
VE CHUYtN DQNG D(h LUU NHIET CUA 
CHAT . LONG CO M!T THOANG 

NGO HUY cAN 

Trang hOi bao nghi~n ecru bai toan ve chuyh d¢ng doi ltru nhi~t cua chiH t5nc 
nh<'rt c6 m?t thoimg. Khic v&i cao cOng trlnh nghi~n cuu trrr&c day trong bai nay dieu 
kltn nhi~t d¢ gill' giit tri khOng ilti tbOa man tr~n m\il tho!mg kich il¢ng. 

§ 1· D!T BAI TOAN 

Phuong trlnh va ili!u ki~n bi~n, <lieu ki~n ban ddu cua b:l.i loan ve etc kleh d<)ng 
nho cua chuyh il¢ng d6i ]tru nhi~t trong chat long nh&t c6 m\it thoang a cl0ng kbOng thrr 
nguyen se viet nhu sau [1] : 

ov I - = - '\7P + f:l.v $ RyT, div v = O, ot 

p, oT - (vY) =AT trong Q 
&t 

v = 0, 

T = 0 tr~n S, 

- +- = 0 (i ~ 1, 2),- P- 2-- = p-1v3 8v; »v, a ( OV3 ) 

ax, ox; 8t &x, 

oT 
Pr -· = V3 tr~n r~ 

8t 

v(o) = Vo, T(o) =To, P(o) ~Po 

(1-1) 

(1.2} 

(1.3) 

(1.4) 

tr~n r' (1.5) 

(1.6) 

(y d!\y v, T, P - kich dQng nh6 cUa v1_\n tOe, nhi~t dQ va
3
ap su8.t trong chflt lOng, 

l'l = g~oL4/vX- s6 Rayleigh, Pr = vjX- sil Prandll, F = vX/gL - s6 Frud, g- gia toe 
trQng tnr&n'g, v, ~'X- h~ 's6 nh&te h$ s6 n& do nhi(H va h~ s6 truyen nbi$t cUa eMit 
lOng, ya-- gradient nhi~t d¢ cUa chi1t lOng trong tq.ng thai can b!ng co h9c, y- vee ta 
dan vj theo chieu thling dfrng tl'r.drr6:i le_n, L- d~c trung chieu td8.i ella mien chUa ch3t 
long Q, s - bi~n cling, r - m~t lhoang cua chill long. 

Trong [2] .aa ngbi~n ciru hili toitn (!.1) -c- (1.7) cho tru&ng hgp rieng khi Q lil l&p 
cUt long n~m ngang. Trong [1] nhieu bai toi\!1 bii qua dieu ki$n bien (1.5), (1.6). 

Trong bai nay se nghi~n cuu hili toan (1.1) 7 (1.7) !rong tru&ng bgp mr~n &1 !a 
Mt ky vl\1 bien S dfi !ran. 



Ky hi~u .J(Q) Ia khOng gian con cua kMng gian L2(Q) gom cac vee to s6l~n6it 
binh phtrang khi\ tich va cO thanh phiin pha.p tuyen bting kh6ng -tren S. 

Wi,o(Q) !a kh6ng gi•n SObO!ev ciia cac vee tcr tri$1 tieu tren bien S va c6 d~o 
Mm suy rOng "b~c 1 binh plmang kha tich trong Q. 

Trong [3] d[" chung minh ring trong Wi,o(O) chu~n xac djnh Mng cOng thuc: 

llvllw1 =E(v, v)=~ J(ov;'+~)2 ct0 
2•0([]) L.. ilxj iix; 

i, j Q 

sf; tuang dtrang v&i chuRn S6b61ev binh thrr&ng. 

Ky hieu H2(Q) Ia khOng gian Hilbert cua cac hilm binh phtrong khi\. tlch troug 
0, Hi(OJ lit khong gian S6b61ev v&i chuh 

II T IIHi(O) =c f [gradT[2 dQ + f I Tl
2 

dS 

Q s 
va Hto(Q) ~c, khOn< gian con cila Hi(O) gbm cac hilm trong Hie OJ va tri~t lieu !ten bi~n 
s, H~,00(QJ ~am cac ham trong H!CW, tri~t lieu tt en bien sur. 

D~ nghien cuu biti toan (1.1) + (1.7) ta xi;"t blti toan b~ trq sou 

llili toilnl: Cho ham f1E}(Q). Tim cac bam u, pt thl>a man cac phuang trtnh 
va dieu ki~-n bien : 

tt == 0 tren 

Bill toan 2: 

- <'>u + '\7P1 "' ft, div u = o trong !J, 

au, iht3 s, -- + -- = 0 (i = 1, 2), 
ih.s Oxi 

8n3 
- P2 + 2 -- = 0 tren f. a., 

Cho hUm 'f'tELz 1r1- /tj, Tim cac hiun W, p2 thoa man cac phrrong trinh va di~u 

- !sw + \'Pz = o. div \Y = o trong Q 

W = 0 tren 
aw1 aw. . . aw1 s, -- + -- "'o (, = 1, 2), -Pz + 2-- = rpt 
axa a., ••• 

tr~n r. 

l!llitl tnan 3. Cho ham f2 E H2(!J). Tim ham T1 thoa man phtrang trtnb v~ <li~u 
ki~n bien ~6.T1 = fz trong 0, Tt = 0 tr~n ser 

Bai toi\n 4. Clw ham 'Pz E Hi 12{fJ. Tim ham Tz sao cho 

trong Q 

trlin S, T2 = tp2 tren f. 

Trong cac cOng trinh (3·5] cac bD.i toan 1, 2 da dtrqc nghi€!r. cLru tOt. TU ca.c kft 
quii ella C<'tc cOng trlnh nay ta c6 

Bll il~ 1. Y&i hilt ky ham £1 E J(il) s~ tiln t~i m¢t nghi~m suy r¢ng duy nba:t 
ctia bai toan 1 thoa man h~ thl'rc 



b•,pi A~-2. u t0&n to- cho nghi~m cira htd to<}n 1 thl A1 sD ~:\ tofu1 tit l!J" Uen hr;'rfJi 
ccrong zac d~r1h va c:b (A!l 2) = \r"~r1. 0(ft), 

(u, v)w~,o(Q) = (Atu, v)J(Q) = (Al 1'u, A}! 2 v)J(!:l) 

Toan tU A1 1 B. roan til ho:3.n toan uen It}::': va thu¢c l&p loan tU Up khi p > 3/2. 

_ II() d~ 2. Val tam cpt E L(f) - [ 1 j se ton t~l m<)t nghi~m suy r<)ng duy nhH 
c Ua b~d toim 2 thOa man h~ thllc 

(W, v)w!,o(O) = E(W, v) = (<pt, v3)Lz(fJ-jtj 

' . 
Gqi Ql 1a to~tn tii· cho nghi~m _cUa bai toan 2 thi Qt s~ l:il toAn tlr boan toiln lif:n 

tile tac d¢ng ltr Lz(f) - [1) vito wj,o(Q) va ta c6 

(Q1'P1• v )w!,o(Q) = (W, v)W~,c(Q) = (<p, fv)L,(r)-[1 j 
r - toan tir lily thanh phiin pbap tuyen tr~n bien r. 

Dinh nghia l. Ta gQi nghi~m suy r¢ng ciia bai loan 3 Ia ham T! E Hj, 00(Q) 
thoa rnA n h~ th frc 

(Tt, T)H~,oo(Q) = (fz, T)Hz(Q) 

Sir dl)ng cOng thfre Green cqo cite ham ci\a H~,oo(Q) s Ll.TtTdQ = - f VTtVTd0 

Q Q 

vll cijnh ly Riss v~ d~ng tbng quat cua phiem ham tuyen tlnh trong kh6ng gian Hilbert 
!a· c6 th~ ch.ttng minb duqc: 

Ill> d~ 3. D5i v&i biit ky bAm h E Hz(Q) bid toan 3 se c6 m(>! nghi~m suy r¢"g 
cluy nh&t~ GQi A21 13 toan til- cho nghi~m ella bEd .tofm nay A2 1fz :::o T1. thi A2 1 s~ 19. to<fm 
t-& t-g li~n hqp, dtrang ho3.n to3:n lien tl}c vi thu¢c l6p totm tlr O'p vM p > 3/2. To<ln tir 
A2 se Ia toan.ttr 1'1' mn hqp, dtrang xac djnh trong Hz(Q) va '1>(A~ 12 ) = H!,00(!!l). 

(Tl, T)Hi.oo(O) =(fz,T)H2(Q) = (Ml'l, T)Hz(Q) = (A~' 2T1 , Aii2T)Hz(O) 

. Ta gQi <1:>2 Ja tbac tritn giai tich eli~ Mm 'P2 E ll:\12(f) viw Q sao cho <i'>2 = 0 
fr~n S va <i'>z = <pz tren r. Khi d6 <!>, E Hi. 0(0) 

Ta dlnh nghia to3n tiT f1 nhU' sau: f1<!?2 ~ <fl2 
Lam phep bien O:(h T2 = -T3 + epz. DE: xac djnh T3 tU tai totn 4 ta auy ra; 

C.'fs = A<i'>2 trong !2, Tc = 0 tr~n sor (2.!) 

D:inh ngbi~JJ 2. Ng,hi¢m suy .r¢og cUa b~d tm'tn (:.L1) lB. hUm Ts thDa man 0:-ling thlrc: 

(T3, T)H} (QJ = ( Wz, T)e11 (rJ\ (2.2) 
2'00 - 2•00 '; 

a a~y H:Loo(Q) = IT E HHO.) va T = 0 trell ser l 
V6i bat ky ham <llz E Hi,0(fl) thi vi! pbai cila d&Jlg th&c (2.2) !a phiem bam 

tuy~n tinh trong H!,oo(Q). Tb~t v~y: 

I <l:>(T) I = I f V<ll2VTdfll <II v<I>zl\H,(il) \1 VT IIHz(fl) ~ 
ll 

= 1\<D,Ilu' (Q)li TIIH' (Q) 
2:10 2'00 

C6 nghia la: I <i'>(T) I< C II T 11n~,00 (Q) 



Theo djnh lj Hiss h1 ;e tir:tl duqc fn¢t ldtm 1'3 duy nb&i thOa mlln dUng thlre (2.2). 
Co nghla la bai toan (2.1) c6 m¢t nghi~m suy r~ng duy nhdt. 

Ta g0i: Tt = -T3 + <l>z la ngbi~m suy r¢ng ciia bai loan 4. B~t T = n. Tu (2.2), 
(2.3) sny ra: 

Vi Tz = -T3 + <l>2 n~n: 

II T,IJH~.o(O) ' II T3IJHj,oo(Q) + ll <PzliHi.oCf.!) 

Til: (2.4), (2.5) suy ra: 

ll T211H!,o(!l) < 21\ <l>ziiHto(f.!) < c II r1<P211H112(r) 

(2.5) 

D~ nh~n dugc aanh 'gilt ngay dl sir dlJDg k~t qua ci1a [6]. G0i Q2 Ia toAn tir cho 
nghi~m cua bai loan 4: T2 = Q2?2 = Q2rt<P2. T1'r Mt ai'tng thirc cu6i ta c6 

UQ2f1<l>ziiHtoCQJ < C llrt<llz!IHl''(r)= Cil'flz)Hli'(r) 

H~ tltuc nay ch(rng to rl!.ng toan tu· Qz gi&i n¢i til: H!''<fl vi>. Hj,,0(Q). Ta dl 
chUng minh: 

Bb d~ 4. ·V&i bl!t kj hilm 'fl2 E Hl1 2 (r) bid toan 4 co 1n¢t nghi$m suy r¢ng duy 
nhdt VA toan tir Qz cho l&i gii.i cua hili toan 4 la loan tir gi&i n¢i. 

(2.6) 

§3. DJNB LY TON T4J NGBI$M CUA BAI TOAN 

Tim Y = u -t w, p = Pl + pZ, T = Tt + Tz. 

{; day !u, ptj. lw, p2j, !Ttj, !Tzj !a nghi¢m ctia ci.c bai toan 1, 2, 3, 4 
!trOll g ung• 

Tbeo phuang phlip trong [3-5.7] tit phu:ang trinh (1.1), (1.2) va cac di~U ki~n 
bi~n (1.3), (!.4), (1,6) ta thu dugc h~ phirang trinh: 

dv 
- = -AJu + RMT 

dt 

~ = -F-1 orv 
dt -

v6i MT =fliT, toim tir chi~u xu6ng J(lJ). Ta viet phuang lrinh (1.2) @u6i d?ng: 

ilTt &T2 
P,--· + Pz --- vs = LIT1 + LI.Tz 

&t ill 

Ta nh~n xet r~ng do Tt = 0 tr~n fUS n~n di~u ki~n (!.6) co d\lng 

ilTz p,--- vs= 0 
8t 

tr~ur 

(3.1} 

(3.2) 

(3.3) 

(3.4) 

m !hue nay chirng tb ding bam p, a:· - V? thu¢c HLoo (Q). Nhan 2 ve (3.3) 
. •l 

v6i T E Hi,00(Q), tich phAn tren 0 ta c6 

( p,. an + p 2 oTz '- vs, r)Hz\r.) = (LIT1, T)Hz(") = (A2 T1 Tl 
&t &t ,. " - ' Hz(fl) 

H 



Vi phan hai ve (2,6) theo t ta Ch.rgc 

dT2 (' JT2 .\ --=Q2 --1 
dt at 1 r 

Su d~ng di~u ki~n (1.6) dtroi d~ng (3.4) tir, h¢ thuc cu6i ia suy ra 

dT2 1 ' 
-.-- = -- Qzfv 

dt p, 

Sir dQng (3•6) ta co th~ viet (3.5) dulri d~ng 

Pr dT! = - A2T1- Qzfv + Nv, Nv "' v> (3.7) 
dt 

Ttrang tv trong [7] h¢ phuong tdnh (ei.l), (3.2), (3.6), (3.7). c6 tb~ dua v~ 
pbu:ang trlnh tlch phan V~n te c6 nhil'n gilri n(>i ho~c ky di yeu va do vh chUng 
ngbi~m- duy nh&t. 

Djnh ly: Bili toan (L1) +:(!.7) c6 ngbi~m suy r¢ng duy nhilf !rong khOng gian 
!,0(0) X Hj.0(0J neu v(oJ E Wi,o(O), T(o) E H!.o(Q) . 

. Trong bai boo da chU:ng minh djnh ly t~n !~i doy nh«t nghi$m . suy r¢ng 
o rn¢t bii to&n m6'i trong lj thuyet d6i 1u·u nhi~t. 
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