
VE NGUYEN LY qrc·TIEU VA cAc DJNH·LY TbNG Q~tf. 
CUA LY THUYET QUA TRINH BIEN D!NG DAN DEO' 

BAO HUY BiCH 

.Tr~n ca •sa lj thuyH qua trlnh bi~n cl~ng dan deo tinh den gia tbuy~t xac 4inh 
dja phuaug b~ng phtrang phap khac khao.sal nguyen Jj qrc ti~U, cac djnh lj tiJn& quit 
nng v!Ji qua trinh e6 d(> cong trung binb va sv h¢i llJ ctla phuang ph:i.p tham oil dan 
bbi thuy d8i [1] d~ giai hili toiln bien cua lj thuyH d~o khi d~t tlli phnc t~p. 

ffe Xelll xet van de ta dtta. vao kh6ng gia.n h:lm Hilbert v6i cbuln 

2 s . . II u JIH~ = •ij(u) ei;(u}d'l (O.t) 

Q 

Theo djnh nghla, ngbi~m suy rQng cua bai toan bien ly thuyet deo li vocto•hll.m 
u E H! thoa man dbng nhdt !hire 

. S ~;j(ul ;lj(v)dQ =J pKividQ or S F'ivtds 

Q Q ~ 

v6i mqi v E HY( vis. = o) . 
Kj hi~u A'(v) Fivids 

phuang trinh (•) c6 d~ng 

J ~ij(u)~ij(v)ctD ~ A'(v), \/v E H~. 
Q 

(0.2) 

Ket hqp phucrug trinh nay v&i cac M thti:c v~t !y ung voi rni\i qua trlnh ta, alai 
quy~t bai toan d~t ra. 

§ l. QUA TRINH BitN DJ;.NG CO D() CONG TRUNG BINH 

Bi~n th~ ella cac h~ thtrc Ung v&i qua trinh bien d~ng dfm d€o d¢_cofig truns 
binh cbo ta !i~n M ~iila ung suat va bien d~ng duoi ,J~ng ba o6 h~ng [2}. 

• 2 
Sij =-

3 

' ("'' ) Skmekm O'ukeij + w ~auk 2 

"" 
cr = 3Ke, 

Sij = Cijkmekm~ (1.1) 

(112) 

1 



,, 

l'!'r c:!ho trltc cnu 
d6i ij vQ km~ tU·c IU 

K~t hqp. c§.c h~ thth.: (1< "f) Vil {L2)~ ta YifH h$ 1h&,~ gifho t()C t'l:Q thay d&i frog suat 

O'ij V3. t6c d<) bi€n d_~1ng Slj du·&i d0ng 

D~jkm Ckm {1. 3) 

D~ dB.ng chi ra, v&i dl~u ki~n i'D' > 0; o·uk > 0 vEl au.k > ¢', ta c6 d:inh g 1a_ 

2 • ' • . 2 ' • 
- $' eijeij < Cijkn:~eij_ekm < - Gukeijeij~ 
3 3 

Theo (1.3), tenxa t6c di) thay Q0i Ung suiit O'ij cO the, tt'rc Ja J~n t~i pbi€m hflm 
W sao cho 

8W(o) 

OOij 

L(u) ""<.l>(u) - A'(u), <P(u) = f Wdf.l 

Q 

(!.5) 

Ia dtra (0.2) v~ phuong trlnh 

' ~ ·i 
DL{o;j(u), ;ij(v)} ""DL(u, v) = 0 

h'rc Ia. pbigin hAm L c6 diem dU·ng. 

ta c6 

lir do 

Thea d!nh nghia ct~o h&m eUa pb.iem ham ta c6 

xet ham 
[ 

ar 1 d f 
Df I a, b J = -- h;;J = -.- f(a + ~b) 

i!aij d~ 1~=0 

f(1) = f(O) + f(O) + }_ ('('l))j 0 < "I) < I, 
2 

Theo (1.5), (1.6) h$ !hire cu6i c6 d~ng 

<ll(uz) ~ <P(nJ) + A•(uz -- u1) + 

+J &•Jii I 
-.- lll 

lltkm 
Q 

(1.6) 

(1.7) 



Ng~yen ly ev~1 1d.~lll. BH~rn dUng eUa Lagrangian L (tlrc lit nghi~rn bG.i toau bil!u) 
c6 ccyc ueu. 

Chl'rng minh. D~t vao (!.7) U2 = v E H!, Ul = u (nsh.i¢m Mi toan bi8n) 

ta duqc L(v) ~ <l>(v)- Ae(v) = <P(u)- Ae(u) + 

~ s lu + 1J(v - u Jl [~km{v)- ~km(u)] [~ij(V):... ~ij(u)]dQ 
Q 

Theo (1.4) ta c6 

L(v) "' <i>(v)- Ae(v) )> <P(u) - Ae(u) + 

+ -1
- <P' II v- u Jl~, )> <i>(u) - Ae(u) "' L(u) 

3 1 

9inh ly duy nhlit nghi~m 

Vlri di~u ki~n (1.4) bili loan bi~n c6 khilng qua m~l nghi~m suy r¢ng. 

Chtrng minh- Giii siT Tiguqc 'l~i: t6n t~i hai nghi~m ut, u2, chUng d~u thl>a mln 
dbng nMt !hire (0 2), trr d6 ta nh~n anqc 

J [~ij(u,J- ~ij(ut)] ~ij(v)dQ = O, \i v E H1 (1.8) 

Q 

Ta c6 [~ij(uz) - ~ij(ut}] ~ij(V) = 

1 

= s 
0 

B~t vlw day 

va ttnh d~n (1.4), tir (!.~) suy ra 

0= J [~ij(uz) - ~;j(uiJ] 
Q 

9. 
[ Bij( uz) -· ~ij(ul)] drl )> ~ <P' II u~ - UI IJ~j 

Bfit d&ng thU·c m\y ch1 cO th~ thOa man khi uz = u1 

Ch{n;jg minh S\'f (luy nh~t ella di~m eve tibu cUa Lagrangian d}rQ'c li~n h:i.J,14 n.h.U' 
sau : gi! sir Ul, U2 la hai di'em C\}'C ti~u dw phi€m ham L. Khi d6 a ii:'n ki~u (1.8) thOa 
man va do djnh 1)· vt'ra chirng minh ta c6 u1 = u2 

H~ thire v~t ly c6 d~ng [1] 

2 o'uf · 
Sii = - -- --_ Eij 

3 sinO 

-- . O'u-( ' + -+ 
' cos6 

duf ) 

sinO 1 

. 
Sii _= Bi]kwekm. 



2 cruf(au, 6, S) , '· + 
OikO]IIa _ 

3 •in6 · 

+ ( a~(au, 6, S) 
cos6 

+ <:ruf(au, 6, s) ·\) 

sin6 ! 

s .... l . 
Do. bi~u thfrc 6 = areas ...:!...!_,lien M S;j ~ e1j phi tuygn, kh6ng c6 the. 

0'11Vu 

O'tj = Dijk•ekm 

trong d6 D;jkm = B!jkm + K8!j3km - ..!._ Bijnn 3km 
3 

B~ sir dvng cac phuoog pbap dung dan giai hili toan bi~n, Ia vigt b~ tblfc ,.:\1 
Iv (2.1) duoi cl~ng 

S;j = Bijkm(cr., 6, s)~km = [C;jkm(O'u, S)- B~jkm (au. e, s)]~km (2.2) 

trang 0:6 = 2 ·'·"" ~ SijSkm - 'j'OikUjm + 'J' -- > 
3 cri 

'I'~ O'u (k + _r_)• 'I'= 4>'- <ruk- (~ + ~)· 
sin6 · eoo6 sin9 

Bij.t (2.2) vao {0.2) Ia duqc 

r Cijkm~km(u) ;,j ( v)d!:! + f KfJ(u)G( v)d!:! -

cl n · 

J B~km ;km(u) ~ij (v)<!O = f pKiVidQ +
1 f F;v;dS, Vv E H~ (2,3) 

., Q s, 

B~ ti~Ii cho vi~c xH h~i tl}. ella dtc phuang phltp dUng @ftn gild b:li toaa bi~n v&i 
!i~n h~ ·phi tuygn (2.2) ta dtra vao khOng gian Hilbert 

H = lv: v E (L2}5, ;,j(v) E L,, VI = ol 
Su 

vai tlch v6 huang 

(u, v)H = J Cijkm~km(u) ~ij (v)dQ + r K6(u) 6(v}dQ, 

!:! d 
1\l:.day suy ra cbu~" cua kMng gian nay 

//u 1/h = f 
Q 

Cijkm;km(u)~ij (u)dQ + J 
Q. 

(2.4) 

(2.4') 

Do tinb eM! cua tenxa Ciikm, bi~u thuc (2.4) hoan loan thoa m[n cite !inh cUI 
ella chu!n, bon nfia ta· c6, 

2.. <:!>' II u II < II u /lH ' K II u II 0 

3 Hi H, 

•oY ra chub (2,4') Iuong lluan~ voi chu~n (0.1) 

4 



Gi3. sir thOa miin dieu ki~n 

• 6 . 4 
pK; E Lp(O), p > -, F; E Lq(Scr)• q > -

5 3 

do Mt d[ng thl'rc Holder cac tich phiin ve phai (2.3) t~n t~i 

Theo djnh ly nhUng Sobalev, hai t!ch phan v~ phlli xac iljnh loan til .L E H' 
sao eho 

v- (L, v)H = f 
Q 

L: H ->R 

pi{mdO + f FividS, V v E H 

s, 

Cac !lch pMn v~ trai ton t~i do tlnh chat c!ra kh6ng gian H vii cac ham gf&i Q¢i 
do dcrr;rc trong Q tbam gia a bi~u thtrc du&i dilu tich pMn. Chung xac djnh m~t phi~m 
ham tuyh tfnh lien tvc thea v E H. Thea djnh Iy Riesz ti'in l~i loan tu Au E H' 
sao cho 

v&i mQi v E H 

A: H -+ H' 

(Au, v)H = J ~;j(ul~;j(v)dQ = 

(l 

Kfi(u)fl(v)d0 - J 
0 

Do d6 phtrong trlnh (2. 3) ttrong cllrong v&i pbucrng trinh toan til 

Au = L, u E H (2,5) 

BAy !Iii> xet h\)i tv cua phtriJng pbap tham s6 dan hoi thay aM !rang Jy thuy,U 
qd trlnh bi~n d~ng dan deo [1] ' 

Bi~u di~n Au = [L(u)u 
trong d6 v6i u co djnh, [L(u) Ia loan lu tuy~n tinb 

fL(u): H __,. H' 

v __,. tL( u )v 

(tL(u)v, W)H = J Dijkm(u)~km(v) ~ij(W)d!l 
[l 

v&i Mt ky u E H c6 djnb va v&i mQi v, W E H 

Khi tl6 phtwng trinh (2,5) c6 d~ng 

[L(u)u = L 
Phuang trinh tuyen tinh 

tL( u)v = L. v E H 

(2. 7) 

v&i u E H co djnh tiln t~i nghi~m duy nhl!i v E H [3], ftrc Ja tiln l~i toa'\ til- ngugc 
[[L(u)]-1 

Phtrang trlnh (2.7) luang ducrng phtrang trlnh sau 

(2.8) 
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Q·: H ~ H 

u ~ [[Llu)]-1L 

phtrong trinh nh*n duqc tuung chrang v&i phtrang trinh 

u = Qu, u E H 

Thu~t t
1
oan cua phtrang phap !ham s6 dan hili thay d~i i!~ gi<ii (2.9) Ia & gan dung .. · 

thli _ k tim u (k tir phuang trinh 

0 rk1 = Qu'k-11 = [[L(u'·k-1J)]-1L 

hay Ill 
(2.10) 

Ch11ng minh sv h~i tg ciia phtro·ng phap !ham s6 dan hili !hoy itoi ciing tire Ja 
chirng minh tbn ·~i va duy nh~t nghi~m cua phtrang trinh (2.9) dva tren linh co cua 
toan Itt Q. 

khi d6 

hay hi 

Thee (2.10) ta c6 

([L(u(k))u(k+l}_ [L(u(k-l))u(k), v)n = 0 

Theo (2·6) ta yiU M thirc nay dcr&i d~ng 

j[Dijkm(u(k))~km(u(k+l))- D;jkm(Utk-l)~kiO (u(kl)] ;ij(v}dQ = 0 

n 

J .(k) ) '(k+l) . .(k-1) '(k) .. 
[(Cijkm- Bijkm ekm (u)- (C;jkm- Bijkm ) ekm(uJ]e;j(v)dQ + 

n 
+ K J [t/k+l)(u)- 6 (k\u)]fi(v)dQ = 0 

(! 

Nhi> (2.4) viU phuang trlnh nMn dugc 

(u(k+1)_ u(k), v)n = J [B~(kk) 
'J m 

n 
' (k+J) (k) . " 

B-~t v = u - u. , co th~ VIet 

clu&i dsmg 

'(k+ll _ B*(k-l)~(k) ~··( )dQ 
ekm ijkrn km IJ v 

II (Hl)_ (k)// 2 _ J 1 .(k) ·(Hil_ n*(k-1) '(kl) <'(k+l) _ '(kl) d" = 
u u H ~ ,B .. k "k .. k e 1 e.- e.. ~lJ 1] m m ]j m <..m · lJ IJ 

Q 

= J(B~(k) ·(k+l)_ ~(k)) + (B~(k)- B~(k-1))~(k)J (/k+!)_ ~(k))dQ (2.11) 
IJkrn (el{m km l]km IJ!<rn km !J IJ 

Q 

Tinh den di~u ki~o i!~t len B~jkm 
__,._..,. --,..--;:.. 

x' B(x") = x* B(x•) 
__,. __,. --+ 

x* = ru' + (1 - [Llx", 0 <;;; I" ""'" 1 



ta viet phuang trlnh (2.11) duCri d?ng 

II u<"+1J- u(kl II" = j' B"'(k) (e(k+J)- ~(k)) (~ (k+l)- ~(k)) dQ + 
H 1Jkm km km 1J IJ 

n 

trong d6 

Tiep tgc tlnh toan dlin den ket qua da' hiet trong [4] 

II ulk+ll- u<kl !Ia < <J II u<kl -- uCk-iJ IIH 
trong do 

1 
) (/ 1 aw* I ·1 1 aq>* I )l. - 11 + cos8*[ ---'- + --. -- [cos8*1 

<ll' ' sin8* ae . sin8* ae q = __ _:_.:__ __ __'~o::_:__;:_:____,__c__::_:_::_:_ _ _:_:__c_ _ __:__:_ 

1- max+ (1~**1 + I.Ji**l} 
\P 

;max 

N~u q < 1, lhi day u(kJ h(ii tu ve ngh•¢m suv r(ing cua bid loan bien. Bai toan bi~n 
phi tuy~n t~n t~i nghi~m duy nMt. 

1· B3.ng m¢t phtrang pbll.p khttc dU khilo sat nguyen IY ~eve tieu, c$-c dinb lY tOng,, 
quat cho bai toan bien tuy~n tinh d.Oi vbi tOe-d¢ ella lJr thuy€t cteo. 

2. Utm rO v~ m~i biio diim totm h9c va c§.e di€u ki~n (lit d~t len ham v*t Ii¢u db 
sU €19ng phuong phitp tham sO dan hOi thay dOi giiii bfd toan bi~n phi tuyen c16i v&i t.Sc 
dO cua Iy thuyet cleo khi d~t til.i phu·c t?p· 

f!ja chi Nh4n ngiiy 4j11! 1986 
TrfliJng f!~i hpc Tbng h?p Ha Nri 
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