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- GIAL BAI TOAN BONG LUC cUA HE DAN DEG BIEN DANG
CHUYEN VI LON BANG PHUONG PHAP PHAN TU HOU HAN.
[-80 TA LAGRANGE DUNG e

TRAN DUONG HIEN .

Dong lwe efia k¢ dan & bidn tone ol ¥n v ld-m la 16p bai todn phie -f.sz, dc;

sy phu thuge ldn phau gifta cde di&u kicn wie! hoe, vat 1ign, kich ddng ngoai v phuong
phép gidl. Ngay ¢l sy kéi hop clia mo binb phiu th héa han {PTHH) vol dwdng 181 gia

86 tuyén tinh theo d6 h¢ phuwong trinh chuyén ddug dvoce ldp va iich phin trén co s&

mét ede hinh di bigt tal mot thoi didm Irude do cling cd vhidu han ché khi xét @&n 4nh
hudng chuydn vj va brén dung 1én ehia vat lidu ngodi pham vi dan hdi. Phat tridn dewong
16i trén, s& dung nhttrng k& qui hién dai cfla eo hoe phi tuyén va k¥ thuat linh s
phuopg phip ding mo td Lagrange khong ding (1, 2] cho higu qud ré rét so voi nhidu
phireng phip khie, uhéf 12 khi k&t hop v6i cdce thuit toan tich phan s8 &n v hién. Trong
kbudén khd hai bai bdo, hai phuong phép trén duge gidi thidu, 4p dung giai mdt s vi
du cy th® vi qua d6, so sinh hi¢u qud sg ciia chang. Troug bii nay chfing ta trinh bay
md hinh PTHH trong md t4 Lagrange ditng, d& nghi mdt dang cdi bién tich phin sd hé
phuong trinh chuytn ddng va gidi mot vi du minh hea. - '

§1. MO HINH PTHH TRONG MO TA LAGRANGE DUNG

Xét chuydn déug cha vat thd trong hé ton 44 Cartesian diayg {OXif . Gid thidt ga
bigt cdu hinh toi che thoi &i8m 0, At, 280, t ¢in xae dink, cde bifn tinh va dong hoe
clia cfiu hinh tai t -+ AL Khi vl the & trong trang thai can bing, nguyén 1y cong éo
troug mo A Lagrange ding c¢d dang .

..g CrALgys BHHAL Ey Cdy = j LAV FA 0y ff*pw\gm%l*ﬂlm"dv (1.1
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trong do 8'"'WUy 1A bién phdn efia che thanh phdin chuyén vi suy tomg A
St+ALF1] — bidn phan clin cée thaunh pbiu Cartesian cla tenser bifn dang Green cla efu
. N - 5 Y < “q Lo, oy . o
hinh tai t + At theo cfu hink ban diu fait = 0, *Aan] -~ cé¢ thinh pbin clia tensor

Cteng sudil plola Kirehoff loai 2 igi t -+ At twoug ftng vél t = 6

! -+ 3 . Y
CRAGRG = — (VAL R TRy A AL K HALTL (1.
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1
AR va YPALRG twong tng 1a lwe milt va lge khéi (bao gdm hitu tny clu va hiéu tng
quan tinh trong trwdng hop bai todn déng lwe) tai £ 4+ At do trén b8 mit °A, th: fieh
°y lai t = 40 va °ps th;\_tp — it do khoéi luopg tai t =0 va t + At, Gid thigt huéng Y&
gia tri clta AP va *pFALE: dde 1ap véi cfu hinh tai t 4 At, nghia 1a lwc tic dung
khong phu thuée trang thai chaydu vi va bién dang, B¥ gidi bai todw, edc ham in tra
va ‘TOURL o6 thd vidt tach
o A = 8yt GASy, o B COE))
Walks = Bij ¢ oA K, ' {(1.4)
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sudt va bidn dang B

rbl ihay (1.3) 5= ;' S) vio (i I}’ {3‘_:‘\ -.’.v U‘"
4rinhk phi tuygn efia gia sé chu;un vi AU
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Troug truénrg Lop phi tuyén YWn, xdp x1 tuydn tinkh (410} ed th® (rd nén tho. DA
knic phue co thé dung phép 18p can hi % trong 46 irizh bay phweng phap Newion
Raphson, phweng trinh tuyén tink boa lp edn Lilng dwee thi€t {3p cho budc 14p the i
va qui trinh l3p tids hanh cho d€n khi det chuds hoi wy

Dung md hinb ehuvin vi cha pluong pi}'é.p PTHEH

NP8 ) = Ha(PER UG STHPN, 0 o= Hi(®X) AT {111}

no= L2y I
R S Y '1,‘ e T Jogae o o Con s gl aaes D N A WY e
vl UL &l va Haiuw g laooiany FLoniit, gen 80 chuvdn Tion & hdim wedi suy
cho bée ty do thi i i o N widte B0 vdi bal iobu doug lye, gid
thig tinh bio ioin Lhél ; v ke RET trgn can duge

xhe dinh thee cfu hink ral ¢ = O. Td 4o a 86 clia mot

phin t trong md 1d L*as:a‘ange ding

phuoo

CEir + JEY) AT s UrAER — bp - atrAly o el {(1.12)

irong dé cde ma irdn Khdé lugng M, ma 1730 cdn D va veclor lwe tae dung t_"'NR ed
dang {(d% ¥ trong trwong hop nay ”‘NR chi bao ghm che thinh phan cia iye mir AP
va lue khdi ”““F} :

el
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AR = '[ NI+ 8300, o f HTHARody, 115y
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eon {K¥, LK** va (F nhian dwoe to¢ mo hinh PTHH twong éng cda

J. oCitkm oAEEmS,AET] %dyv, j~ 3815 B AE %dv va I 'Si5 S ARTjedy :

o - R & Sy
IR¥ = I LT oCEB* Cay, (1.18) IK*F = j‘ BT IS IR ody, (1.17)
oy °y
lp = I sB*T IS 2dy. (1.18)
, R

& day LB* va !B* twong fng 1A che ma irén lien hé tuyén tinh vd phi tuyén gia
chuy®n vi va hién dang, ,C bidu thi quan hé gia s6 trng suidlt va bi&n dang, 8 12 ma trin

chira cde thanh phin tng suit Piola Kirchhoff loai hai, .S 1A vector cfia cie thanh phin
tng suft trén. Céc mwa rdn ndy d¥u xic dinh theo c4u hinh tai t do trén cSo binoh tai
t =0 va ding g% xdc dink cac bam An tai t + At. Doug phép Hp chn bing [2]. phwong
trinh {1.12) trd thaoh '

(i—1) (1) ®

() : .
(BR® 4 LE™) AU = ot g Wbl | — qieAty — D HALY, (1.18)

(i) (i—1) (1
frong d6 '*AW = ALY + AU, P2y khi i = 1, (1.19) tr& vE dang {1.12) nghia 1a:

oy @) © |
AU = AU tPAL (T = LeALT, LRALY o tRANY, VALY = tU; AL = IR, (1.20)

Mle' d quan h¢ dong hoc ela md tA Lagrange ding trong md hink PTHH mang
tinh tong quit cho ¢h chuydn vi lou vA bién dang lén, nhung khi 4p dung clin lwu ¥
dén quan hé gita cAc gia s6 wng suat va bién dang. Vi tensor &mg sufit Piola Kirchhoff
loai hal trong truwdng hop chung khéng md th fng sudt thye nén thuwong phii dus vE
dang Cauchy ¢d ¥ nghia vat 1y 16 rang hon. Tinh toin véi ehc chuydn vi vé cling bé
lien h¢ (1.8) tréd v& dang t8ng quét efia dan hdi tuyén tinh

oCljkm = 28ij Okm + @ (Sik Sjm + Biw Bjx) o (1)

v oASii, BRI} tring véi cac dink nghie k¥ thuii céa tng sudt va bidn dang. Trong
trugng hgp chuydn vi 16n va bién dang nhd gquan he (1.8} vin twong duwong véi dink
ludt Hockes, vi che tensor Kirchholf va Green $a céc. bdt bién khi vit thd chuy®n dong
nhur vt cing tuyét d6i. Tt nhan xét irén thiy ring mo6 t4 Lagrange duong cé the dung
phi hop cho eic logi vat lidu phi tuyén vat 1§ ehiu chuy®n vi 16n va bifn dang nhd. Khi
vt Tidu chiu bién dang ion, dang (1.8) khong thich hgp. Co thd 4p duug, vi du mé hinh
Mooney Rivlin [2] cho vit ligu hyperelastic trong a6 ndng lugng bifn dang la ham cfia
chc bit bifn bi€s dang W = W (I3, 12, Is] kém theo gif thiét khong nén *p/% = 1.

9y - oy
Loy = (1.22)
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§2. Tiog PHAN 30 HE

He (1:12) ed thE tel phin blng phucng phiy phiu Jivh ebudin kot tich phan tryge
3 Theo pheong phép ici tn, vho Bhe fwodo fgl ndl ‘hw‘"‘ chuyen vé dang
&n, nghia la dua vé 4y TN GEeng ding dac dong
nhe Vai gid thist lge cas trufiﬁd of the mida diba o éi"”: v4i khéilugng
a$ cing, nbu aibu bam Rayleigh, nhd tioh Lrye plao B fcar hd on bie g
vé 1 phuolg ivinh vi phéu cho méi bac iy du vi gidl U"" w blng tich phin -
Nghi¢m cfla [‘é nhin dirge Imuﬁ' }ﬂhé eong the dgng. Tron fop bat foan phi
3 ¥ ¢ phuoog trink
rong phip lip
plwong vhap 6
it rtlneu vio
treh o ehudin co
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dang chéo pha; C"lc-i .a*’, D4 gilm yob.
‘ng gian cox [2] cho i
i bai tokn dan ddng rifo;
vdie tring vt 1y vi
a qui cho bai tohn phit cuyéo & ah ‘u cho che he
i tuydn enc bd, vi dy lrong Dl todo doog @it weng phap lich phin
te tiép vin ia «dng «u wmenh phil lich phin trong mifu (b Wb pian hE phwong irinh
awven dong. €6 the k& dsu phuong phbp s i phan trung t . phirong pban hiilne, Wilson 6,
wmark... trong dé cde phwony phap Wilsen € va Newmark dirge dang phd bign hon,

tinh doe gidn v &r dinh ughiém cba ching. Bay 15 nhing phép tich phan &n vi
wong trinh chuﬁn ddung md td ke tei L + Al Y chink cfia cic phuong phap nay la
ay vi gifi bé fal thai didm ¢ lmi. ky, B2 duge gidi che ting bude Ap Hen tlep voi gid
igt dizu ku.n efn bing cbicin thda min trecg khodng [t, t + At] v2 sfp xi van tée va
a 18e¢ theo chuydn vj 1ai bm ditm xéle Dudgi Chv ¢ nghi mot dgng edl bi¥n cla phuoog
Bp Wilsen § ding che kg phi tuyén. Gill thidt gia tée bifw d8i tnycn tiok trong khodng

t + At], trong &6 9 > 1 { Wilson ¢hi ra thog voi 6 2> 1.37 phuo'iw phép cho nghidm 8n
nh}, nghia 14 trong khodng € < v < 0AL ta ¢ .
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AR R E I 5 (L Paly Lo {2.3)
g Calag
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5 4] 5 {9.5Y sy s EROAN T BAe L DA
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Be tinh dag: chuyin vi vin
(1.12) tai ¢+ G

Idc v gia

t&e toi tndi diem t + At xét phoong trinh

v e A tﬁ+ﬁ(5“‘-‘&
T (2.6). (2.7}

clla gia &6 chuy®n vl

A
dai s6 tuyén tinh d6% véi BLLUA Gidr b8 nav.

vie dinh Twge E}mU. Thay gia l:l‘i.
BAt;

APAE T
vao {2.8) tinh f'hl'(,)‘cg 'G'A[U, tir 45 theo (3.1). (2.9
t-&-f_\.té‘ H-AtU 3 t~.L-r_‘\f

phap Silson € ninng o bi& digu Umw” vi dedl dang gin 58, Lhudt todn ird nén don
gidn hon khi tieh veclor thi 1rong quy d0

§3. THUAT TOAN

Tt che k&t quh nhdn duoge trong mue §1.va

toan d6ng Iwe oda he din déo bidn
i

mé hinh PTHRI bing ~huwonyg vhay

§2, ¢4 the vid! thudt toan gidi bai
Aang chuvkn. v 14n trong md (4 Lagrange dirng eha
ieh phde tpge Figp !
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A= TEST T0LY BAY BAU

a) Tinh cée ma irdn tuvén tinh K, khal lugng M, can D. Dink
OU! OU O‘U
b} Tink che hing =6

Trudng hop bal i oy f= 1, nhiy 161 B

=1 s ofo {,’ﬁﬁ'ﬂlz; g3 = '*!a"ﬁ ;a2 = Sa1lag = 633]2;

che gid tri ddu

a4 = ac.‘;g ; Ay o= :.!?.I@ ng o= 1 - ujﬁ ;oay = A2 ag = OtY4.
¢} Tinh ma tran he 38 guv dd1 ban 440
o
o= SR 4 e el
for) Jéhnj:{ ?4" F T ey fp’;ﬁﬁ iy N S
B TN TOLN 4RO BROL BWOD L3
a} Khi wa trhe hEoad mdd L Afn Biga Gmg pht tovdn hinh hoe vad wdt
hén. Tam gide
. .- .
w LE o+ WEM = T

B ta) - LF o ez 4 30 DO 4 asl)

LDLTa&i Al s 108
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R — (R). - (2.9)
thgy ving tai L+ BAC van 18c va . ga e vidt duge dudi dang h;‘tm_
nglia 1o khthay (26), (2.7) vao {2.8) nhan dwoe he phuong trinh

24} va {‘3&) v T = At tinh du‘orc

v - “‘M\U Phorfrg phép néu trén vE co bin gifng phuwong



i) fi=1j
L BAL B4y
d)Lip eanblng 11 AU =~ |7 Au )

of Tinh gia tdc, vAu e va choybp vi tai t + At

tHAty o aéa’-‘“mn + a5 ti} + a6'U

Ay o v TR ),

th Aty - tU + AL~ as("'i"_ﬁtt:l' + 2‘if),

§$4, vi DY MINH HOQA

Troug vi dy thé nhét, xét méi 1ru$ng hop riéng cta baj foan ddng lucs, khi ti:
trong tae dung tinh. Khdo sat d6i xir eda hai tdm phang, mét cod 16 & gitta va mdt khoét
hat n&a 18 bhai bén, chin tdi trong kéo cuwéng 4 o tiing din theo thoi gian. TY l& dudng
kinh 13 va b2 rong tdm 13 d]/b = 0,5- Ap dung Iy lbuyét chiy déo Prandtl Renss véi mat
chiy déo Huber Mises che vat ligu dan déo t4i bén ding huwong tuyén tinh, voi be sd
‘Poisson ¥ = 0.2, modul Young Ec = 7000KG[mm?, modul déo Ep = 0.032F., gidi han déo
ban diu 6) = 24.3KG/mm?2, 52 PTHH va 69 nnt, 20 bugce 1ai trong. Hinh 1a bifu' thi sy
phat tridn ving déo treng irang thai tng sudt phing cta hai tAm khi cwdong do tiitrong
o ting din v&i hé s6 h =0*o} trong 6 o* = ob{{b — d). So shnh sy lAim viéc clia hai
tim thiy réng ditm ddo ddu tién xuit hién véi cée hé 86 140 h = 0.5 vd h = 0.8, pha
hity déo xay ra khi h = 1.05 v 1.15, nghia 14 voi cing quan be dfb tim c6 18 gifra chin
thc dong ctta qué trinh phé hiy déo sém hon- S6 lidu thue nghitm [3], twong tng vdi
che k&t quid trén 12 0.47, 0.56, 1.0% vi 1.11. Quan hé gitta tdi trong vi chuyén vi theo
huéng tdi trong vé trén hionh 1.
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Hinhk 1

Vit dy thi' hai xét 43 x& d6ng Twe eda v& cdn chiu 1Ai trong phan bé deun pith
rung hinh hgoc. vat liéu v4 t31 Lrong ghi trén hiohk 20 Tinh todn thye hién trong
41";1(:',_1"" hﬂp ke dén; &nh hudng chuy®n vi 1on cta vat liéu dan dfo l&i bin diog huwéng
tuyén tinh thee thuyct Prandil Reuss va m{at dég FHuber Mises. K8t qud nbdn duge cho

;
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trodng hop dan haiturdo ek, vEl Uide dar ddn ol

vi lon. Hé phuong trinh chuydn déng dwge tich phan che 200 buee thél gian vél Ap=

sBewloghd va vil iidn din déo chuy'én

= 0,5 X 16°% sece T hink 2 nban thdy Anh hudug d4ng k3 chia phi tuyén ©at liew yA phi .

tayén hinh hoc so v6i trwéng hop tuyéa iinh :tdng chu k¥ dao d0ng gzémhxend dao
déng nhunz d4 vong trang bink (40 ving ik} ting gip radi. Sy sal khac t_tho 5_\ré .q;n_h_
gong so véi k&t qud nhan duge trong 4] e thd gidi thich bl vige sk dung cac phin
& ding théng s6 trong [4] tey phre tap boa rhung cho 1oi gidi chinh sdc hon céc phan

a

- véd xuyén dang thanh thaeg.
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VA

Hinh 2.
“h=10,41 in; R = 22.
@ =08, 6770 V=0,3;
= 10. 5 > 108 1b/in?;
w= a3 T 1R fin? Ep = 0,2
w168 et p=2.45
% 1074 ibsec?find; P(t)
= 6001bjin% ; Ay = 0,6 X
% 16™° sec: 32 phidn- tE ;
33 nit.
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e tish g3y hdi teyén iinhe

Yye dan bl fuvin tichs

fiem d',_)ljt

1
2 [N F d
3. Nghigm tinh phi juyén vt 7.
4» Mghiém dan déo chuydén vi nho.
5. Mghigm dan déo chuydn vi iGu
8. K& aud ikeo [4].

$5. KET LUAN
& 1d lagvange ding, mdl trong nhitng dudung 80 bidn dai g1ai bdy todn dong
bre ofis hé dan déo bién dang chuyén vi 60 ivong wo binh PTHH dwoe gidi thigu. Trén

¢o 8§ phuong phip Wilson 8, mpt phuong phap tich phin tryc tifp hé phwong trink gia
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s6 chz chuydn ddéng duege 38 nghy freng @9 ham xdp z¥ Jiege vid duai dang gia 88
chuydn v trong wmdi hude lasi gian At. Didu d¢ lam che tinh todn don gidn hon, chit
14 khi mdi bai todn d4i hdl tich phén theo 180 — 200 bude thai gisn. Kinh pghidm chi ra
ring néu tAn s6 16n wvhit cla lye kieh déng 12 o thi chi cdn chon lwéi PTHH sao cho
m& t4 dd chinh xdc 161 46 tin s6 40 chiw hd thwe 13 dd, vi niing lwgng ofa che dang
dac @ong riéng tin s6 cao hon s3 khéng ding k& so véi nling lwong todn hé va & chinh
xac ofta méd hinh. Vi viy trude Iiec gidi cin so bé phan tich Fourier lye kich d6ng 4%
chon lwéi PTHH thich hop. Ngodi ra, bude tich phan At nén chon khodng 1 = T/20 vai
T & chu ky twong Gng vél tin 86 @ cia fue kich dong, tr trwong hop phép Hp ecan
biing lau héi ty, phdi ehon At nhd hom [5] Nhin xét cudi cang lidn ‘quan’dén dde d&m
md td Lagrange dirng; cho két quéd chinh xac trong tredmg hgp phi tuyén vat 1§ c6
chuy®n vi 160 nheng bién dang nhé. Trong h*urwng hop bign dang 160, mo 1t Lagrange
kthéng dirng cho k&t qud t6t hon. Gidi thién mé td lagrange khdng dirng va so sinh chi
tifi hai mo th s8 I3 nai dung bai bio ti&p szau.

Dia chi ' : Nhan ngdy 20-9-1986
Vitdn Co bpe Vitn KHVN .
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SUMMAERY
LARGE DEFORMATION DYNAMIC ANALYSIS ELASTOPLASTIC SOLIDS BY THE
FINITE ELEMENT METHOD I. TOTAL LAGRANGIAN FORMULATION.

An effective finite element formulation based upon the lotal Lagrangian descri-
plien iz presen tad for nenlinear dynamic preblems in deformable solids. Coatinunm is
congiderad With large displacement, large sirain and material clastoplasticity. A modified
form of the Wilson € method for time integrsiion of the incrementsl equatious of molion
is proposed. This fermulafion is implemented and the resulie of some sample analyses
ate given.
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