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DJIIIH. L Y MO MEN ,DQNG LU'Q'NG DOl VO'l TAM DI DQNG 
VA UNG DUNG TRONG CHUYEN DONG SONG PHANG . .. . 

CUA V!T RAN 

r\GUYEN BXNG TO 

H. D!T .VAN D:li: 

Cic tid lit-u v~ CO' l)" thuyCt lhm.'Yng chi trinh -bUy: djnh 1}" m6 men d{\ng ltrgng 
i6i v&i 18m cO Cljnh ; dOi v<"Yi g6c tqa d9 dia ll~ rrui chiEiu 'qof:tn tinh; djnh 1)· m6 men 
1¢ng l~rqng ddi v&i kh6i tam. \ 

NQi dung clta. bai b4o nay 1:\ phitt tri~n d1nh J)· mU men d¢ng luqng d6i v6'i Um 
:H d¢ng bt\t kY trong ehuy~n d¢ng tU"ang d6i va tuy¢t d6i ctia b~ ;-Ung tl9ng dinh 1}·· nll.Y 
tbii!t l~p phtrang lrinh ,,; pHn chuy~n d(>ug mO Ia sv quay ctw v~t ritn chuyb d¢ng 
song ph&ng, -t rong nhieu tnr&ng hvp. se dcrn giiln nl ubanh han ca.c phuong phitp 
truac dAy· 

§ 2. DJNH LY MO MEN D(ING LUQ'NG .TRONG CHUY~N D(ING 

TUY¢T D(n noi v(n TAM m D()NG 

Xet chuy~n d~n:g cUa c<J h~ dOi v&t h¢ c6 dinh 0~ 'f)( Lil:v diCm A bill k:)- l.rong 
kb(lng gian ll'lm g6c.- l~1p h¢ lf\lC dQng A:r.;·z song song v&i 0 ~I)~ 

Ta c6: 

:Hinh l]': \lb metl d¢'ng llrqng c1i11 
co h¢ r16i Yt'ri Ulm di d¢ng A bien diJi 
theo h.iCu Lhl'rc: 

~ __..,.. -~+ -----l'> -·"" 

. LA= E lTIA (F~) + Q A \A (2.1i 

k 

Trong d6 Q = M Y, - d¢ng hrqng 
cl1a h$· 

ChUng minh: Xet chfft. di~m Mk 
v6i khOi lll'!}ng mk_. bim lqnh- v6c tcr h~ong ~ 

Hinh I 



--dVk __,.. ~ 
mk_._"""' f<i + F~ 

. d t k "'-

~ -
(li'Ong d6 F~ li n(ii lt,rc; Fk 13. ngol.ll h,rc ltt·c dt.mg 10n ch:1! di'Cm Mk d6). 

-d -+ ....-..+ d rk -+ ~ _,... i 
'"' -- (rk :\. mk Yk) -· mk --. :\. \'k ~ rk A Fk 

dt . dl 

L3y t~ng thco k t~ dugc: 

" dt'k -L. mk dt A Yk = 
-- -+ --........;.. 

22 illkYk :\ Yk- ·r rr:k"A A Vk = Q A YA 

k k k 

va: 

I:A = L-;A;k) ~ -> 
+ Q AVA 

:k 

Yi t6ng m6 men ·cac n¢1 lvc OOt v&i m9i di~rn dE-u btng kh6ng. 

LY MO MEN Il()NG UJO'NG TRONG CHU\'tN DQNG 
TTJO'NG D6I IlOI VcYi TAM DI DQNG · 

Xf't chuyen d¢ng hfO'ilg d6i ella _h$ trong h~- dQng_Ax_yz: 

Bang ·each thlet l~p hrong tt:r, ta nh*n duqc bi~u thirc ctia djnb lj nay: 

__.,..' - --+ - ___,. -+ 

LA ; L mA (Fk) ~ 1lro ,\ \V.<. (3.1) 

k _ .. 
Trong d6: L:-\ la m6 men d¢ng ltnjng cua. b~ trong chuy~n d¢n.g tuang dQi dOi 

v6i tihll A. 

-> 

4.1. YA ,-.-::~ O; t(rc h\ A c6 dj.;j-1h !hi lCr (2.ll nh~\n duqc Lf;~.u thlrc djnh 15· m6 n1en 
dQ11g luqng dOi v6i t2.m c6 dinh 

_____ ,.,. ~.......,. ··~· 

L.\. = L lllA (F{) (4.1) 

k 

·L2. ?-i€u Jiy khOi Hhn C lim tam di c1Qng A; c6 2 tru&ng hryp: 

a) l'\~u xet chny~n dQng tuang' d6i: eli a h~ trong h~ tQa d¢ KE:nic· nay thi do 
~ 

ro:: ==::: 0 nen tfr (S.l) ta nh~n duqc btfsu tbUc d!nh 15- TUnic: 

I}= r:. "(;;;) (4.2) 

k 
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~---;.- .....__.,. ~-o--

ld N~u xCt chuy~n d(wg liJY~~t d(i; 'l!t-Js h¢ lh i do Q ;\ \-.<\ EE MY't, .\ VA -::;:; ~ nfn h"t 
(J.l) Ia nh$n duqc' 

L, 
' ~ __,.' L rnk (F)) 

k 

(i,g) 

So--sinh (4.2) v:i (4 .. ~) nit ra kM lu~n: Bien thien m6 men 4¢ng hrc,1"\!{ __ dOi v{Ji 
kh6i tAm trbug chuy~n dOng llfong d6i va tnHt d6i Ia nbrr nhau. 

~ 

4.3. X~n YA = eonst- ttTC 1:1 A chuy~n d.¢ng th~ng_ diSu. Xet c'huy~n dr> g lrrcrng 
d6i ella h~, la nh•a d.rrgc bH~u th11"c cHnh I~·- d¢nR luqngArong h~ quitn tinh: 

(U) 

k 

do t rong (3.1) c6 

- -> ~ -+ 
4-.4. N<!u VA song song v<'ri Yc; do VA A Yc = 0 n~n tlr (3.1) ta nh~n duqc: 

' 

/ 7;, = L;A (F,) ( 4.5) 

k 

0 day, bi~u thlic •~ c6 d~ng gi6ng nhu truerng hgp tAm' c6 djnh (4.1). 

DJtc bi~t ueu xet t"huyC.n d¢ng trrang l10i ta thu duqc cUe bi~u thUc da t-111\fC trinh 
bay trong [3] · . 

VI J~: Xet chuy~n d<)ng cu• con 1£c c6 it! ~!I) . · » 
~ -,lo- ' ( 

treo d!C'-h ohuy~n theo pbucmg ngang v6i 'VA= \Ve• 
A 

Vi~t phucrng trinh Yi pban chuy~n d~ng; 

. . ~ 

L:,, = - ml<p; L mAAFk) = mgl sin<p; 

k 
.......,. -· 

( \lrcc1\ W A), ~ ml'l\'ecos';> 

Tbay vlw (3,J) ""'9 + · g sin<p -~cos'!'= 0 
· I I llinb 2 

§ 5. UNG Dl)NG TRONG CHU'd;N DONG SONG PIL{NG 

CUA Y!T RAN 

5.1. Trang !ruling h<;Jp v~t riln cbuy~n d~ng song philng l.a)ay tAm quay tlic 
thbi lam tim di d¢ng c* = A. Kbi do (2.1) se !a: 

- ~-+ ~-. 

Lc, = L me,(!'~)+ Q A Vc, 

k 
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=-+ -
......... ,_.,.. 

bo Vc = C·J A C,.,C n~ri: Q :\ y,. = Mv, ,1-v,, = -_11\~ A dC:,C s, 

ol! 

-l>' __._,. dC. c },-{ d 
= -M(&l Ac.c);\ --·~- ~ --·-"' -(c.c)2 

dt 2 dt 

Thay vao ,(5.1), thu d~t<;tc: 

...... 
Mw d ( ) 2 + --- c.c 

2 ell 
- '--Lc* = L mot (F~) 

k 

(5.2) 

Ho~c vi~t d~rai d'!ng hlnh chi€n tr~o t1'\1C vu6ng g6c v&i mAt pMng cfi oo: 

d --(L,,) 
cit 

M~t kh!J.c ta lu6n co: 

thoy vao (5.3) !hu duqc: 

\' -, )/[OJ 
~ LJ mo., (Fk) + -

2
- (5.3) 

k 

(5.4) 

k 

Vi d~:t: Xet ehiH Ch'em kh6i lu(;Jng m~ duqc hnl!c vao tH.y quan quanh hinh. trl}. 
bltn kinh r khi dAy thing dll-ng n6 c6 d¢ dai /. Viet phrwng trlnh vi phf<n ehuy'en d~ug. 

·.·· M mg 

llinh 3 

C{) th~ coi khlii lugng m duqc glln & diu thanh 
chuy~n d(\ng· song phAng vtri t:l m quay tire lb6i ·c, nh\l 
tren hlnh ,.e. Ta c6: 

~ 

Jc.~;, m (/ + r6)2
; L me.~ (F~) = mg (/ + rl.l) sine ; 

k 
(C, c)2 = (I + r0)2 

Th"y vao (5.4) tn thu dtrqc : 

(l + r0) e + rli2 + g sinfi·= 0 

n6i cftcb kbUc ; khoilng dtch gifra 
TRUCJNG HQ"!' HAc BitT : mu c. c = const (hay 

khOi tflm va Hun quay tt'rc thOi h1 kh6ng <lbi) thi tt1' 

( d . )' 5.2) do - (C,, c; ~ 0 Ia lhu dm,Yc' 
dt I 

7c, ~ 1 L ; cJf"kl 
k 

Tire la co the lip d~ng nku Ui viii tam cd iljnh. 
Cu th~ hc1n Uf (5.4) ta c6 d~tqc: 

.,_. 
me r (Fk) 

• > 

k 

(5.5) 

(5. 6) 

'/ 



v-t j~$ ~-
a) Xet tn~ ban klnb 1\ tt'QHg ltt(/ng 1-'' Jtir~ kbfmg lnn,Jt to~n m0-t phhng ·11ghi&ug 

vai lJlHrarlg Ogang m¢t g6e- o. ~ dtr6i tile dt_wg cUu_ ll,rc T -- nht.r tr('!n hlnh vtL L<']!.p phtr(>ng 

trinh vi phAn chuyen dl)ng· 

Do CC* = R = const, n&n st'i· dvng (5.0) lu c0: 
- p 2 p- -.H 2 - p ') 3 p 2 

J Y = J . Y +- cc. = ~- - + -· H" = ~- - R , 
Cit' ~, (, ~ g g 2 - g 2 g 

\:"'. m >' (;f) = TH - PR sin~. L c* \.;, 
k 

3 P . 2 T - P sino; 
..,.,:"- -· R2e = TR- PR sinO: =.;.- ~ -:=:::: 

2 g 3 g p Hlnb 4 

. ·.b}Xet Ca cau·-tron'g rTI~t·pbtlng th&og dlrng. Thanh d:Ong ch1t AB d3.i 21~ trQog 
luqng P; bb qna khOi lU'qog ella 2 c(}n chuj- va ma s:H t;;ti' d6. Vitit phuang trinb vi 

l 

I 
I 

phAn ('h.riyen G¢ng. 

Vi C* C:::::: l = const, ta c6 tht! sir d~mg (5:6). 

a d~y, 
/2 = _i_ 2'.. 1' 

3 g ' 
me, (Ft) = *' ' 

k 
= - p/ coe<p 

Tlt d6, ta thu duqc phlrang trinh chuyen d¢ng ~ 
' 4 •• 
-~l<ci+ a cos~""" 0 
3 ' " 

{} "-'----

Nh:)n xet: ::.'\hu Y?.}' slr d\mg djnh If m6 men d¢ng 
luqng d6i v&i Hun di d¢ng Co~~o. tror1g phuang_ trinh s§: 
khOng chUa phUn h.rc lien b1t '·nen c·6 th't tich · ph'fl:n 
tJ"\IC 'tiep. 

Hinh 5 5.2. Bi~n ttn'i:c m6 men d¢ng lu(;mg d6i v&i t:im 
di d(lng : 

Trong nhU11g trua~~_g: hgp, tT6i v(ti v*t rftn chnyt>n d¢ng song ph~ng. t<i kh6ng 

chQn t1i~m A b'i tt\n:1 quay tire th&i mG. ch9n mr)t c11"0m d;tc bitt nao d6 de vi~c gi-EU bitt 

toitn don giin hon- Khi d6 ta c6 lb't s& cll}ng c6ng-thiTc 

tOng quat (~.1) rnol tru('Jc hCt _phii di tinh d~Ji ltrqng L\.. 
-+ 

E LA~ 

,-.----.--;.- ___,.. ---3>- ---'P ~ 

mk A fl-fk .!\ Vk = L mk Ai\h i\ (u) 1'\ Ck~lk) 

k k 

"' -.. L 
==--"""'~ --!" -----'P 

mk (u,,).lk. ~·\Mk) c,J :;--_---:: 

Hinh 6 
k 

= [ E ·~--7 -'>- ~ __,., ~ 

mk (eM[+ MAC:. eve+ (Ac +eve:) _L 
k k 

~ -> 

~ [Jc<; + M (AC. eve)]"' (5-7) 

~ ~ _,___,.. ·--
a) Truimg hvp: (AC. Cve) "' 0 (tire lit AC 1u6n vu6ng gt\c v&i CYC). 

.... -+ 

Tn cO L\ = Jc~ (•} (5.8) 



ts tbu du:uc ~ 

'.'' Jc~ s-= '-' 

k 

(5.9) 

-----?- ~ --;. 

b) Trubng hifp: (AC. ACv) "'0 (t(rc 1[, AC lu6n vuong g6c v6i Acv). 

~- . 
ta c6: (AC • CvC) = AC 2 n~n tt'r (5.7) lhu d;rgc 

~ - --'Jo. ~ 

L., =Pet; + MAC2] w = .rA~ w 

va (2.1) se la : 

(5.1C) 

(5.11) 
'/ 

Vi d¥: Thanh dbng ch~t AB dliti 21, tl!a tren nCn nip Ox Vll tu6ng rap o,.. H~ 
16 rna sat &..,.day hUng h Tim pbuong trtnh chuy~n d9ng e-lla thanh. 

Hinh 7 

Gidi ~ G9i I la gino diem ella 2 duOng thltng 
chita tuong lrng 2 ph<i.n h,.rc t:;.Ii A v~\ B •. 

Phuong trinh cUa 2 dtrOng t!::~ng nily Ia: 

x - y + 21 coso: = 0 vii x + y - 2/ sino: = 0 

I II (sino:- cos<X): I (sino: + cos;_); 0 I 
e I I si noc I coset 0 I ""' . 
Cv I 21 ·sin?.: 2! coso: ; 0 J _.,.-

-.d rc . eve "' o 

Ap dt_ll1g djnh lj mO men (1¢ng lugng d6i voi 

~-
di~m ]. no IC . eve E 0 ta c6 th~ sir tl\lflg (5.9). 

Trong d6: Jet; = M/2/3, 

~ 

m 1( (Fk) = m 1 ~ (P) = PI cos~ 

k 

(pbS.n li!C t?i A v8. B di q~:a. I n@o m6 men b:lng kb6ng). 

Tlt tren tacO: ~~ jl cosa ~ : - l si not ~ 

Vr j l (coso~+ sin«),;.; l (cosiX - stno-:) <::<; 0 j 

-1>-1 ~ :' 

""'M (Vc A \"r)~ = Ml 2 o. 2 

Thay viw (5.9) Ia thu duqc kel qua' 
•• • . 3d 
o: - 3a2 + _<> coso: = 0 

I 

Nb-~n xet: Nhu- v~y lip _dt,ing ttinh lj m6 men d¢ng luqng d6~ v&i thn di d¢nS: 
troog phucmg trlnb kb6ng chfra phS.n l~rc n~n c6 the tich phftn tr1,rc li8p. 
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-f>inh l.)" trlllh bUY trf'n tbng quat ·;lwu i'{H: (l_iu\t l)r tnr6c o:'lftyr. Ap (•IL,Jng n6 tO th'0 
j,;i3..i kh<i nhi(>u b$i 'to{m nhan h gqn hl.fii r;~·e plnr{rng pkqJ kh.lc. D~e bi~t trvng· cb.uyh~ 
Ogng song phfing cUa. v{_lt riin, ta co· the ·~u- d9ng .ln.t,; tifp pbt.rung t!'lnh vi phi'l.n m0 tii 
chuy·en d¢ng q'uay ,c.ila n6 trong nhieu tnnJng hqp. 

Dl11 chi' : 
Tr!liJng i~i hr, Tk•iy l1i 

Nh~" •gay 27j 6j 19S6 
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SliMMARY 
THEOHEM OF CHANGE IN THE ANGCLAI{ "itHlF:NTUM OF A SYSTEM 

WITH I\ESPECT TO A MOV!N(; CENTL:R. 

1' The .Literatui'es of theorical mechanics only present ,the theorem of change in the 
angular momentum ( f a system with respect to a fixed center; with respect to the centee 
of mass ... In this paper we developed that theorem With respect .to any moving centcl' 
in relative and absolute motion of system, 

Having applied this theorem in tnany special cases of plane motion of a rifid 
body; we can write directly the diff0rential equation \\'ithou! reactions that describes the 
rotation of that body so as its integration will be more convenic~nt. 

bN t>!NH CUA THANH HJ V /;., T LI~U 
(TH~p trang 2:1) 

TAr LIED THAM KIL\.o 

1. KJliOllll-IlTKOB B.).\., .TO BAHT AH. "'cTo{<'llmocTb npl! no,~syqecnc BapnnHT 
Teop!HI tl 3Kcncpl-JMerrr. 11.-:,~>. AH CCCP~ MTC N22, 1986. 

:.L TO BAH TAH. Y cTolil.!HBocTb nJIOcEoi't ¢opMhi HarH6a TOHKocTeHI-IbiX cTeptKH2{( 
npH I\Jlfl"feJ1bHOM 11eircTBHH Harpy3KH. ,UEn a Blil!-IHTH AH CCCP yll, ,1703~8~, 1985. 

~ 3. I1EKYC~CAXHOBcKv!V! ~.H. 3~CcnepnMecrraJihHOe nccJie)(oBarme Hecywei'! 
CllOCOOI-[OCTH LT,ei-ITpa.TibHO- C.lliaTbiX fliO!..::n_~;: ./fl€o~Y2JF06eTOHH1IX CTO€K npH E/niTeJ!bHOM 
AehcTBHJI HarpyshH, B (:0. HHHCK; GTpOIIT(;?nr:.ubiP FD!-!CTpyxr.r,mJ. BhJIT" 11~ KneB) 19H8, 

P E3IQ ;\·\ E~ 

YCfO~J4.liBCICTb CTEP>KHEi1 li3 HACJIE,UCTBI~l-JHOfO CTAPEIOLUgro 
MATi'~Pl!;\.JlA -

B A.am-wn pa6oT~ )JJIH cooTHoweHHfl uacJle)J,cTBeHt-toro cTapetomero cTep-'KH5:! 'Tipl,JMe~ 
lHJ.eTCH Me70;:I,.HK3 Bbi):LeJh:HH.fl MHON{eC'rBa OC061IX TOr.teK Ha OCHOBe o6mero ,TIOH5!TH51 HCeBn_o6H-r 
<jlypKaT\Hll. TiocrpoeHbl K prlBble pa3!lh!X nopHI\KOB nceB)(o6mjlypKal\HIT. Hs corrocTaB,1eHH5< 
STHX KpHBbiX H 3:KCrrepmvreHT8JTb'iibiX ll.3HHb1X TIOJI'Iy'"lieHO, qTQ rpmmu.efi 06J1<KTB VCTOI~I-
11IIBOCTH MO.!I\UO CYJIT3Tb Nt.:p :::;::::: 2. . ~ 
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