
VA CH~M CUA V ~ T RAN VAO THANH DAN .HOI . 
HUU HAN Hf A TREN NEN CUNG 

B6i v6i hiLi toan va ch~m c6 gi:iim chfln gifra v~t r:ln yft thanh dan hOi ·eflng 
nbu gHi'a thnnh dan bOi v&i nhnu da d~;qc im)t s6 hie gia oghlkn cU·u [2, 4; 7,' 8], song 
m&i t;hi dt'rng l~i b vi¢c sil d1;ug ll thuyet d) dit'n ·ve dao dQng dQc clia -thanh. TrAii cO 
str li thny~t dno ct(mg. dQc etw than:h _chinh xac hGn Ia cb ke dCn qu.ln 1lnh ella d!eh 
chuyCn ngong b8.i toan ve va eb~m t~6 .d¢m gi~m chf!n girt:' v~t r~.n "·a thanh a:an-h~i 
b.ln v6 h9n (1:'1 {llrgc ng:hiC.n r.Uu [\i], Tron,g b~d bA.o nay tnc giii ti#p ll.Jb gl.iii quy~t b3.i 
to~\n. va rh!pn gifra T~t r£n vii thanh d<\n hbl hfi'u h~u· tva trlin nf!.l:l cU:ng. 

Xet bSJ.i toan ~ iim D(xl t) thOa m&n phnang trinh: 

( 1.1} 

Dieu ki~n bien : C = ·0 khi X ~ 1 
(1.3) 

co 

Dung phep bii!n d~i Laplace: Uo(r'• •) ~ r u(,, t)e-P'dt, dtxa den bid loan : 
• 
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khi X ~ 0 

ya_ tr 
9 

=t 0 kh i X = 1 
Gi/ti (1A), (J,S), (l.r,l ta lhu duqc 

I p ) Sh i.-
1 

X 
\\ I + c'p2 . 

Ch( P A •) >/ 1 + c2p2 ' 

trong do : 
[lR . l- x l 

C = -- == const; X = --. ; A = -
• 

j)~ t!m ham han anu v(X, t), ta vW v.(p. X) du&i d~ng : 

v.<P• ~l = ..!.- pr.(p.) ~ G (.!.., x) 
E . p' p 

, trong d6 : 

v&i r == V p1 + e2 va ( ·) sh( ~ x) 
Hp, X = ~ l .) 

Ch j- A f 
p 

1 (jl !) .. - M i- ,x· 
p3 p 

b <Hy: 

tbeo [1] Ia c6: 

Tir do : 

I 

M(p, X)"' _!__ Sh(pX) 
' p• Cb(pA) 

.j
.. 1-- mO.:, u) 

J-T(p, X)+ h(X, t) = I. 12(2"\'nt) --·-dn 
1J 

0 

n=l 
t 

G(p, XJ -+- g(X, t),;, J J0 [ci/t2 - u 2]h(X, u)du = 
0 
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•in (ocn X) J .Jo[e"\lt2 - N') cos~ d~, 
?!·~ 

-~ 
I 

(1-7) 
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(1.9) 

(1.10) 

(!.12) 

(1.!5) 

( J.li) 



;:.({X~ n) 
~----~--" l ( '"l = 

u 
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1 
• .lz~V;;t) I J J,[qfu2 ·~ ~ 2]cos a~ d~ ~du 

n=l 0 0 

' t 

Tl! d6 Y,(p, x) + v(x, t) =..:C.. J f(~)q;..:~(x, t- .,)d-<. 
E 

0 

Nghi~m cia boi to3 n {1·1), (1.2), (1.3) thu ihrgc lit: 

t 

U(x, t) = ; J f(r)q;_., ( 
1 

: x , t ~ T) d-r , 

0 

oo I u 

Xet ham dn(t) = J IJz(2 :-;;t) I J .J.[c vu'- ~2 ]c-os ·IX~ d~ldu 
0 0 

(1.16) 

(1.17) 

(1.18) 

(t.\9) 

GQi X Ut s6 t\1' nhi6n sao eho: o.:nc --< 1 cOn IXN+1C > 1 khi d6: v&i 1 <.n < N 
ta e6 :. 

cln(!) ~ ~2 L {-1)h!(c«n)2i!Fz [j 4- 1, ~ , ~.-·(!';I)"] (1.20) 

j=O 
vtn n > K + 1 

"" 
dn(l) = 1 I ,, ·r (-·1'' [ 

-cos--·-·-.. -. -'-. - ~F2 k + 2, 
c 2c 4a~ ~ (an::·;zk · 

(1.21} 

k=O 

Thay (!.20), (!.21), vao (:.16), sou il6 t!nh q;(x. t) rei !lJay vao (!.18) t• thu i\~rqc: 

I 

Uix, I)= I·- x ~ 
c J 

0 
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xJ ' t- 't' 
f(<Jsin --d'l' + 

t~ 

0 

~ t 

:' "': ( -n•-1 sinf "" I..:::.!..]J r( .. )i,,(an, t- '<)d.,.-
r~l L, ,_ u. 

n=t o 
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1
;
1
: 4 L ( -~}'u-i sin [ "~ 1

: x] J f(T)h~(o:~.t ·- T)d,., ' (1.22) 
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TiNH DUY NHiT NGHI~M CUA I!AI TOAN (1.1) (1.2) (!.3) 

. (L24) 

Giii su. !On t~i 2 nghitm ll!(x, t). U2(x, t) khl il6: v(x, t.) = l'1(x, t) - U2{x, t) thoa min 
phuong trinh : 

. o•v a4. 
--- p.2fl' 
at 2 iJx 2ot 2 

Di~u ki~n d~u : v(x, 0) = 0, ~(,, 0) = 0 
!lieu kl~o bien : v(l, t) = o 

[ Pif'H)2 -~ + E.!.:!_] I = o •. 
lt 2~x . h. 

l 

Ket ·ham E(t) = _! p J[p (~)· + 
2 . 8t 

0 

)~ dang tbi\- l~i r~ng : dE(t)/dt ~ 0 

fir do E(t) =cons! = E(o) = 0 

x=G 

.3v 3·-r ' , . "' 
E(t) = 0 ~ -:--,= -- = 0:::::- -Y = const::::: v(x, 0) = D, V = 0 di€:u ph:ii e~llng miuh 

tlx at . 
l'r11irng k?P C = 0: khi cho C-> 0 thl N ·-"' = 
~\w r~ay nghl~m thu duzyc la : 

:lli.) 'I'nr<'rng hgp : f(t) = -VEO{t -· '1'0 ), T@ > tJ u. thu duqc : 

U(:r~ t) ~·-
4Va (-l):. 

2n + 1 [. I-x] sin Wn ----;_--

n=O 

+ _!)~ 
2·- J t 



b) Tr;y;\ng ti'Ti:' :·(_t i -:-:.- r-,,,-;I'J.,l~, -;;:i;\ ;•/1i l -_,... 
cu~ thanh, b c(): 

V(x, t) = 
si-nc..:-xsinwt 

(1.27) 
\ ' 

XiH Sll v~~ ch~_m ci'ilil v~d r&r: yi)_o ~iimnh d:~u bOi hfru h~n khi c6 11~1 di~m gi&m 
chitn a dau thanh. 

Theo [2, 7, 3], 1Ing ,u{t a dau th•nh f(t) thi!a m~n ph11qng trluh vi. cae t!l~u 
ki~n dAu: 

•• K K •• f(t) + f(t) + --- U(o, t) = 0 
j\[ F 

f(o\ -- tl 

f(o) = K V • 
F 

(2.1) 

(2.2) 

(2.3) 

l)~o hAm 2JAn theo tt&i gian va bign d1ii ia xac djnh du:gc U(o, t). Sau t!6 thay 
vilo (2.1) ta thu duqc phu·ong trinb d.e dinh f(t) nhu S'lt: 

v&i 

t 

f(tl + ( :~ + A) r.(tl + J tj;(t - ")f\,)d-r = 6. 

K . t 
Ht) = -- !'sin -· 

F C 

n=:::1 

oo 

n=l 

= 
z r: ft) :"=: -.:!--:~ ')' 

Elr:~ ~.~ 

N=n+l 

h2((;!:n, 1) 

~,i~< 1 i· r. 2~n · 

(2-6) 

Pht1ong trinh vi tich pban (:.:!.5-) vet e9.t d.i0n ki~rJ (2,2)~ (2.3) tuang (il!'t:rtlg v&i 
pbu:a-ng_ trinb Volter ts~Hl ~ 

t 

f(t) + J 
0 

<]J(t) = D! + !<sin ~ + ~~(!) + ~h(!) 
c 

(2.7) 

(2,S) 



n = 
l< 

+ 
KBC 

F 

N 

~1{ t) ~ 
Ka 2 

EFl 
u=i 

<:z(t) = (2.toj 

0 0 

Th4-t v~y, ta d~o ham (J.'J) theo t vQ bien dOr~ ta. thu drrgc (2.5)Q B~ gilii phqong 
trinh Yo1ter (2.7) cQ ohii:u phHcmg phip quen ihu¢c chJ'.ng h~n ta e6 th'l! dtlng plnrcrng 
phflp xap xi li!n tiip ngbi~m : 

I fn(\} j ::::: f(t) 

K 
r.(t) = - v.t, rt{t) 

F 

K 
~ - Vol -

F 

t 

K f b(t) = V0 1 -
F ~ 

0 

0 

(2.11) 

Troog tbt.rc le kj thn~t, ah!lng do d(tc ,cho thiy: khoing thai gian Ylt ch~m 
T < 5 .1Qc4 gifiy, tire Ia rat nhO. 

N~u ta chl giii t,i trong bi~u thtrc cb <P(t) nhltr.g s6 h~ng cbtra luy thtra cU.. t b~c 
khilng quo 3, \tr (2.8) !<1 tho duqc 

trong dO: 

KB 

n: EJF 

t!l(t) (2.12) 

K ), ::::: -- + A = tonst 

1 

IJ<\y gib 1~ giii (2.7) h!lng phucng phbp hi~n dM Laplttte khi d6 (2/J) ze drra &~n 
phHI)D& lrin!.J: 

K 
- Vo 

l,(p) + <P,(p)fo(p) = J5_ V c ---
1
2
-- '* !' 0{p) .: --:c:-"F---:-:--

F p· . pa[t + <!l 0(p)] 

fe(p) + f(t) ; <ll(t) _, <P0 (p) = -!;- + Y~ 
p" p-

-,-, 
' 



trong d6: 

ttr dO fc(p) + f~t) - p~sin~t -- po:sini<t 

b) Tn:t6ng hqp Ll. = 0; 
Vr-2 

f (p) = · Y2 = "A/2. • ( , + ')2 ' p l -. __ 

v v 
Tir d(J 'fo(p)-+- f(!)= --- sin(yt) + - tcosyt. (2.16) 

2~( 2 

Thay f(t) tim ilugc tu· (2.11) bo~c tnrirng !Jgp glin dung (2.!>) (2 16) vao (i-22) .Ia 
xfic djnh duqc djcb chuy~n dQe tfl,lC, tir d6 xilc djnh dtxgc bien dq11g Vfi lf~j :.su.(t tl.i 
mQi ti~t di~n trong thanh. 

Kh lu411 : 
B3.i toan t1Jn dfty k'e nhu dupe giUi quylH tr9n v~n vii. c6 thB trng <".d\lng tron_g 

b3i toan J<-5' thu~t v~ v~ ch~m c11a bU.a. vAo cQc tva tren n~n cHl.t cirng. 

Cc6i oling lie gi'ii xin chAn thAnh c<im an giio srr 1 Ph~Jm Huyt'fn, giao. -s11 1 ·Ng~y~-n 
TbUc An d[ lhi~t l~p hili toln ~· brr6ng d~n d~ hoiln than!> hili baa nay. 

fiin ckl Nlt¢n ngay 11/7/191$7. 
Truing Bq.i hrc Thtty l{1i 
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SUMM.AHY 

IN!!' ACT OF A 'mGID BODY AGAINST A Fl:\'lTE ELASTIC BAR SET 

01'{ A HIGID F01JN11A.TION 

The 'solutions .(lf the impact~problems of a ngid body against an· el8Stic bar 
fotmely nre based on the classical longitudinal vibrntion theory of an elas_tie bar. Irt this 
paper·~ we based on the more precise theory to deal with f.hr;; i'npa,-~t_ prQl;ll~!~.!J Pl a __ ri·f.id 
P-ody aiains.t 4 finHf' t;1asli({ h.ttr St?:t on a fout;d:.>ttJOn, 
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