
vt MOT BAI TOAN KHUECH TAN ROI HO'P CHAT . . . 
TRAN vAN cue 

§1. B~T Bkl TOAN 

Khi tim quy lu(H- phtin bO nang d¢ hcrp chU (phli S,H_, b1,Ii, mtt6i} trong chfit lOng 
oac.tac gilt [1),\2], [3] ... deu xem qny ln~t d6 thoa mAn q!J& trlnh khu~ch lim r6i. 

Sau dfty ta s1< trng dQng ly thuy~t khu~ch tan d~ tim qlly lu~t pMn !,6 bqp ch:1t 
(phil sa) trong ml~li dOng ch.<iy hfru h<=}.n v3. nlra v6 h:m v('ri nh_frng di~u ki~n thich hQ'Jl 
xay ra trOilfl lh\tC IE, mo r¢ng tn;c liep eac ki!t qua mii [1) [3) thn;dtrgc. , 

§ 2. PHUO'NG TRiNH KIHJECH TAN VA M() HINH Bll TO .AN 

l'l dAy vin SIT dung phl1ang trlnh khuech tim rna [2) da xet. 

ilc ac a• c · a2c ac 
- + u- ::;,;. El -,-· - + K2 -- + <u­
it ilx ' ax2 ey 2 ay 

(2.1) 

trong t!6: C"" C(x, y, t) Ia n5ng d~ c1la b(•P, eM.! (xet bai loan p~frng, kb6ng dii·ng) 
u - Ia v~n tOe trung binh d6n.g ngoili v9. gi3. thi~t kh6ng dOi) hm ... )·r1g 

lheo dong 
K1, K2 - H\ h~ s6 khu~ch tan theo di.C tqtc t9a d¢ oxJ oy va cling gi<i 

thiH -khbng ctOi 

I-I$ tQa d¢ oxy r;O g6c 0 sit day t::~i mic~t d.t ban_ diu x::::::: 0; ox htr&ng 1heo dDng: 
y hu6ng tbeo chi~.u th~ng d ITng; !U Ill v:)n We rcri cU'a hgp chat n\ xem kh(mg (101. 

Ta .se tim quy luiiH pbfm b6 ni:ing c1t) ht,l')l eMil thOa. rn~n phuang trJ~1b (J.J) v&i 
m6 hlnh va gi8. thiCt sau; 

• 1._ DDng chay c6 chi~u siu kh<)ng dOi h 

2, Gil si'r tf~i mq.t clit ban diiu dU biCI q.ui lu~iJ ph:jt1 bO nOng 'd¢ h\rp cht\i; 

, c = c(o, y, t) = r(y, t) 
I 

3. Tr1m day bgp chill kMng tMrn qu• (day cu·ng) 

ac 
-=0 
&v 
I " 

v6i y ~ 0 

(2.2) 

(2.3) 

4. Tr~n m'-t thoB.ug ht;rp chat tbOa man di.Cu l<;.i~n khui!ch tan coin bH.~g v&i ~lrQng tvc: 



5. T~l r!l:it t::~l 

b6 hqp ch&t thOa man (fil'~u ki$n : 
iJC 

=0 v6i x = l 
&x 

Th6ng lhi±Ong lthi d.ch m(tt cUt ban CElu dli xa, kich d¢tng suy giim __ p~!",tl)~:f:~f!~~ 
_dQ c6 xu thE kb6ug ph~:t thu¢c dw chiBu clai dOng cbiiy, thiSa min di~ ki~il"::l~~-5];~'··;::··:·:~';.:-··::-

6· GHi si'r t~i lh&i .a.rtcm ban cHlu t_rong mien.d6ng chi\y _c6_ ebi~u dli-·1_',4{~~~:ti~~~ 
phfin b6 xac djnh nilO d6. 

C(x, y, a)= fo(x, y) 

T6m l~i c~n xae djnh qui lu(tl phi\n h6 . n5ng M hgp chf.t tbl>a ~,!.~ ~~it~!i-~ 
tduh (2.1) trong mmn Q, = ! 0 < x < I; 0 < y < h; t > 0 l voi cac dih ki~n (2Jlt) · :'(~:~}. 

Trang d6 cite biun f.(x, y); f(r, t) gia thi~t .thoa min t~t ca cite di~u ki~n ,doi 
hOi cua bii totn. 

§ 3. GI..\1 PHUO'NG TRINH 

Tnroc Mt ta dung phep diii bien. 

~ = v :: ~ ; 7] = ~ ; -r = ~: t (3. 1) 

Phep bi~n d~i (.1.1) xac djnh, dan trj, nhir (3.1) mi~n il1 trlr thanh mi~n 

n1o - ! e < ~ < 10. o < r. < t, '" > o I 
Trang d6 1 = 1 / K2 _!_ (3.2) . 

o V K1 h 

Cite ham C(x, y, t); f 0 (x, y); f(y,t) Ia cac ham cua bien mai ~. ~· -r. 

B~t: C(~, ·r,, '<') = exp(a~- b'fJ- C0 -<) 6(~, 7], -r). (3.3) 

trong d6: 8(~, ·r,, -<) lit ham m(ri ph.ai ti.m Vll 

uh 
a= ~ 

2V K1K2 
(3.4) 

v6i phep dai bien (3.1) vi< plrep uoi ham (3.3). Phu:ang trinh d6i vbi hitm 6(~, 'J, -r) vil 
c:.\c dieu ki~n tuang t.'rng sny U;· (~·1) -+- (2.6) se c6 dsmg: 

20 u2e a2e 
- = ---- + -- (3.5) 

C"r 0 ~ 2 O·ri2 

IJ(~- ·c !.') "" + b·r,)fo(>::, ~) (3.6) 

~'i·· n ::::;-. 0:cp\l/l; + C0-"C")f(l], 'C') (3.7) 

(3.8) 

r•fl 
..':.::.._ + I,il = 0 khi ·ri = 1 (~.9) 
[h; 
oe 
-- - bO =' o khi r, = o (3.10) 
. 0·0 

Nghi~rn cua bid toitn (2.5) + (3.1!1) trong mih rl1 0 c6 th~ tim du6-i d.ng 

(3.tl) 



trong Go 

b 
sin~n~ 

j3n 

v6i (3n Ht dliy nghi~m duung clw. 1H'-''in-g triuh 

b; n=J.,J,,., 

_,! 

0 0 

~(c·;;;, + a2 )(~; 
A " ~ --·-------~---·"------

m t~b +· b2 + ~;u !_u 2 + lo(a2 + ~£.)] vCri 

(3.1E) 

(3.15) 

(3.16) 

(3.17) 

Tich phfl.n tU:ng phiin 3 l~n thcu ~ ve pll~~i (3.161 va sll'~ dt.mg dil'u ki¢n 13.7), (3.8) ia c6 
·; 

r r~ 

z,r()., ,.-\ 
«m mil. 't' = }\_run l CCn;e ·o' } 

1 lo 

r r 
! .i .,, ~l 

L' 0 

Tich phfln ttX_ng, ph~n. 2 lau iheo TJ vC 

:- ; 

·' 0 

., . 
{';-:., + f:;~ )'T. j X 

(3 .. 18) 

(3.22) 



1 ~ -. 

Cmn = Tmn(o) ~ Amn f j 0(~, 1], 0) <pm(~) 'fu(1J) di;dr; · 

0 0 

1 10 

==Amn f J exp( a~+ b'~)f(!;, 1J)•pm(!;)'J;u(·~)dl;,l1]· h23l 

0 0 

. l:hay (3.23) viw (3.22) sau d6 !hay vao (3.11) Ia c6 nghi~m c1Ia bai to[m (3.5) -7- (3.10) 
· 'ti-.ong mi~n (ho : 

00 1 loJ 

6(1;, 'lj, 't') = L Awn~ J f exp( -.!; + bTj) f,!!;, 'T]l <pm(~Hn('TJ)d;d1]+ 
m,n=l 0 o 

.'t' 1 . 

+ "-m f s eh"' r(r,. tHnCFJl e)·m•tct·ljctt ~e(C,-Amh'Pm(~H~(·Ii)· (3. 24) 

0 0 

~f'liay (3.24) vao (3.3) ta dlrqc nghi~~m ~ua b:'d toan (1~t ra trong mien flto :: 

co 1 10 

c(~.1]. -r)=exp(a!;- bTJ) L Amn I J s exp(-a!; + b'1))f,(1;.1j) <pm(!;l<)i.(1J)d~d'l + 
m7n=1 o o 

'\" 1 

+ ~m J J eb·r,,(·r,, t)h('~)cAmnld'idt i e-Amn't'<pm(~Hn('l)) ( 3.25) 

0 0 

N#u trb I~ti biiin en x, y, t theo (.1.1) ta c6 nghi¢rn clw bioi to3n d~t ra troPg 
mib n,. 

H~u h~t d.c t:ie glii l ~ J~ [ 2 J~ [ :1] I 4] cteu xet dOng ch?!y'. Itt nih.1 d:li v6 -h~n. 
Sau dlty ta se chi ra r:li);{ ! ; :_r~->'~2 lY? p d\',ng ch~ty 1a nU·n c!?u~ nghi(!m eli a bai to&n tuO"ng 

··,~lrng s~ dtrqc suy ttr ngbi~r:·1 cih L~,i toCcn trong tnrCtng hqp dOog eh:Iiy 12. htra h"~J.il'l:iU:ng 
each cho l __.,., 00 

Qui v~y vUi d6Dg chliy Ja ntra diii thi rlJ--'7Q= = jo <x < =; 0 < y < h; 
t > ol . 

Bieu ki~.n bien (2"5) daqc thay bbi (1ieu ki~n: 

3C 
,_. ~> {) kbi X ....-+ oo 

Bx 

Vi~t bi&n thllc nghi~m (3._25) du0i d{wg: 

exp (- a~ + b·,,) C(G, ·r;, 1:) = C,(~, ·r;, 1:) + Cz(~, ~· 1:) (4.2) 



tKJ 1 l(; 

c.(~.·~·-.) = L A~n l J s e-"ai~+ h"ii J(';. ·r,) cpd~) h("r;)di;d~ 1 e _;..,..-. 'J'm(~) <jl.('lj) ~ 
m,n=l o o 

"" 1 "" 

• L Bnl J [ L Amn( 
o m=l 0 

-(G 2 +c)~ 
"/ ' ' 0 \!, ("") /', 0 T .!l •J • 

gQ 't' 00 

'"' E Bn) S [ L AmOCm e-(1"-l)o.;;,~m(Q J g1{[30 , t)e<f3!+Co)tdt (X 
n=l 0 m=l 

1 

oo 2 
"en 

~ Bn = 
2b + b2 + ~~ 

g1(f3., ") = J •1"1 r( "' '<) •h(~)d~· 
0 

co I.-) 

(4 .. 3) 

(4.5) 

Ggi 11(~, Tj, T) = L Am [ S e-a~ 1,(!';, ·r,) 'f'm(i::) d!;] e-<1.:/;.'0 'J'm(~) (t.G) 

m=l v 

Tit <3.!3) ouv ra: 

hay 
";;; 

::::' -· l1un; m = JJ 2~ ··~ 
2 

1.11! (4.7) suy m: 

Tbay (4 7) vao (1.6) in e6: 

co lo 

!1(~, "ll• '<") = ! L [ S e-a'; 10 <0:, ">]I cpm(~)di; J .-•~"< q;,.(;lll(o;,.) (4.9} 

m=1L o 

= io 

Do chu5i L [I e-ai',f,(~, ;,) 'f'ro(~ld~ ]•-o.;"< 'Pm(~) 
m=1 o 



oo 

g,(y, y) = S e-ax f,(x, y) cin'lxclY; r ) -n2 , " . gc.(x, y e sm -.,x.dx h¢i t'lf 
d 

0 0 

Theo [6] Khi I,_,_ oo (Ll(<~<m)--;. o) ta c6 : 

0 

r,(~. "'· t) : L A me< me -('t' - t)o:ii, g>m(!;) thi : 

m=l 
00 

I , I(" ) 2 s -i1:-t>x
2 

. " , liD 2 ;;, 'r, t = - XC ' SlO<.:,XmX 

/o-;..co 1t 

0 

(4.HJ) 

(4-11) 

Qua gi&i h~n (/, - oo) cite bih !hue (4.3), (4.4) s& dvng (4.10); (4.12) ta co: 

00 1 = 
lim Ct(~. ~ • ..-) = 2_ L Bn I S f. go(x, y) exp(by - n2) sin~x )( 

10--PQO 1t ? 
n:::::l o o 

o:') "1:' 00 

/,1~00 Cz(~. 'lj, 1:) - ~ L Bn! J [ J xe- (T-tlx' sin~xdx:] X 

n=1 o o 

1"' 2 'C1• I ip- 2+C)T Xgt(~n, t) c ~n" o·' dl ~ e -- u n <);,('1]) 

l.)ua gi&i han (1, ~ oo) hi~u thfrc (•!.2) s.i dvng (.J, 13), (4.14) 

Sau d6 cbia 2 ve cho 0X}) (- li~ + J:":,;) !·•_; c:) ' 

= 1 

C(~, '1· T) = : e•;-hr, L Bco ~ f 
n=1 0 o 

'" 00 

(~.!3} 

(4.11) 

S S e.t.p [(~; + C,)t - ("- t)x2] g,(~ •• t) si:"t~xdxut ~ exp[- (~!+ c.}<J<li.('ll (4.t5) 

0 0 

Bih thu< (4.J5) chlnh Ia nghi$m ctia bai toan d~t ra trong mi~n 0~ = !o<~< 
... ; 0 < '1 < 1, 't" > 0} 

Tttrong h<7P d~c bi~t : 

fo(<, y} = Q, - consl, f1(y, f) = Qt = const [2] 

13 



, sinf)n 
gt(~nl 'r:) = Qt --- (4,15); 

~· 
( 4.17) 

Thay (4 ·15); (4.17) vao (4.1S) Ia c6: 

co 

+ QI[e(~~+Co)" f xsin~x 

x2 + [J~ + Co 
0 0 

Theo kH qua linh toan va k} hi~u ccw [2] 
(4.1S) 

dx = ~[ 
2 

(4.19) 

0 

( 4 20) 

"" 

f xsin~x dx=-~2·· epx(-V[J~+c,~) 
x2 + ~~ + c, 

(4.21) 

0 

Trong d6: 

(
c ) = _: A X . a T -o Sin C, - J V """"C" X- · 'Vn :s.~ T -;-)cos .; ·- _j V C0 't'· x 2 f ( 2+ 2, C). (" ,.1-;:- I 11;:-(' , J" t" ,.1- ) 

a "' 't' ') ?)'/ '~ 
1t (x~ - Jy· r + 4Cox-· 

0 

0 

Thay (4.J9), U-20). (4.21) vao (4.18) ta c6: 
Q') 

n=l 

n=1 n=1 

3e--b~n("fJ)~nSiil~'' ~----
~(n(·1) = ' l"'n = 'Vp;; + Co 

2b + b2 + ~~ 
Bi~u thUc (!.22) phti h?p v¢·i kf't quit mD [2] da thQ riuvc: 



Ti~111 gi6i n¢1 cUa n;:;rh i~rn LS) 
ci'ra dlnh l:~~ ~'nmg binb cU:'1 tich ph8n. 

Ph:ln b6 nbng d¢ hqp chit th6a m8_n c:\c Cl't'u ldfn ella b3.i toan-d~t r~· ,tt::Ong·:-Jj{}~D 
bfru h~n c6 thE\ tinh thco c6ng thlrr: (3.25), cc'i-, c!C;n;; clliiy nfra v6 l-1~11 c6 th~ xac d-jnb 
theo c6ng tldrc (4. 15). 

Tron,2 \I'IY-t'Y 1g h_qp r1~c bi$1. ta !hH duc,;r· k1\t_ rf'li't rth [:2]. Pll3n b6 hryp chilt thea­
dong (3-~~5) ho,~c (.J.15) c6 th0 sif d!.J.og rlC UP1 •i11: h:)i_ ;-,han b6 phU sa trong mien h~ luu 
cac d(lp l<rtl) trong s6ng, kenh, .• 

fJia clzi 
Trwilng D,1i /;9, T6ng h~p HN 

N/;4n ngay '30/1{1986 
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