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XAY Df)'NG NGHII):M CU;A PH!JO'NG TRINH DA,O HAM RIENG 
CO DIEU KitN BIEN PHI 'f!JYEN 

HOANG VAN BA 

'Bai toan dao dQng ci1a v~t the clan h6i c6 hai hiCn khOng gian n6i chung, ella 
Jiln mOng chfr nh•t n6i rieng, c6 diCu kf~n bien phi ll.lyE'll, thco tac gi3, dfn nay, cOn 
~hua ·duqc ngbi~n cUu. Trong tru&ng hqp tOng quilt~ vi$c nghien cUu cOn g~p nhi~u 
<h6 khan. 

Dtr&i dAy, se xA.y d!!ng nghi~m cho pbrrang lrlnh, rnO t8. dao dQng ella b:in mOng 
chfr nh4t~ cO hai c'nh chju lien kM tva, c6n h~ti qwh kla ehju IiCn l\6t d3n hbi phi 
tuyen. 

Xet bS.n m.On-g chfi' nh~t c6 kich thu&c va h~ lqa d<) nhu hinh ve. 

t uyen. 

az .. y 
v'w + R4 

--
1
- = z F (6, x, y, w,,..) 

8t2 -
(1.1) 

Trong d6 R4 == rn/D. m Ia mk\t dQ khOi lugng·~ D = 11 3/12(1- ~; 2 ) 12. dQ cUng chling 
uOn e·Ua- bin, v -- h~ s6 Poatson, s- tham sO be dtrrrng, F - h:lrn tuan hoan chu kY 2-n; 
th'eo 6 == 6<t)~ dfi!dt = y v:i c6 th~ khai tri'tn t.h3.nh chnOi Phnarie hfru h:J;n v&i cac h~ 
sO IA giiii Ucb d6i v&i d.c. l1l~n (x, y; W: •• ,l. 

BiCu ki~n bien phi tuyen tt·ong tn.rC?ng hap nfay cO th'B virit dmJi dq..ng 
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( 1.2) 

(x=j;J=li,b) 

Llk [W] ~ ( 0\Y O'VV iJ 2 '1;1,.' 
Llk --,--

\ Ox Oy Ox 2 

\ (!.3) 

(y = k; k ~ li, c) 

Cic ham ~j, tfi tu!n hoan elm k)r 2n theo B va c6 th~ khai trien thanh tOnR hfru 
h~n cUa chuOi Phuarie v6i d.c h~ sOIa cac lh th\'rc nguyen d6i v&i cac bien (x, y, \V, ... ); 
y, Lij, Lzj, Ltk, L2k Ht cic toan ti-r lny8n tinh Laplace v6i h~ sO Ia cflc hang s6. 

Chu y r~ng. d~ dan gii\n ve phhi ct'w (i.J), (!.2). (1.3) ch'i vi~t cac o6 h~ug nbo 
c tr e. 

~ 2. XAY :m]NG NGHI.E;M 

, Khi e = O, ta c6 phuang trinh suy bign vD fiiet! ki~n biEm tuygn tlnh thu!n nb!t sau 

Llj [IY] = 0, Lz; [W) = 0, Llk [IV) = 0 L2k [W] = O. 

Nghi~rn cUa b:ii toan bien tren Urn drrOi cl<;tng 

Wo (x, Y• t) =Z(x, y) T (t) 

tb~ ngbi~m (2.3) vao (2.1) va dieu ki~n bien (2.2), Ia nh~n i!uqc 

trong d6 

Ltj [Z] = 0, L21 [Zj ~~G. Ltk [;~] = D, 

wi = R4 0:::: 

t , [z] ·- o .;2:.._ -' - ,, 

(a.!) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(z,6) 

(2.7) 

Gi<i siT rlng. tlr phucrng tdiih (2 5\.:. vrJL d1i:h ki(;'n bit3.n tuy,~n tinh (2.A), Urn duvc 
d.c gift trt ri~ng ~e,s tLrcrng lrng vr~yj de hGm :·if:ng 

tn;rc giao tr~n mi?-!n chU nhf,ll ! 0 ~ .~ o:<: f, 

dtrqc xic dinh. Do d6 

r. s= l 

trong d6 Arh tfrs la h-8.:ng s6 tUy )r dtr(f.~ xj.~_; dj!1h h'r (fi8u ki~n diiu. 

(2.8) 

(2.9) 

Gti sU r~ng, h~ dang xet l(lll L,1i d::to cH'i-<g khrJ~1g ult din v&i tan s6 Wil va khOng 
e6 n¢i c¢ng hu:&ng. life lo 
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V6i rAe gia thiet CM~ ns0·1i¢.rn cln;_ b~u to~d1 bU·n _(L1)~ (1.2)~ (1.3) tlm du&i d~ng 
ti~m c*n; 

d8 
dt 

9 = 1:. 6 + ~. 
q 

(2.13) 

. Thay (2.12) vao plwang trlnh (!.!) va coc drilu ki$n bi~n (1.2), (1 3), .chit y d~n 
(2-13), troug xilp xi th(r nhfH ho:ln ibi~n) chliilg la nh~n dugc 

]8 

V 4 U, + R4 
'"" -- + Y -- U! = F1 + ( & 0 ·)2 

, iJ<p ae 

[(
(J)11- ..E... y)_a (~]-:.'~-+ 2(011 A1J sin'f' -- [((l)tl ,_.E.. 

q J~ q 

- ~a Wll B1] cos? i Zil. 

Ham Ut di. n thO a man cac r1it~u ki~n bie.n sa'J 

I [ l clJ [ • rc 1J •li U 1 = '? i · , Lzi U 1 J = '+' i , 

Llk [1.'1] = 0, L2k [t1,] ~ 0, 

b dAy 

• ( a · y W1 - R 4 
Wll -.- + 

09 

(2.14) 

(2.15) 

(2.1o) 

(2.1i) 

. (J.18) 



'I\; 

; j 

L!k [\•1] -1- Lik [W,] = [/,. !.,,,,[\'!] + Lzk [1Y,] = O. 

(2.19) 

Trong d(.) _\WI] 1~ ham ph!J. ciu:qc xa~~ t'"Ji:d..t iCr pL]Il'ung il'inb- va cac dit'm ki~-n, bien 
phi tuyt3n sau 

f)~Y\-l 

Jx4 

L!j (Wt] = 'f';IJ, L2i (IY!] = ~f0 , Lllc (\Y!] = 0, Lzk [Wl] ~ 0, 

B1\y gi& chOng ta chon h~un ["\Y1] c6 d%l!g sau 

W 1 (x, y, l) = [ a0 (l) 13 + a1 (t) x2 + ">. ( l) x + a> (l )] f (y) 

f (y) = L b, sin 
sn:,· 
c 

s=t 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

bs Ia dt.c hting s6 nao d6. Kbai tri6n cac ham 4'i (n~y~q-;,6)~ IVi (a,y,q;.O) dtr&i ct,ng 

'"" c 

I: 
Snv 2 f wC1J ~~ d .Y ~ 9i - Cs sin--·- , Cs = - sin 
c c ' i c 

(3.24) 

s::::1 " 
00 c 

~j I: S7ty ~- f ~ell Sny 
= ds si t1 , ds = - sin dy. 

c c ] c 
(2.25) 

s=1 ,0 

VCri c3.ch chQn Vl1 b (2 .• 22), phucrng trinh (:~.~-0) tv thOa m8.n, The bi~u thtic (2.23) 
Yt\o cic di€u ki$n bi6n (2.21) va chU ~,- dtn c:it.c kbni t.ri~-n (2.23)" '(:z:_l4), (2.25), rOi can 
btLng di€u h6a, c.hUng ta tim dtrgc 

W1(x,y,t)- L L (2.2G) 

j=O s=1 

trong d6 A jS = aj (t) bo (2.2i) 
da duqc xac dJnh 

Th~ bi~u thUc c1ja h;~m "\Y1 tl'! var: 
du-gc xic djnh ttr b8.i to8n bit~n san v6-'i QiCt; E.l~'n bi&r:-: 

" \2-_:9) rJC dang thfiy ding Yt 
linh tltuan nhat 

( ') 

+ H 4 (011 ~'- + 
il·:p 

1 r (, , , -
I I • . \.... \ 

+ ~'"11 AI] sin'f- [ ( 
p ) i! A, . 1 l w:u -- - '( --~-:... - 2a W11 Bll cos~ Z11 
q O·~· .J 

Llj (Vt] = O, L2j (Vi]= 0, L1k [\'l] = O, L2k [Yl] = 0, 

( x = .h j = oj b ; v = k; k = o, c) 

( 
,, i! \. 2 

f.D11 ~- + "-( ----
\ Jr:p ' DA ) 

\V1+F1. 

(2.28) 

(2.29) 

(2,30) 
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Tlm:~ ( 
trui'Y11g hqp 
b [4, 5]. 

i ,·_::1_•-t bi<,:: c:: 
tfll1!: <:JU<.\t 

- i>:) " 

Nhtr v~y trong _x2_p xi l:b.(r J<ld_t bofrll ~H~·n$ rgh-;~rn ('1Ja bid lo3B bi~i1, c6 hai bif:n 
kh6ilg gia:-J vA. dieu ld¢n bH~n pH t'lii ::1 IY?C :xay rh:wg. 

§ s. v:i: m; AP m,JNG 

Xet dao d¢ng ella bin mOng chlr nh~-1 thryc m,j tf.t bAnR phrrung trlnh yft cllc ctieu 
ki~n bi!n sau dol.y 

a•w 
ox 2 

a2·w 
2 Uy 

w/ = o, 
x=O, b 

o, wj 
y=O~ c 

-k\V + e:'>in sinYt. 
c 

(3.1) 

(3.2) 

(s .s)' 

(3 .3) 

Trong d¢ k = BID, B - d¢ crrng ella lo xo, e = A/D, A - !a bi~n d¢ lvc klclo d~ng col 
Ia nhO. 

Ap dt,mg thu~t. t.oan va cac c6ng thUc a:a triDh bAv a tr?n, sau m¢t lo::tl cAc phCp 
tinh cln. thiet, tim du·qc phuong irinh ae x:ac cijnb g!a trj rie_ng va d .. c hfl.m n~ng 
ttrang Ung. 

o, . (!.4) 

(3.5) " 
s2n2 

+ r..<~ '2 
S2TC'Z 

AL = ]-' ) ..i''-:Is = 
c" c' 

.s7tY 

c 
(3.6) 

+ clz)/ ., , 1, 11 
r~ l Cfl'\rs -- (3. 7) 

\ 

" (11 ( 2) 
0 d~y Crs-, Crs 1:3. die bfi11g s6, dugc x<\c djnh s::d khflc m¢t nhfln ItT tUy y, 

ttt phuO"ng trinh: 
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! 

Az(t) = 
ot'(sc + vot2 b) + 3C2(kbC 2 - vrc2 ) 

3bC 4sin~Lt 
A3(t) = -..,------

n2(3c + Yrc2b) + 3C2(kld22 - '.ITC2) 

(3.9) 

1. Bliog eAch d?.t bigo, da chuy'Gn bi\i to:Jn c6 <Heu ki~n tden phi tuy¢n thanh 
b:ii totw c6 ctieu ki¢n bi~n tuyen tinh, a:e x8y diJng nghi$m LfLDg phuang p-h8p ti:~m c~n 
dA bW [3, 4]. 

2· Bieu kien bi~n phi tuy€n dtrqc chuy€n ·vao pJnrang trinh n hrr Ivc phin b6 yQ 
e6 3.nh bu&11g rat 16n d&n cac <1~c trung dao G¢ng ci·,a c:lc co h~ da :xet tru6c -..dA.y, ,rna 
e6 ,dil!u ki~n bi~n tuyen tinh. 

3. C6 nh(i.n xet ding, thu$t to£u1 tr~n diiy c6 tb€ :lp dt~ng cho h$ daod~ng duqcm6 
ti bUng phrrong trinh d~o ham ·rien-g cap cao c6 Glen ki~n phi tuyen. 

Dia chi N!4n ngdy Z}/11!1984 
Truirng f)ql h9' Mo - f!ja 'hat 
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SUlviMA_H-Y 
SOLUTION OF THE PARTIAL DERIVATIVE EQUATION 

WITH NOOJL!NEAR BOUNDARY COOJDIT!ONS 

In this paper, the asymptotic method ·has been u$ed to construct _t~e .. s_~-~uli9n ()_£ 
the partial derivative equation "\Vith nonlinear condilions, desct'ibing vibratiolla' a·f ·the 
rectangular thin plate~ 

It is-sho\:vn that the physical nonhneari.ty of the boundary~has influence on osc_H-­
J.a.tional chuacteristicz of systems. 

:n. 


