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BA! TOAN VA CHAM CUA CAC HE O HOC
B SANH

s MG DAU

Bai toAn va cham clia cae vt rdin 134 médt trong nhitng bii {odl quun trong efia
k% thuit, vi du trong 1inh vue cda ch tao miy nhw trong eic may nghi¥n. frong truydn
dong banh ring, trong dé phii k& d8n che tal nan giao théng ma phin 161 cac ncsuyén
nhin giy nén Ié do va cham. Tuy nhidn cho d&n nay cée bai todn va cham chi ding &
cic trieéng hop don gidn. -
_ ‘Mue dich clia bai bio nay la khio sit bai toan va cham clia ede co hé phite tap
tir quan didm ecfia co hoe gidi tich nhy nguyén 1§ Pha hop {2. 3, 4}

VA CHAM DAN HOI CUA CAC HE HOLONOM

Ehio sit mot e co hoe, vi tri c¢la nd dueoe xic dmh bdng che toa b haléndm
gifi = l,n), chiu tée dung efia che Ige suy rong 0i{i=1Ln). Gid i ring bidu thée déng
ning clia hé cd dang:

n . :
1 . ._ [y
T = — E a¥jqiqj {1.1)

3

-

i;j=1

trong dé afj 14 che ham da cho cda thfn giau vd iga d6 h¢, ma trin quén tinh Ha il 1a
ma tran xi¢ dink dwong.
Nhw di bist, phuong frinh cbuybn déng eda hé c6 thd duge wét trong dang -

1T aT .
—_— e — = (1.2
dt qu 8q1
Tich phan phuwong trink (1.2) v&i didu kién diiu d% cho ching fa nhan duge

t,n (1.3)

=

gi = qi(t) i=1,r
né md th chuydn démg clia hé trode va cham
Gid s& rling hé hi va cham do vigéc A4t mot chch ot ngdt cde llén k& khbéng ma
sght khdng gift dang:
galts qi) > 0, o = 1,7 {1.4)
Chéing ita thira nhan ring tit ci ecde gif;:l thigt d&i v&i bai toin va cham J8u duge
1Boa miin.

Biin tign ching ta x4c dinh théi didm fo hd va cham vor cde lign k&t (1.4) ¢ Ro
rang ring théi didm te 13 nghiém dweng bé nhit cfa phwong trinh sau: :

gaft, (1)} =0, (1,5
trong ¢ qi{t) e6 bi%u thie {1.3)
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Vi irf vk van t6c cla B¢ tal  thél di%m va cham te dwge xde dinh nhé cle
hitn thie: o

Qio = qi(to), (;io = fi’{(to)s (1-';.,,1 -

Nhe dd biét [6, 9], va cham s8 x3y ra khi vi chi khi (ﬂii) < 0.

?Ly glo chung ta v1é’t phuang tunh chuyén déng etia hé trong qua trinh ¥a 3
trong giai doan bidn dang v gial dogn khoi phuc. Ky ‘higu khoéng thoi g,aﬂ o
giai doan va cham qua 71 vd 72

Phuong trinh chuydn déng efia h¢ trong qua trinh va echam {t¢e chuy?n d(‘)ng elia
bé v&i lidn két va cham (1.4) o6 th® vist trong- dang [2, 3, 4).

d oT aT ‘

— -~ = Qi40Qf i=1n .7

dt , dqi aqi’ : :
trong dé QF 14 phin lyc lign k&t cfia lién két (1.4) tée dung lén he

Tich phdn hé phuong trinh (1.7) tng v&i ode kholng thoi gian tir i, dén to + Ty
va tir 1(t1=to + T1) d6n t1 + ¥2, ta duge:

Dy = pioc + 811 + 851 ‘ (1.8)
piz = pit + sig + 82 = pio + 51 4 si (1.9) .
aT
trong d6 pi 14 mémen md rong pi = ——
8q1

. to+7
8 12 xung Ivc m& réng clda cie luye hoat déng si = I Qidt nd dwge bd qua d6i véi

1o
cée lyc théng thwdng (Iuc khéng va eham), s¥ 12 xung lire mé rong cla cle phan Twe
lign k&t

io+1'-

sy = Qi

tO
A
Can chi ¥ rling khofug théi gian wa cham theo gid thi6t 14 rdt bé nén {rong viée
todT

aT
tich’ phan hé phuong trich (1.7) a3 bd qua 56 hang j‘ —

Bq4
lo

i) diy va sau ndy che chi s8 1 va 2 dwge ky hidu cho trang thai cfia hé tai edc
thoi di®m endi efla che giai doyn va ehgm, cdn cln s6 <4 » ky hién cho trang théu clla
hé tai thoi digm diu efia va cham.

KEhi st dung gid thidt cia Ninton ching ta cé:
sia=k s¥s i= 1,_11, . : (1_10)
vd do dé: :
| =S¥ + §%2 = (1 + 1SH (1.11)
frong dé k 14 hg s8 khoi phue. o ' '
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Bﬁ-}r gid chitng tu chi ¥ «18p ede Tidrn k&t wn cham {'Li}

_ o
&d6: Z gaqi+ ga > 0 {1.12)
o - .
é i _ dg ’ :
aits — go =——=m (1.13)
- . dqi & : s - o
D& dang chi 12 véing tal thoi ditm du vi cudi clia qui (rinh va cham xdy ry:
' ' ' n S o
Z G, 1o + Gao <0 ' (1.14)
i=1 )
n :
Z g&foqiz -+ Hao >0 (1;15)
i=1 o

. _ Do tinh chil lién tuc cua sy chuy®n trang thai, nhil dinh [dn tai mdt thei diém
ai d6 v& trai cla cée bit phuong trink trd nén bing khong. D& dang cbl ra ring thoi
Iitm d6 chinh 14 thed didm eu”i efia giai doan bi&n dang, tire thoi didm i =tc + T

Néi khic i chiing ta ¢d: -

n
E Baj Wil + g—:o =0 : (1.15)
i=1
Ditu kiéu twong thich cfia cde phrong trinh (1-8) véi didu laéu (1.16) s& cho ta
' n
Y Ggy Sit + Gao=0,
hi k&t hop v&i che hé thie (L11) ia cbs
n
Z Gog ST+ (1 K)Gao=03 a=1, (1.17)
i=1
dé
‘ n n
Gmion Z gajoaji; (Tae= E G@ia(si + pio? + Zao (1.185
j=i i=]

aij]] 14 ma tran nguwoc clia ma tran quan iinb, né ciing 13 mot mﬁ trin xic dinh dwong.

Bay gid chOug ta vi8t didu kign Iy lwdng clia cdc lign k&t (1.4). B2 IAm didu

by ehlng fa duwa vio ¢he vin tde doe 1dp q.G (c‘ﬂ-'“}?;r:_r) nhiim myc dich loal trie sy ob

it clia cée lidn k8t (1.4). Khi cht ¥ dén cdc lign k&t (14} (hay daug twong duong véi

3, che lign k&t (1.12)) eéic van téc mé réng q.i(i‘--l:?) dwge bidu didn qua cde vin tde
je lap qo_(ﬂﬂm. N6i moi chch khﬁé chiing ta ¢6: R '

n—= _
= Z a g, +d, i=hn o {1.19)

g=]




Ré rang ving khi thay {119) vao (112 vé tral cfia (1.12) tr& nén déng nhit

khéng. !
Digu kitn Iy tudng clia cde lién két (1.4) biy gio s3 14:
‘ 11 . .
Z d QF=0, o=1,n— 15 - (1.200
- - g==1 e P . :

Didu kién {1.20) rd rdng edn ¢d hidu lye trong qué trmh va chawm. Tich phﬁn cua

cic pheong trinh (1..20) trone khodng théd gian va cham tr te dén to + (=11 + 71) cho '

o : o o
2 do_iS"f—-—*O, O=1y T~ Ty o (121)
i=1

Nhu viy 1dng eong chang ta nhin dwde n phweong trinh (1. 17) va {(1.21) cho phép

xae dinh n xung lye mé rong clia cae phin lrre lign k&t § (1 =1, n) Trang thai van te

clia h¢ sawt va cham bdy gi¢ dwge tiuk nho cae hé thie (1 9).

D& dang chi ra ring trang thai van 8¢ sau va cham cé thd dwge- xie dinh trie
tiép nh¢ bhé phuong trinh sau?

n .
E G PiztkGao + gae =0, d=1, 1, (122)
Alg ) } .
i=1
n
-4 =0, 6=1, 3 — ' (1.2

Z dy; iz = d =0, L o—r (123)
i=1 -

& d6 cic dai luong Gaiy Gao duwge finh theo eie cong thire (1.18), con eac dai luong

dg, (¢ =1,n —r) ¢6 dang nhwr sau:
n
dg, = Z daio (pio + st) (21}
=1
- Cha thich
1. Néu nhw trong qui trich va chi xdy ra mét giai doan: giai doan bién dang

thi ta ¢6 trudmg hgp va cham khong dan bdi (k = 0).

Do d6 ta mhén durge cac két qud cle va cham khéng din bdi t& cac k& qui clia
va cham ddp hai trong d6 chiang ta dit k = 0.

Cu th?, d& nbhin dwge cde xung 1ye clia chc phin lyc lién két chang ta Vlét che
phuong trinh sau:

I
E Guio ST + Gao =052 = 1, T, (1.25)
i=1

1t .
Y doi,St=0; o= TLn-r - (126)

17




cOn dd nhan dwoe che phwong trinh xie dinh trang thhi vin tde sau va cham ehing ta
4p dung cic phuong trinh:

n

E Gaj, Piz + kGgo + Eae =0;e= 1,1 : - {12n
i=1

n : : ‘

E dgj, Piz = dg, = 0:. e=tf,n—r1 - ' o (1.28)
i=1 ' '

trong d6 cac dai luong Gej , Geo s dgiay dg, dwge thnth theo cac cdng thire 42 dwge thidg
Iap & trén o
2. B8i véi trmeng bop clla va cham hodn todn dén hdi ching ta ¢6 thd nhan
duge cdc k€t qud clla no tir cdc k&t qui cla va chgm dan hdi, trong dé ching fa ldy
k = 1. Cy thd, d¥ xac dinh che xung lye ela cdc lue Iidn Lkét, chiang fa-sét dung che
phwrong trinh ‘
n

Z Gaj, S§ + IGq, = 0, & = 1,1, (1-20)
i=1 '

n

E doig S¥F =0, 6 = ln — 1, : ' (1.30)
i=1

eon d® xéc dinh trgng thai vAn t6c sau va cham ching ta viét h¢ phuong trinh:

n

E Goio Diz + 260 + gug = G x=1,1, (1.31)
je=i ' '

n l . .

E doj, piz — dgy = 0,0 = Lin — Ty _ (1.32)

i=1

3. Che phuong trinb (1.22), (1.27) va (1.31) c6 th thay twong frug bing cie
phwong trich (1.22)" va (1.31)":

n - i
E @i iz T k Goo + gao = 0, E (1.22¥
i=1
n
Z Zui, iz +koal' T gao = 9, _ (1.27)’
i=1
. il
‘I 7i P a1
' Z gwiy qi2 7 2Gao 4 gao = 0, {1.31,
f=1

spi
[}




§2. CA¢ THi DU AP DYUNC

Thi éu L

Khao sat bai toAn va cham khc’_‘mg dan hdi cha mét vat chuydn doung soug phang :

do tai thoi didm t, ndo d6 didm G cda binh phing bi buge phii chuyén doug V(fn van
tdc c¢6 hai thavh phin nim ngang vi thang déng u ¥4 v.

Chon toa dosuy - rong T x. v va B, trong do x, v 1a toa dé cfia khdi thm ¢-ela- -

hinh phing, B 1a gbc quay efia hinh phiug d6i véi hé true tinh tign cdng . vGi khdi
Péng ndng clia hé duoge tinh theo biku thire :

1 - - 1 .
T =—m (x! +y¥) + — 1 62
2 ©on

- . -

& 46 m 13 khdi luwong cla hinh ph'fi_ng va I 1a momen! quan finh cfa né d4si véi-

khéi thm.
R& rang ta cé hé thée san:
xg = x+heosB; yo=y +hsind
trong dé h 1a khoéllg"cécil gitta hal didm C +A G-
Va cham ella vat 13 do d#t dot ngot lign k&t dang:
;:—hsinﬁé—u>0;37+hcosﬂé—v}() ) J !
_ Ehi chon toa @6 © nhu toa d6 doc lap, ching ta di déng thiét 1ap ma tran 1% 3

Hrdcio ﬂ
Hdgi, | =1 hsin 9 — hcosbs 11l

Ma trdn nguge efia ma irfin quéin tinh 14 mot ma trédn ehéo 3 X 3 eb chc yéu td
sau: agi = 1/m, a2 = 1/fm, ass = 1/I. '
Biy gid ta tinh edc ma trin 23X 3 || gaill va il Gas i

llgai | = ” 1 0 —hsinb. ' U Gai [ = ” llm 0 — hsindf1 “

0 1 heosO [m hsos0/I
Cac ma tran 2 X 1| Bao |l va | Gy, il e6 dang
B (R D B
Y

ki

(yo - hcosﬂo BD - V)

ﬂ Emo II =

Che phuong trink (1.17) va (1.21) bay gidé cd dang
(i/m) s¥ — (hsinB, [1} S5 + x — hsin O éo — 1 = {
i o -]
(ifm) S5 4 (heos /1) S5 + yo + heos 8,00 — v =0,
¥y
hsinfo 87 — heos 083 + S5 =0

Tir che phuong trinh trén chimg ta nhan duwge:

s = — [{I + mh?e0s?8,) (u - xo) —~ mh?cos O, sin 06 {v — y,) +
I + mh? ‘
| .
+ Thsin fs 0a).
S; = — 0 [(1 ¢+ mh2sin?0,) (v — j;re) 4+ mh? coso sinlo (J;o - ) -~
1 + mh2 '

Th cos fo Bol,
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85 = M»--—H—IEI—-—- (v - };o) costly = (u_"‘*’ 1) sin Oy — blicl

I+ mh?
Tit - cde cbng thite (1.9) ching ta nbdn duwge trapg thai van 16c cla cudi gial dogn”

y 1 : ° . .
0z = — (160 + mh [{v — yo) cosBy = (u = xo0} sin 0,] }-
;2 = xy + — .1 [(1 + mh?cos? 6,) (11 '“x,) + mh? cosfl slnﬁ (v = o)
+ mh? .
+ Ihsin 8o bo},
: 1 - _ .
¥2 = yo + —— (I + mhZsin? 0} (v = v,) + mh?cos Bs sin felu ~ x5) =
- 1 + mh? ‘ .
Ihcos 6, Gol
Chu thich:
a) D2 dang chi ra ring néu: u = Xo = hsin 0., v = yo + heos B Oy tae didm G
. e .
cﬁa vat khong bj cudng boc chuydn dong thi Sf = S3 =83 =0, X3.=%K,, y2 = Yo

§2 = Bo. .
Trong trudmg figp nhr viy khong gy ra va cham. DPidu nay 1a 48 hifa vi ditu
klgn {1.14) khéng duge thdéa min. :
b} Xét trufmg hop -ditm G bj ding dét ngot, tite sau va cham vét quay quank  +
didm e¢g dinh G. KEhi dé thay u =103 v =0 trong chc két qud di nbin duge ching ta cé:

S = —-l—n—? [(I 4+ mK? cos? 0,) xo + mh? sinfo cosl, yo — Ihsin 6, 0,).

1+ mh
Sz = 5 [(t+ mhzsinzﬁo)};o + mh? sineocosﬁc;, + Ihcosagé,,}
m
& m
83 = e [(yocosﬁ - xosmﬁo-i- X o)
I+ mh

= [18, + mn (XoSineo — y,cosa,,) hI + mh2).

( )Béng mét phuong phap don gidn ta nhan duoc k&t qud di trich bay trong (8
tr, 20), .

]

Thi dg 2. ‘

Khio sit xa cham dan hdi kh()ug ma sdt cfia mdt thanh d"éng chdi ¢4 &6 dai L
va kbhéi luong m, Momen quin tinh cdia thanh d6i v6i khdi tam blieg I, I = mL2%12, v4i
mit ndm Dgang.

Chon cae toa 80 cha khdi mm ¢z thanh x, ¥ vd gée @ cla thanh 1am v&i dudng
thing dong lAm toa 49 suy rdhg.

Bity thie d6ng ning cla thanh cé dauvg:

1 . s .
T = — m(x? + y?) -i-ll(']2
2 2
Va cham clia thanh x4y ra duge xem 15 do xuit hign dét ngdt lien kér dang:

- 1
y = —Leosl 2> 0,

&




né cb th dwoc viét trong dang tuong duong sau !

- 1 . »

y + —Lsinf0 > ¢
Néu chon x va O lam foa 46 @oc lap t

[! dci I} =

hi ma_tr'@m H dg; H co dgng{
1 0 1] ‘

(—Lf2) 1

Ma trde ngwgce cia ma trin quan tinh s& 14 ma trdn chéo 3 X 3, ¢6 cic yéu té_i

ar1 = 1/m, 2z = 1/m, as =1L,
{hc ma trin 1X3 “ gqu va u Gao || 88 ¢6 dang:

Hgeo | =” 0 1 ——21—Lsin9°l; HGas =10 (1/8) Lsinofol
Ma tedn | ga l va ll Gao |l s& 1a s ) : o
Vaxh=tals Nosol = |(5o Framsd )|
Chec phwong trinh (1.17) va (1.21) bdy gio duwge vist nhu sau: .
LogalL sinf,53 4 (y+ 4 Lsinﬁoéo) (1 + k) =0,
m . 2 1 2

: 1
St =0, ----;Ls‘*-f-s;‘ = Q.

-

“Khi gidi cac. phuong trinh-trén ching ta nhin duge:

St =0, 8 =mt + k) (y, + —:~ Lsinﬁoéo)/(4 + 3sin20s),

' 1 . ’ .
S5 =mL (1 + k) (yn + »{_Lsineoéa) / 2(4 + 3sin?0,).

Céc vAn téc ella cudi va cham duge tinh theo cac hé thic (1.9), ds 1a:

x2 = %6 + Si/m = xo,

y2 = yo + 33fm = [2(3sin6¢ — K)y, = (1 + kYLsind §,)j2(1 + 3sinZ0,).
ez‘ =8, + 830 ={(1 -3k sinzeo)a}— 8L{1 + k) 311180}0}[(1 + 3sin%8,).
C6 thk x4e dinh trye tép trang thal van tde clia thanh sau va cham nho che

phwong trink (1.22) va (1.23). Mugn thé, ching ta tinh ma trgn 2 X L[| dg, Il theo cong
whie {1.24):

|l doo il = || mxo
1 % -
—mLsinBcfs + 18,

Céc phuohg trinh (1.22) va (1.23)7 bay gio c¢6 dang :

vz + —:- L sinf.00 + k (4(3?0 + —i Lsinedé')

=

0,

. mx2 -~ mx, =0,
1 . s - . 1 i . -
=~ —mLsinf, v, + 162+ — mLsmﬁon—lea = {,

Cae phuong trinh niy cho ngay kél qui da tim & trén.
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PSi veoi lruong hop va cham khong dan hadi (k= ﬂ) ching ta cé :

x2 = 'Ku; _‘;r;aﬂ (ﬁsinzﬁo;n —L sineoéo)&f'l + 3sin?0e ), ..
- _ 8'2 = (LéO — GSinﬁoj;o)](I + 3in°6,).

K& qui cusi cing d& dwa ra trong [5]

KET LUAN

Trong bal bio da tién hanh khiéio sét bai todn va cham dan hdi clia céc hi hale
moén. B3 nhin drge moét thuit toan don gidn c¢ho phép xéc dinh mét cdeh chie chin va
nhaph chéng cac xung lgc va cham clia cic phln luwe va trang ihdi vAn (8¢ cda hé¢ sau
céc giai dean va cham (hal vin d& nay ed thd dwoe xic dinh dde 1ap déi voi nhaulk Cac
két qud nhan duge d3 duge ip dung trwe ti€p cho cie trwdng hop va chzm khong dan
hdi v va cham hoan toan (IEhn kdi xem nhw 14 nhitng truedng hop riéng.

Dia chi ‘ Nhan ngay 6{9/1936
Truing dai hoe Bich bhos HN ' .
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PE3ICME
YIAP MEXAHNYECKHX CHUCTEM

B macTosAeit CTaTbe UpefcTasdeH MCTON AHANHTUICCKON MeXaHRKH HLJs HCCaenon
BaHHi zafgal  of yAape, KOTO[)HE BRIy PACCMOTPEHA KaK 3aJa4Yd BHESAUGHOIS HAJOMCHHSA
RACAJNBOBIY GIHOCTPOHRHX cBizell Ha MeXaHuyecKue CHCTEME!.

Vcenenosanus TNOCBAUIGHE AHalu3y. safay o0 yjape ¢ HCHOJIbSOBAHWEM NPHRIAIA
COBMECTHOCTH, BBUIH MOTYYeHE NPOCTEIE METOAR! AJ1 OHpe/eeH s CKOpocTell MexaHHIeCKHX
CHCTeM HOCJe OKOHYAHHS yAapa M HMMOYJbCh MIHOBEHHOH peakilud.
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