '\') = ')~-!. 'l~ = ea;f'>. -_., ,, ' ' '--' ' .,, ... ' < - _,~, ... ; ';:; '"' • 

::14 = ao/8 ; _a~ = -- 2]0; ne = 1 -- ~!El ; ~q :-.:::: .61/2; as = .6t2/6. 

2J [{hi r.~ .. :, l(1p '''"' U:"1· h~ :sf1 rnr"•' 
h~u Tam p:L1c. t,~~~a 

~· ~-~":- _J __ 

'"·' 
-~ 

·~rz.+t; ·-~ = LJ:r,T 

) (~ •• - 1 ' • t !,t,-, •. _ "_·•·-.,· .·,··"- ·.·l•,l'_•,-'.•.,'' ,,-,i 81.t .. _\_j' f', _T(J' ·:·1- [!illJ'fl]]g tT-l ·, . -<-- .o . 
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d) " • b'·· '" u~p can ang 

(ll.J (i~l) 

l! 6At ll.uJI '" ll B!.t Ar: II 

e) Tinl! gia tOe, v::}u t6c va chuy~n vi t~i t + llt 
l+ !.t U = a4 Mt Lltl + 1!5 1U + a61U ' 

' .~ .\' < < •• 

• U + 'U), 

+ At 'U ·· as(t+At{i' + 2 1ti). 

§ 4. Vi D1,1 MINH RQA 

Trong vi d\1 thU: nUt, xet m¢t tnrbng hqp ri~ng cua bili loan dOng l1Jc, khi til: 
trqng t:ic di,mg tinh. Khao sat d6i xfr ella hai Ulrn philng, m(lt c6 10 (J giiia va m¢t khoet 
hai nua !8 hal ben, chju tai tr9ng keo culrng d~ c; tang dlln theo thlrl glan. Ty I~ dtrlrng 
kinh Ib va be r¢ng tam lil d/b = 0,5. Ap d\lng ly thuyet cbity deo Prandtl Reuss v6l m~t 
chay deo Huber Mises cho v*t li~u dan deo ti!i b~n d~ng h116ng tuyen tinh, v6l h~ so 
Poisson V::::: 0.2, modul Young Ee = 7006KG/mm 2 , modul dCo Ep = 0.032Ee, gi6i h~n dCo 
ban d:tu ap = 24·3KG/mm2 , 52 PTHH va 69 ntit, 20 htr6c t3.i trQng. Hinh 1a bi~u' thf Sl! 

phat tri~n vllng deo trong tr~ng thiti frng sulit ph&ng cUa hai Him khi cu&ng d<) t:li tJ.Qng 
cr tang dli.u v6l h~ soh =a*fcrY, trong d6 cr* = crb/(b- d). So sanh sg lam vi~c cua hai 
Him thily r!ng di~m deo diiu tien xuilt hi~n v6i cac h~ s6 t2.i h -=:: 0.5 va h = 0.6, ph:i 
htiy deo xiiy ra khi h = J.05 va 1.15, nghia Ia v&i cung quan h~ d/h tam c6 Ii'\ glua chin 
lac d¢ng c,',a qui trinh phlt htl.y cteo s&m han· S6 li~u lh\lC ngbl~m [3], l11ang ung v6i 
cac k~t qua lren Ia 0.47, 0.56, 1.09 va 1.11. Quan b~ gifra tal trqng va chuy~n vi theo 
lm6ng til !rQng ve tren hinh J, 

8 ~ 
I E 

~ .·/ ,)J I I 

Hluh 

ri0:'''"··· '\t{'i,-d\1 thlt·~ hai xet dOi' xlr d¢ng T1,rc cUn vO rinr chju t2i trQng pbfln b6 deu p\th 
lrung hinh hQr. v~t li~u vft t;ii 1l'Ql1g ghi tren hhd1 2. Ttr'h t-oiln thvc hi~n trong 

I ru&ug hqp ke d£n~ Unh bubng chuy'Bn vi JOn cUa v¥t H~u dim d€o t:li ben d~ng 1nr6ng 
1 uyen tinh theo thuyet prandll Reuss va m~! d€o -Huber Mises. KH '1"'1 nb').n du7c ebo 



tru&ng hvp .:I3.n ll?'li Li_,_,f,·: !L,;~-,, v:)t jj,::u ;:'u: .,k·n 'E>:·. ,,~ t;h'S vf• ·v:l\ 1t~u t'ifin deo chuy~n 
vi 16n. H¢ pbucrng tiinh chuy6n d¢ng dtrqc: tich 1.han cho 200 bu&c thCd r:;an v6i At= 
= 0,5 X 10-5 sec· TU hinh 2 nb?·n thfty ilnh httGng dAng ke cUa phi tuyen Y?t li~u va phi 
tuyen hinh hQc so v&i trnCJ·ng hqp tuy?n tiDh: tang chu kY dao d¢ng, _gi8._m bi6n d¢-_dao 
dQng nhrrng d.~ v5ng trung binh \dQ v5ng tlnh) rang gip rtrCYi. Sv sai kbac nhO -V~ dinh 

1
uQ'-ng so ;-&i kl't quf!_ uh~n {i11qc trong [4] c6 tbe gild thich b&i vi~c sU dgng c~c--pJ;t~n 

t* d£ng th6l1g s6 trong [4] tny pbfre t~.p haJ n-ht-rng cho l&i giili -ch:in·h xac han cac pban 
t if vO xu yen diJng thau-h th;iGg• --- -

-ll,d.Y 

-tJ,I!Z 

1. 1_<[;,\:i~m fh'h (~.B_ti hf!i !u~?~:: t[!_ib" 
' Ngh,¢r:' d•)l~f:· lv<: cl0n l-:?1i t:~:.r£'u tid> 
3. NgbJ;:m Hnh phi tay8n v~t \~l-

4. Ngh1~m d~n dCo i'ht~y0n v~ n1-:0. 
5. N.g;lli?m dan d~.o ctu_y~n vj J(JT~ 
6. KCt qnl1 thco [4]. 

Hinh 2. 
h = 0,41 in; R = 22 • 17 in 
(f, = 2G . W/ 0 

; v = 0,3 ; Ee = 
= 10. f.; >< 106 lbfin2 ; cr~ = 
= ~::J X 1b{in2 ; Ep = 0,21 X 

X 1G6 lb, n' ; p = 2 • 45 X 
X ;o-4 ti>sec2/in4 ; P(t) = 
= 6U0lhlin 2 ; t.t = 0,5 X 
X 10-5 bee; 32 phln tU ; 

33 nut. 

:\!6 t2 -L2_r:;,·nr:ge dtrng, mf•t tror:g nhtrng dm'n1.r 16i hi~n rl~i gd_i h;.';_l tob.n dQng 
lqc ella h~ dan d-eo bi?in df),ng c.huyen ;rj iOn ·trong .mO hinh PTHH drrqc gi&i thl~uo Trim 
ra ob phuong phap Wilson 6, m¢1 phtrong pMp tich phil.n trvc li!p h$ phuong trlnh gia 
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,:;;6 ~u?.. thuy·en dQng duqc ue. ng}.q_, ttrung db h~hn xap d lhnyr. vi.r:t duf:ri cl:'J-llg gia sti 
ehutyf!n vj trnng mOi hu&c thO'i gi:an At, Bi~u dD lam cho tinh !olin dan gi<hl hon~ nh:lt 
a khi mOi hat to:in dOi hOi tich pbtl.n theo 100 - 200 brr&c tb&i gian. Kinh nghi~m chi ra 
rUng :n~u t~n sO 16'n nh&t ella Ivc k1ch d¢ng Hi U) thi chi din ch9n lu&i PTHH sao cho 
mO t3. dU chinh xae t&i cac tan s6 46:1 cUa- h~ thl!c Iii dii9 vi niing hrqng ella c:.'tc d;;~ng 
tilao d¢ng· rieng Hin s6 cao ho-n se kh6ng ding kS so v&i nling luqng toRn -h~ va dQ chinh 
xac c•ia mO hinh. Vl v~y tru<'rc hie giai ciin sa b¢ phl\n !ich Fou cier h;c kich it<)ng d:~ 
chQn hr&i PTHH thich l!Q'P· Ngoai ra, bcr6c !ich phan L\.t nen chQn khoang t = T/20 v&i 
1' 18. chu kY tU'ang irng v&i tan sO w ctia 11/c kiCh dQng, trU tr_U'(rng bqp phep 1q_p cAll 
b~ng Iau h(ii tq, phai chQn L\.t nho han [5]. Nh~n xet cu6i cimg li~n quan den d~c di~m 
mO Ia Lagrange ,dorng: cho Ht qua chinh xac trong tm<'rng hgp phi tuy~n v~l ly c6 
chuy~n vj l6n nhll'ng bi~n dgng nhO. Trong trtrr'rng hqp bien d~ng I&n, m~_ tU Lagrange 
ltMng dorng cho ket qua tot han• Gi&i thi~u mO Ia Lagrange kMng dorng va so sanh chi 
tid hai mO tit se Iii n(>i dung hili bao li~o san. 

f>ia eni 
Vi!n Co hp< V"/fn KHVN 

Nk¢n ngJy 20-9-1986 
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SUMMARY 
LARGE DEFORMATION DYNAMIC ANALYSIS ELASTOPLAS'f!C SOLIDS BY THE 

FINITE ELEMENT METHOD I. TOTAL LAGRANGIAN FORMULATION. 

An effective finite element formulation based upon the tot.a r Lagrangian descri~ 
rUo:n is presen ted for nonlinear dynamic problems in deformable. solids, Continunm is 
considered '\'fith large displacemeni, large strain and material clastoplasticity. A modified 
form of the Wilson 6 method for time integ.rtrd ion of the incremento.! equations of motion 
~.:; proposed" This fonnuhation ill! i1nplementerl and the results of some sample ctna1yses 
;c, \'0 given. 

.,~ 


