
GIAIBAI TOAN D()NG LVC HtDAN DEO.BIEN D!NG 
CHU'itN Vl LON BANG PHUO'NG PHAP PHAN TU HOU H!N 

li. MO TA UGRANCE KHONG DUNG ,. . 

Phh I [5] dil. giwi thitamO hlnh phb tir hiin h~n (PTHH) Iron~ mO Ia I,.agran~e 
dung, da nghj m¢1 d~·l! cai bi~n cU. pll!f<JOg phi I' Wi SQO 0 llrb pb!in 10 I>~ phuong 
ll'inb cbuy~n d~ng d!"ll gia so chuy~n vj, x~y d.,ng thu~t 10~11 g•ai •·a tfilo IL~n v~ vc~c 
cbia hrhi PTHH,. ebi)n buhc lich phAn ~~ thich hgp. Trong ph! n !I- ,.N dung.l>ai bilo 
nay gi.rri lh>f~ mO l•inl:t P'l"IIII cU. bid tc~n d¢ng l!fC M dan dco bi'n d~!lg clmy'h vi 
J.rrn tro g m6 Ia Lagr.,rgc kbllng dirng do"g thai m¢1 <l~11g d1.i boh oua jlhlrong pb~p 
Hch phln sd Newmark c:hrge dil ngbj. San lc:hi m6 Ia lhu~l loan, trong p• lin ki'! ~~~" 
cua bai biio cJ>IIng lo oe so san b d~c <I ibm ,cuo bai mO Ia L.ogl'an'ge dung , .• khOng diz~g 
vo. ehl ra ph'!m vi ap d~ng cU.. ehUng• · 

§ 1. 110 BlNB P'l'IUI TRONG lifO T A LAGRANGE K.BONG DUNG 

. Xct ehuy~n d~og .cua v~t th~ trong b~ IQa dg Cartcssian !'xj. Gil !hi~ I 611 bi~l 
du hlnb tron~ knoang thai gian [1', 1], din xll.c d!nh rue bi~n tinll vA d¢•11 hQc da du 
hlnh l<i 1 + At. Tbeo nguy~n ly <6ng ao, plmong trinb cAn Meg ciia vH thll M tb.:,i 
d.~m 1 + tu tron3 mO ta Lagrange kMmg dfr"ll co d~ng [:. 2), . -

. ••M:J.!"" J '~'A;JI>,a""''cl'd~ + J ·~··A;ha'•"''lli'dw, 
1A 'V 

a ron@ dO :)t.;;Atc~ i&. bll§n philrn tUm eae lhtrJ.nh phln €:'buy~n ~ i suy rt)lfil~ HA~u~~ ~tiolttE~~ 
vi t~A1>5H tuong Ung Ito. b1(!n phftrn ella cbc tiulut1 pb~n C:=H'h'Slll~ll dna ft~illlBO h~_.en d~il1l$ 
GreGn via clc thQnh philn clull, tensor irng sn..~.U Pioi:~ Kircbhlof[ !o~i 2 (•lla d!.v. ihi.o.h &tai 
f+ .AI do tbeo ch hlnh liji t · 

&+A~ fp ,i+A.t ~+~' ,SA!= . Xh'!st+AtTt.m Xj11m~ 
I + lit p • · , 

tUhj ""ii'Jija'xi, ••c.:x~o1 ,.. II'XI/~'+A'Xio 



IC''fim r,,;,b;,~'F' ht. i.':Mc ~h:&ral.ll :ro crLh, [:.,nsot c:i-::'1..!; .\uu;';,~ !~f R + --1:\j, ... ~~:\! hf,;;: ft4<t' 
fl\nr]~ a,J>t;,l.~ g?;.m c&i\c ij[lil\l~h pln:fun 1.;}i UJJ~)i dj;-},n i ·t L\1 i~rr~ mQJ -r~ lR)l'0 !kh6R 
'J.-'.,A..t;J Un~h a~:~o m~t tA~ th~- !idn t·v [: fi ih,'li di0m 1 ·rf\ tp~ t+Atp- m~t o1¢ khOi illqng [U'ong 
alfu~ hd t viJ. a + &,tG TnJ:~_,g [nn':q.~g hqp lv~· H~.1: i!.h,q ~ J¢,:: !~\p ,~¢ti ttop.g U:n£d. dJIUlj'Gn '\\'~ 
'Yiil l-i6:l~ d\H_~it '6 q~~ WA£>-t (:&j" 

t-:-A!S~j = :lTij + tfiSi}P 

t+!i~i·.ij;; aL1Etj~ 

'trnrig. do 1L\Sij ·vA u&~ij hrona irrg-:JU al,-: ll1U11h f!lJ;]n ~in slf o!'ib t~nsor' Urg .su:OC1 Pi Ia 
lKi cbhofff IO.i hai V<i tend-O!" lw!nd.ng lJrccn 'tJong kl~o:tr1g tt.~ t + .d..t] do 11!~-o cfiu hJnb.· 

~hEi!j = :L\Efi + d1E 1*j~ 

·.a <lily ~:!.• llllnh ph:lo wyi'n linll v} phi toycn c.;h (!.8) <o d'!"ll 

,&.Et
1
· = 1._ {tllFJ,j + t&.U;~i)" 

. 2 ' ' 

t:o-- sih'l}i (t.~) ·,.hi (1- 8) lrong f.~.] !h:1.v ding so ,·&i truhng hgp m) t& Lflgra-nge 
di'rng, hiCu ihfrc Li~u ~iC'I th:\iih'rili'lri 111}\.'in tid~ Clh ghn so' l:Un ~ .• ul$, irong m6 18. 

·La!.tl'al~gc kh6_·l;!!' dtln#''kb(,~l.~ n~' de sii k.rng do ii!ih !mtn~ t'Uu thuy~n \i bun d4·L$' GU 
thiC! qua!il h~ g&._u d!J.;lg guira c:l!.! t;ia s6. u·;,g ~uat vol l.Un d;;a.ug ... 

nh~n di!'Q'C. t)inrnng trinh chtt')C~l d.¢ng pld ~uy~a <1M ·:&i gia sO ;~hu;y~n vi ·&ui ~rong 
lli.lwb~ [1, I + -~!]. 

S tC.Jkm ,&Ek,.a ,!\Eti 1d v + 
'v 

f I fqS,filiit'd< ~ 
'v· 

t•AtCR "- f'Ttj&r~E;i'dv· 
~v ! 

lD~ &ild trv-c UC:p tLllra tl:nr-J<1g d~.!r g d!J.~.&; luyi'b _Unh hO:a ci'm (1.12) 

J l~ijkm ,&E~~8,1!.E1i'd~ + J t r,,&,,E;t'd>~ = H.&tS</- s 'l';j3tL1E7j'dv. 

ty a,.: t-y 

Th!ett ~~P rnf.i hi.·1h IPTHH et:~ { .1:n IP:~ h:';,nh ilH~o 1.rin-h iiJ' grl.nL b·ly ~rnn/!ll [5]~ 
\~i ~iVt~ ~·IH(/0,1 ©:'l·C d i i~HF_n!]! tlr HJ: d•)· p:ltl:} \{r s;~lp, ~v:~ rll) i_oinn ll~ v~) :%~"h.y d!J'Pj:\. m~ ii•@[Jl 
~iH~!4 o:::t'a<R ~~ ~.hr7c ~hlJ'.! Jr.i9a tl!l'm.1g l•ft' ~rr·,r,f~~g it!/fl !dR~ ~o.'au h1J{·n dnh~ 0 (if\y c~n~ x¢t 

chQ in) a ph.ffin Qi"w. G!& d!.iCi >:@e !Ia wll L~ .,-~ •dn~ <£1i~:ri iJ.M i~Y du·~tJ_; 3IiQi suy 
q~~a ~:[u:;: dQi h.r{Jlll£l RU'>.ung M'n~ {y nlr; 

.o.rii{tx9 !) ~ Hn(!;x).J.tcr~·! \ n ~ ~~ 2p" ~t N 

(1,JI} 

(l,j 1 
'<t@t~ tU"\~ D.u& wlll Hill 1u·un.~ (rn~ !.! dn~.~ 'tn ,.! !n'1.11 g<u s!Ji eln1_1~!l! 'fi nM vil h:Jm :. Qi 
iuy cU:a. b~t.· ft!l do !luX li trong m:;t .u. ,cl~o p:<?ar~ Itt in.':~a · !da:~ '1:6 ::,; ni11. 1\inlE ,.¢}" 

' VOi R;i! Uui4fa kliOi hrqn~ !~1n ~,),\J~ ,:·tc. hl'Q'ilf% h111f~' illln r>6 d~rn1~ lll:~y]c-ig~~ nghlm. 
Uta cQ ahe bi~~ tLe,~ &;.!].n ~(H]g ·dii.c tnnu~, r.lla ~o: an.n}ng dtffJ!v( dt~ng RO bon haylfn a!.Hq 

lll 



~lr6T'g do fx yf.R ~ 1~ rlac i~6ng sO dugc ~h~n. s~b dH» d8.m btio d¢ {:l;[:-Jg] xih~ v~ sg ~~t illnlfu 
ngh ~· \'&i ~ = li. 5, o: = /6 (2.t) vi! (~o'll trlr ve d~ng Wtlsm 5, khi 6 = 1. \'&i [I= 
Q~!l, « = t1&!.l l.fl. · o~:O lu~t lid! phftn Simson. Bi~u thUc C.?e:!l vie~ l~ho gut sO chu,y~n vj, k~AC 
vfi1 p'1uang phflp Newmark~ bibu d.~n d1i4J1 d:,lllg chuye~i ·vi h.li'H p!dln t~i t +AI .. S_y 
l<Mc bi~l ""Y chid~ h~n bi~u do~n M (t.t8t, lO.m gQII y,; giilm b&l so lorqng de Jl~~P 
llnh khi llch ph~n tn.rc tofp tung bu<frc h~ phuong lrinhgia so chuy%n vi• Vi v~y (2;1) 
vl c·.~) iuact I hen cac li~u ··bu1i" an rljnh Pghi~m mia Newmark da chi r•. rgl)ia Ia v6-i 
~ > • .'i va oc ;> n. ·sw;\ + ~Jz, Tir (2-!J, (2·2) v•H duqc gia toe va v~n tiL ''~-' 1 t At 
thco gia. so chufh 'vi . . . .. ... ,• 

••~>•u = ••~>•u(~>•au), ••~>•u = ••~>•u("'Au', 

v:\ dua (t,l!i).ve ,d~ng M phuang trinb d~i so 
~ . .... 
li);I>'AC ·= ••A•n, 

"' ~ 
lrong 46 ll~ va ''1\:'H hwng U:ng U mn tr~n cung qui dlli va vector !ai lrQng mit qui aal 

'fir rae k~t qua nh~11 dtrqc .et'> lh~ v ft thu~t loAn g.ai hili loan d<)rg tvc cua ~~· 
·. d~n d"o btcn d~r·g chuy~n vj ltlr ·' trong ino In Lago11ngc kb6ng dt'rrg• I'! sv. U~n quan 
th~l chc' ·g rr l h·ti phlr0'1_g p"hap W,ls Ill _6 V<l NeWmark v '-do d6; hai d~rg·' du bi~n c6a 
chtlng, co th~ kCt hgp•a hai phtrcrng p'1ap lich plian phuailg tl'lnh r huy~n,d\l' g tt'org 
cU.ng ~uQl,_lhu<}l lo:\n ..::6 d~.ng phd,l ~1hiluh~ ' 

A - TINH TOAN IAN Dllu 

a) Tinh cite rna tr~n luy~n linh :K", khoi ltrqng M, dtn D. Djnb die gi~ pi db 
. 
u, 0 V. 
·b) Tinh cAc Mng so 
Tru ·,ng h<tp biti loan tinh, 9 = 1, nbay ltlri B·. 
Ncu dtit•g W.!lson 6 cai bo~n· 

Q = -lo l ; ac = 6/61At 2 ; at = 31 66.t ; ·22 = :a l ; a3 == 2 ; a4 = a3 ; 

•s= fl~t·:l; n 6 =•.10; o1 =.-<u/6; •a = 1-3/6; •s = ll.t/2; a;o = At2j·. 
!-\Cu dUng l\'cwmark t.·~i b1i!n , 

o = t; ~ > o.; ; o: > r.~5(o.; + ~)2 ; •• = t/<:<tu2 ; 

'1 = ~/o:it; •2 = 1/o:it ; "' = 112o:- t ; o,1 = ~/x- 1 ; 

as= ll.t(~IIJ:- 2)/2 ; •e =.dot( I - ~); a1 = ~:l.t. 
~ 

c) Tinh ma tr:).u h~ sO barn di\u qui d(H!. = ~Ke +\a~:\1 + .n1[) 

o) ~l'u d'A', i~p mm 11·~· M so miJio k~ <!h hi~u ling p'•i !uyen J.i '" hqc va/ho~c 
v~i ly. T;tm giac hom 

~ ' ~ 

K = :K• + ~K••; K- LDLT. 

b) Tinh voctcrr lvc lAo d~ng qui d~i 
1+6~1~ .. . t,f-Ao . • ·· • • •• 
· H = 'R -1; 6( H ~ 1R) - :F + M(a,'U + •> 1U) + D(a 4'll + us't), 

<~J;i.a• It~ ph11nng tri:l l.n gi' e5 ehuyl!' vi 0~ 1 L\.U 
~At , ' . ~ r,pLT Au:. ••A•n 



~~ e-rn ~~nd~ ~Mi ~rU~ c1~~ .RJ-.~r:, x6~ ·r.§f, :~ .. ; .;··;--',. .J}.r! , ,.,c d-f\u c<~ = .) >; i0 '\-± ~ 
~-6 X w«1;, Gkm~" ~LL.:o tr: ) ,;-'~1 d i r:~ &i ~ t'-f'~"~ i'i ~!l lr<'=': ;cii::.'il ~~ !' 

d!'!"Q'C ~i:&U_ h~.ng phH·O'~'t:J: '(>-~. -,v:n •·{;;, .L /r< \:&i ;~ =, ~l ~,"il &~:::::: 0/2-'l dw r ,~ ~nx&''liP; 
hqp ~aj ~tQq:; ~il.c d~~!·g nl]~;, d oH'i h,L'C'- Udl, !:\;,~. phi !uy n v~it 1:f 
Villi .trtbqp ph; ~y<f_;] huLb. h•.'c v.j,_ v{J. i~" llj· ~ p~~ 'Lcit_,:-~[\:;u:;;:s; m41·d o Huhctr= 
Mises1 tr~~u1g c:;'u~ mo ~a Lt~!J.ni·fige. C:irng ·~:1_ \: nrtH!f~];.c _!u;q)}~ Tir "l!t:- ~aH ql!.~& 
h~nh _k-3-y liP!·>o Hh;;h.i \h:~y J.na~ ~~ ~r!Eh tro.>ng ~n.•('·n·g hqp ml) 

_1hinh· v~f H¢u d~n b(i khtlm_g k~R~ S" vOi_ phi hn·c;ri· ,. . .:j.~. lj·~ \'6i bf:·'-;;:_ :'!(> ~hu-y~.o , .. ! ~!tJO, 
'ltJ!ia q!]a ·_nh~HJ. -d~qc· rho 2.i.i¥J'(~f'fi ~HlP n:H) Iii chl:>•t.:f vll kbt1rig dv.'l:n·g ·gi't.~i n1h!J! 
~n.\ng ~~1hl·n1@ Khi x<J!~ fi &i no:int· · ~;-o~w; ·ml\ U.:·d~ v:zyJ .l ~-t1 diur! d.hll 'i.'~'<1 ii g1& ~h1Ct t:fuc rflii.ll-r.ffi 
,d~o bfl-n dih~ kh\\<3 cAi~~IUl~ efu( h hulv;,1.$ ~;~},1 Jd.:1h H'De h·b :t:.l!::& d!tan_g k{io Sg Bin~ 
c_i''ua lbil·fn ·11¢ dwj~~n v~- va_ bH:;r,, d;,u,g ~{.r_~, JL.co ~l.Jf Kl'"·~~::: J€5 o:.Ur~ C\~;; m'l1 1a_ L$\g .. 
ra»~~-~ dir:rag 'x-r~ khOng {hing. !.rong rfh"J. ru) ~J. khi'>.1~2 dfr1··~-g t:-k-D [';i1c H'J sO nh·G han. ldl!Oi\ng 
5.;..,.. 9%~ ' . 

So s<1r.l:O 'l1<1li m6 ~a. LBgrJnjtc v .. \ khO'•g q~iJilg. ri1l~n n"li:1 5'i,! Jth~c KlillaU {'CJ hiin 
;g:iiim "thUll1g 1<~ diu hinh ··o_ s& d~rqc dH!r·.· D~ d(c '~jl1~- '!'ilu hinh.· !rd it. + .5.r11 ~m6 ia Lag"' 
ra:nge rlftn;~.; huCmg !4·! <r:lll U.nh lba"':l d~n U0i it= 0~ tro:tg lUe l116 t8 khOilg ~hillll1( dH)n riku 
hb.h co s& v~!;; x~c dj~ ill --u·Ong !bt1&c l.b&i plr~h r f?.BY ini&c dO~ i1~_- !:iD. hp ·ud'.d di'em i,. 

"f& g.Oc d(> ji,,h ~oiillt~ is6. mO ~.& L.a;;(nl.ng~ ·o~_h!rt>_g. phlrc a--n~ h·Dtn ;:t dCn t~_i!r{n;p, cUm· 
~~hruy~n vj b~n aaa ~rong l!oi!.;lh pb!:'!!n ~c~y{;r, _tlrlh ciJ.g gi:f.l &{), -~<Cl1S0tr' hlihl ll~ng Gn~~r9 n.P,IIb 
m~. h4ri ··r'<ll'!lg· dOi --hi\.i nh·.ihu lb:~~ ,gt;_m Hnh_ hnn. Tr:y 'l.n\y lt1·01ig m6 ~<:t 'Lag~"T!rlgo d!frn~tt 
X1a:m Jl.Qi S'~J' l:nil.'!!f_ dv Ul ;o h.lm . .,~~ .1_i;b philn cln. !~}l.{lng -.drf .p!~.\i Ubh nn9~ Ian '':a'odth·~ chrn 
[~a di rae dh~ Mnh H~p S:atl)~ Yl. iin_:~- h6_l hi n -t:'ih ij,:-..nsnf uh;g S1!li;t p ola KinihhoH !n1]l.i 
b:d. l·in. lensor ~.ittn d.,mj( Ci'f:'·!;h ''khi v~~ nhG il~J'!1~ _r!hU' V§t Gli~ tr_Or:·g 
1wU(!Ing h{!p l)illi i~•i!li~ tO (1\uUt'~'~ vj l&r11 ••lu bi·tn nh~·p cfe.r;'ihB.._;h villi::l C.11r1ca'an dna 
~e(!S'"-lllf' iirn![ _S\'Jil1 Pio':n K!r.:·llh~ £f lO:)i -i,::li ~\i d~ ihli,~lh i,h~;-'1 !.•> <t~h aersor 
i:rllg ~m~il Ciill.l~Chw~ flo do k\~i_ qui rL~1n dtr</iC '\'&1 l:ai r.H) t~ .:0 lhl: _x-c:m l'!i ~r12ng ij]hv:u ... 
'I'uy w:ly r~ 1 xH d:5J H- b. 11-L1: qu!.! ~~ R ;h \~i:;.t ~dr. YU ~d-dJ Ldb tlkn1g l&1~9 .<r·Ji,l hr~ 1 
dC:l'll .rg1J:l311i b.t) ~H!lli ,;:};;(; r;'a s '· frn·~ .smH V~i: ~li;L '/:;,(.;~~ diD'-:' .. ~c: ct'u:GJ. -m6 qfi 

]' .. :t'lgriln~·C r•h'r:i,~~ [~·n!"~·\: pt:\;,_ l-:~n lin~''-'ng "''f'>ln tCq<.-'lli <::-lu·'~ ~d1bn.g 

dt'mg. M6 U dfrn~ cl~i d.!r.g fr_ .. [,;)1 tofuJ p~;i bi8,,, rh8 ftH:;ng. 

HH:l mh ~ll khii11;1~ !1ir·}!- clio kft qod ,,Ldn11 ~;§_.:; J·J!F'l [•ron;~ b:"ij' dl_lfii~ lJ; l. 
d1B"t le~ kbi •hrqz ph·tTf'"n~;- t: lin1! ;;·i)n L) ': fuJ~ -;r;· au.d ,.'(H:':It ··'" 11::11. c!~c ~h\·:-jh ph1in 
rtHt~ ~<8fii-~(J't :s·1f~~ v,i;~· E16· !;l ;\ kh6r; ~rong m6 
1J,i[1l PTiiH p1·p ~-lm¢'c -ci!'•ii; ~,",ff.-~ [,_,1~ ·-J,:,.t, 1'i ·; , .. ,-.··~-;, L~'· <L\~l ~ :·;\t hL::n rl0n;:!; v-,':, h £·ta 

'• <. i -,', '1. •.1.· ' .. ·:·, •. , .• ,., I 

<!JP.'·it_ :>'.-f.i DC.~ D g 1~ ::,.-) ; fil';J-; ;.!,~i · _ - _,_ ' n [~~~ 1: ~ ~ll1o>~ b::!l 

lri~·i~ -.;·?~ i[:JU.~-( ~~--fn> i·;z·c,. :.c ... ,-::.,· 

~:{! •• _~ ~1n iJ nolill~'":l Jy, !ih;11 1{-::::;, 

r~~{'r\ hlp d·~~ h~l,_;z iil·,,-r. I'o"·:~":t ~:5-

cl:urqrc ~3 ~ tiS% ah&i gLn :h . .\.~ 

d~l~~ 

b~m 

Dia ;;gay 8f!Dji986 
Vij1a CtJ JJ?& Vij~"J KIJVI--l, 

1~ R\l"HIE !{ J, 1P'illli[e :dh.~.i:!JJ_·vt 

N:ew Y-euncv~ la~:.~ 

~~ YA.GiiT\-L'U :J, [;~cr"!rtn1.b! :finn~.v~~i"l 

<mpp\L~-'iltl~O h iJJ ~lt-~~ym !~C l~"[0 Sdl_;_;g; 


