
VE S{J ON !El4NH CUA BAN N10NG TRONG LY THUYE'f 
~ " A 'I ':> 

QUA TRINH BIEN 'D~NG DAN-DEO 

BAO VAN DUNG 

Trong [1. 3] cac tac Rhi [aa thi€\t l~p Pai toan On arnh ella bail ,~a vO rnOng 
tan-dCo thea lieu c.hu~n re nh~'!.nh dOng chU dQng (6], kh3.o sH On djnh ella bin va 
·0 mOng ngoai gi6·i hf_m dan hOi cho tru<'mg bqp tr~ng thUi xu~t phat 1a thu&n nha'.t. 
:'rong b~d nUy xet bfli totin tren cho tnrOng hgp tnmg th:li xua't phflt kh6ng thu3.n 
that b8.ng cilch xfty d~rng phiem hftm J va sfr d~tng phtrong ph:ip bif"n ph<:'ln de tim 
vc t&i h?n, xet vi d9 mii)h hqa pbtrang phap tr~n. 

§1· cAc HI); THtrc co- RAN cuA BAI TOAN 

ON :i)JNH BAN MONG DAN ~ DEO 

Xet b3.n c6 ttl) rlUy h trong h~ tQa d¢ x, y, z ta van gifr nguyen cilc giii thtet 
¢ng hQc va tinh h9c nhtr trong lj. thuye't uOn b?tn. Ta c6 

h/2 b/2 

* , J I ~ij = Zij - z\\' ,Il; Nij = . O'ijdz; MiJ = ZO"ijdz (1' 1l 

-h~ -h~ 

ong d6 efj Ia teaxo- bien d~ng ~.::iia m~t gift a, \V 1:1 d\1 vOng, N-ij,'-lVIJj Ia c:ic l1,rc trong 
a m6 men trong tac dtJng len phO.n ti'r bUn. Ch1ing thOa man h~ r;huang tdDh c2.n 
lng c6 tinh aen sv thay dOi hinh hoc ella ban 

l\fii,i + qi = a, <1~2; 

V6·i gi:l ~hi.?t (\\\ ;_) 2 ~ L di€u ki.?n bi&n viP:~ !hco tlln lu:y€n chU'a bif~ dQ-ngo 
0 nay ctl.ng vai li~n h~- Y~\l' !}r giU:a t'rng suflt vit biUn dzmg [1] 

<; 

duij ::o~ ~ c·tlk(s) (dSij + O'ndsn) + (QY'{s) - cruk(s!) 
3 

i, j, m, n = 1, 2 

1 d_c c1i€u ld¢n bitn, sC cho ta h$ kin d~ tlm nghi~m b tr:;Jng th.ai xuat ph8.L 

B8 thiiFt l*p h~ phuung trtnh cG. ~an cUn b:li tt;litn On d{nh dw hiin mOng thea 
~u chn?in rC nhttnh dOng cbU c1¢ng, ta Hiy biCti. ·ph&n (1.2), (1;3) lrng v&r tiBp !l}C 

1inh (ky hi~n bG-i chi s6 0) va tiCp t\IC ph-g, rf"ii lay hi~u rae phrro·ng trlnh ta nh$-n 

t·qc cic h~· tb(rc dOl v.6'i hi$u gia- sO._ [1]. 

LlN_d,j =: o~ ( 1,5) 

Li\IJ:j,ii + N~jil\V,ij + \V/jjl1Nn = D 



trong d6 
DL\i.i = rolXii ~·· dNfJ; 6Mij ~ dMij --- dM~j; illV = d~~~-- -- dW.0

; 

b/2 h/2 . 

i'll\ij = f i'lcrljdz ; AM;j = f zA<r;jdz; 

-b/2 -h/2 

6crij = dcrii ~ __ d_cr'f_j _ ;_ i).eq_ = d_~ij - deri; A~ij ;: 6.eti __ - zLl W ,ii· 

Tbeo (1 4) li~n h$ v:).t lj doi v6i hi~u gia so cho Ia 

(j.7) 

cac d<}i lrrqng Nl.i, a'jj, E~j,·· 0'~, s", w" -t'rng v&i tr~ng thai xu(t pbat. H~ 
phUO'llg trinh (1.5), (1.6) cling v&i (1_.7) va cite dieu ki~n bi~n tuang Ung cho ta gi!i 
b<\i toin d( nh.inh dD11g chU d¢ng ella ban dcin-deo. 

San ctay giii thiet riing trq.ng thili xudt phat khong phv thu<)c vao d~ day (tire Zl 
va \"Cri w" = o. khi d6 h$ (1.5) dong uhil! thoa man, con (1.6) sau kbi !hay (1.7) c6. 
<d~ng sau 

( !. 8) 
t rang G:6 

(1.9) 

Nh(m xet ding vi¢c xa9 c1jnh chinh :d1c llJC t&i bl}.n cUa bBi to3n (1.8) gfj.p uhieu 
kh6 khan, vi ,.h chCmg Ia giai gan dung. Mgt twng ca.c phuong pbap nay Ia phtrang 
phnp hi6n phln1-

§2. PHUO'NG PHAP Blt!:N PHAN XAC BJNH LVC Tl'n H~N 

Xay d\rng phiCm ham J 

J = f f (LIM;;Cl.W,;;- N;;Cl.W,;LI"IY,;)dxdy (2-1) 

tn chUng t?) rUng bili toan (1.8) dUn den phuong trinb bien phfln 3J = 0 va nguqc l~i 
h'r _phuang trinh n:J.y SllY ra (-1..8) vA c3.c di€u ki~n bi~D· 

Th(U v;Jy, lfiy biCn ph&n (2.1) (v&i tnr&ng tJ:w Chl trun, tUy y, chi thOa _man dieu 
ki{~n bi~n d•)11g hQc) ta nbi)_n duqc 

8J = JJ [MM;;Cl.W,ij + LIM;;MW,;;- Nj;3(Cl.W,i LlW,;l]dxrly 

)1~t kHtc tL\' r<'tc lien h¢ (1.7) vii Mq1 N\j ta de d9.ng cO dh:g thlrc 

. -MMijLIW;;; = LIMijMW,;; 

Ni;3AW~ijLlW.; = Nrv'>W,;M\Y,; 

8J = 3 JJ[6.MijMW,;;- Ni;A\Y,; MW,j]dxdy 

Ta. h,ti cO 

A\!;,3LIW,;; .=o (AM;;MW,!),.;- (b.Mt;>iMW),, + AM<;,;;MW, 

(2.2) 

N~;i1W,;M\Y,; = (N';;L'.W,;3WJ,i- (Ni;,;AW,; + N~;AW,;;)MW (2.3) 
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Thay hai bi~u thtYc nay .,,.ao (3,:2)1 sau r16 sir d!JDIJ C!)llg ihll'c SWc bi~u d1_,n tich 
lftn m~t va tich ph8.n theo chu tuyen1 nb~n duqc 

~J = 2 f f (L';~fii,;i + N;j!':.W,,i + l':ji>jAW,;)M.Wdxdy + 

+ 2 ~ [CiMqviMW,i- (Llivlii•i"' + NfjAW,iVj)31\.W]d;s 

ong d6 Vj lli cac th:lnh phi!n ci'1a vecta phAp tuyen ngoii ella chu tuy~n S 
...... 

Ta bi~u dilin (3.3) trong hf !Qa d¢ dia pbuang x', y' (hu&ng tbM pbap tuy~n 1, 
~ _,. 

ti~p tuyen "t' cUa S). Goi <p 13. g6c gift·a. v va trvc x, ta c6 phep bil\n d(ji sal, 

hi 1!6 

x' = xcosq~ + ysin~ 
y' = ycosqJ - xsinq? 

· Mw, Mw ... 
~\V,i = -+-x,i + --y•; 

ax' fJy' . 

M~t khlic, t:fi di~m thnQc chu tuy~n ta c6 

M.w M.w M.W Mw 
--.- = --. -, 

Ox, iN 
--=--

ay' as 

Do v~y 
MIY MW 
--vi+-·-'<"i 

av as 

Tren .c€1 sO dtc c6n:g thRc ni!y 9 .ta nh~n .duqc 

Ky hi~u Lli'vlvv = ilMij'J;i.lj; .6.\hs = LlMij'ri''"i 

N'jjYi'Jj = Pv.,.; N~j't'i'Jj = p.,.s; 6Mih] Vi= 6.Qv 

NfJd = o~ 
ii8!1W i! 06Mvs 

Ci)f,s = -- (LliV!vsMW)- o!:.W 
os as as 

Khi a6 thay (2.5), (~ 1\) vao (:JA), ta thu duqc 

bJ = 2 fJ(L\M;;, ;; + N~;!:.W,;;)Si\Wdxdy + 

+2 6Mv, ·- LlQv + + 1',-- + P,s-- M.w dS. ~[ aSt:,w ( MM,s Mw Mw ) ] 
- a~~ as os as 

(2.5) 

(2.6) 

(2.7) 

Nhtr v~y neu 6.\V Li r ghi~m clia bi'ii toan (1.8) cting v&i c:lc dieu ki~n bien dOi 

r&i &w, 8!1Wfo'' tren ehu tuycn da bi~t. thi cite tich pMn trong (2.7) Mng kh6ng, do 
t6 b8.i. toan On (l~nh re nbanh-dOng chi'1 QQng d~n ye ·phtron~ trlnl-,. bien philu sau 

~J = 0 (3.8) 



t4gur;yc l1q.i, ttl' L\.8) do ()C,\Y 18. tUy j', .:;uy rm pl!UUDg trinh (L8) V:) e:<'.u.: di~LI 
ki~n sau 

Rv = LlQv + BL\.M,s BL\.W •;L\.W 
..:..:=.:.::--. + P,. -- + Pvs -- = O, 

as a. as 

il.Mvv = o. (2.9) 

R6 rang Jil..,v, P..,S Ia aile thArth phln l\tC d9c va tiep ella bltn, 6rvf..,...,, b.M...,s lA _c·a:C 

thanb ph~n mbmeh u6n vil xoh tr~n chu tny~n bani con L\.Q, !a lgc -cilt. 

:&~ giai g~n tlting phuong trinh 3J =' 0 ta tim nghitm ahr&i cl~ng 

N 

&w = L Cn'!'n(K, y) (2.10} 

cc=l 

trong d6 tpa(x, y) it~rqc chQn sao cho L\.w thOa man cite di~u ki~n bi~n d¢<1g hQc; c. Ill 
cac hang s6 tuy y. Sau d6 thay (2.10) vao bitu tbirc L\.M;;, con N~; !a ham a~· bJH cua 
(x,y) va m<?t tham sd tai nao !16, va thay tU ca vao J r6i tinh 3J = 0 dAn i!~n 

N 

L~ac. = o 
a c. 

(2.i1). 

<>t=l 

Do 3Ca la ttly y ta suy t'a h~ phuon~ trinh tl~i s6 tuyen tinh thuil.n nh:tt d6i 
v&i Ca 

BJ 
--= 0 • a. = 1~ 2, ..• , N ac. · 

h~ nay s~ cbfra tham s6 tiii. Ttl diCu ki~n kh6ng tam thu6'ng clh Ca9 sliy ra h~ Huh xac 
dinh tham s6 t9.i. Cria trj nhO nhlit cUa tii tr~mg, cbinh 1:! _nghi¢m b3i tolin .bri djnb. 

Xet b3..n ehli: nh~t c1;1nh a, b gUn blLu 1€ ch~u il!c n~~n theo qtll lu~t 

P = p,(-·1 - r1.L) theo ox: 0 <"' < 1. 
h 1 

Tm&c Mt c6 

( 
y ) d'~x = -P0 .l-17.b; cr;y =a~y = 0. 

Cac lhanh pMn m6men la 

LlMu = -(A+ B)LIIY,xx- B!I.W,kk; 

b.Mxy = -BL\.\Y,xy; 

!I.Myy = -;B(AW.yy + L\.W,kk); 

("'" ' ) h3 A = '*''-' - 0' ko ·- ; 
tt l~ 

(3.1) 

(3.2) 



a h 

1 = f f[-(A + 2B) (4\.W,nJ2
- 2B&W,.xi'IW,n- ~B(Iil\'m)2 

0 0 

- 2Bil.w,.16.W,,, + hP 0 (1- .,..L) 6.'\Y.x tlw,x]dxdy 
b;j 

1'lm nghi~m tlW thOa man di~u ki~n bien d¢ng hQc dtr6i d~n~ 

'\' \"' m7tx n7ty 
Li\Y = /._; i..J AmasirJ ~sin-b-

m=l n=l 

Thay (3.4) vao (3.3), I:5i My tich ph~n theo x va y, cu6i Cling ta di den 

J=~L: 
4 

m=l n~t 

trong d6 

Hmu : (A + 2B) ( ma1t r + 4B( ~1t r ( n: r + 2B( 1~~ r 
Uy bi~n pMn 3J = 0 va do 3Amn tiiy j ta nh~n auqc 

Amj ] ~ 
/ ') -2)' 
~71:--J-

= 0 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

Bay Ia h¢ phuang trinh dt}.i s6 tuyen tinh vO hou d6i v<'Ji Am:u) tl'r Qieu ki~n 

kht"mg tEI.m thu&ng cUa Amn ta nh~P.. duqc d:jnh thll'c h~ s6 ci'la nO bUng khOng., d'6 chinh 
18_ phucmg trinh xac dtnh ll}c P 0 • Ttiy nhien vi~t nghiBn c.tru tOng quat nay kb6 l;J:n::.in 1 

chl e6 th@. th':l'c hi~n bang giln dUng, b gan dUng thlr nhllt hUng d.ch .clu ';'+ 0 cOn 
d.c Amv. khac bilng kh()ng, lfr d6 ta nh$,n d!.!Q'C Ivc t&i hzm, 

" J " ) 36b~ ~ 1 - -
~, 2 

Nh~n xlt: 

a) Tnr&ng bqp biln d~n hbi, ta eO 

W; = a~ k@ ·:=: E 

!ir (3.8) nb~n dtrqc nghi~m quen biet [2,{] 

P tk -. - (~ + _1:)2 
b a 

(3,9) 



Ket qua hoan to-&-n 

0 k 2 h' 
P th = O'u on 
~ a 36a2 

trung v&i [!]. 

( 13 + 3 :~ )' 
O'll. ko 

(3.10) 

Trim dfty d~ thiet l~p duqc phi~m ham J va sfr d~ng pbuang pMp bi~n pMn 
d~ nghi~n c&u, hili loan v&i tr~ng thlli xuftt phat khOng thuan nhat. Phu<Jng phip .·nay 
dil tO ra c6 nhi€:u ti~n lql vA cho phep nghU!n _ c(ru duqc m</t s6 biH tofm ph(rc tf}.p han. 
C:ic ket qua trong ph8.n vi dq. minh hqa trong- di.c tnr&ng hqp rieng da tn'tng v&i cllc 
k~t qua ella d.c tfrc gilt. khac. 

ChUng tbi chin thanh citm an giao 

Dia chi 
Trttimg ilai hpo TJng /,~p HN 

Sl! !lao Huy Bich dli huang d~n c6ng trlnh nay· 
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RESUME 
SUR LA STABIL!TE DE LA MINCE PLAQUE SUIVANT LA Tf!EOHIE IJ!lS 

PROCESSUS DE DEFORMATIONS ELASTO- PLASTIQUG~S 

DarLs cet article, o;1 a etudie le prohleme tiel~ s!ubililt' de l3 mince plaque· a I'etat 
de d(~p::trl. noa-hornogt-ne Sltivant la theorie des processus de deforrnation eiasto-piastiques. 
Ap·es a voir etabli !e fonctlonnel J, on a employe la m8J:hodc des vari::Itions PO'Il' calculer 
le pt·essi.on critique. Les resultats obtenus,· dans des cas part.iculiers, ant coincide avec 
cenx cle [1 ~ '.?, 4]. 

SO Si\NH HAl PHU'O'NG PHAP .,. (tic;p tbeo ira~:g 32) 

PE3IOME 

CPABHEHUE ,ll,SYX ITO,UXO,UOB B 3A).I,A4E YCTOrll.JHBOCTH 
,UE<IJOPM!IPOBAHHH PEOJiorHlJECKIIX TEJI 

B cTaThe coKpa~eHHo HSJIO:tKeHbi )J.Ba no~xona B 3a.Qal!e yrcTotlq~?BOCTH .ne¢opMHpo~ 
llaHHl'l peoJJonrqecKHX Ten: 1101\XO)J, A. H. rys>l I! IlO)\XO)\ B. ,Ll,. 1\moruHHKOBa. noK333HO 
'!TO nepBbiH rro)\xoi\ AaeT pesyJJbTaT, coBnaAmoru:nfr c pesyJihTaToM DEO BToporo ITOI\XOJ\a: 
CpaBrreHne !!pHBOJ\HTCll B o6ru:eM cnyqae )(Hcj)(jJepeHIJ,HaJlbHoro orrpe!l.eJlll!Ol!!ero cooTHOIIJeHHl'l 
H B cJiy_qae onpeJI.emuomero coonwweHI-ui HacJieLI,cTBeHHoro THrra. 
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