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ON DINH PHI TUYtN CUA MAT PHAN eACH Gl!JA HAl 
{T LONG NHUT CUNG CHUYEN DONG TRONG KENH PH.ANG 

TRAN vAN TRAN 

Trong bai l:Uy ch:lng t6i xCt tiep bB.i toan dat ra a [1, 21 ,;,e 'bn dinh Cl:la m~t 
. . 

each gifra hai ch!lt lOng nh&t ding chuy~n d¢ng song sonr"- 0 t;-ong kCnh phang. 
v&i [2) 0 d&y chlmg t6i c6 xn d[ -, :in D hubng clia lt,rc ding he ngvii m~t va chi 

ng h;rc d6 h6n lu6n d6ng vai triD gilt cho chuy~n d¢ng On dinh. 

§l. D!T BAI TOAN 

Trong [2] khi thu nhitn b&i toan bien a cac b~c O(e), O(e 2 ) vil O(e3) chilng t6i 4~ 
ua s& h!lng chlra lvc cUPg b8 m~t b m¢t trong c:ic diCu ki~n bien tren bC rn~t 

'· each vi n6 c6 d~ng: W-1Ce4E1t<t + 
Fl 2t" + ... ) tire lit vi n6 c6 b$c O(e4l 
11e m~t hinh thUr. Trong tht;rc te d:;ti \. y 

~~-1g w-l c6 the r3_t l611 nftu h~ s0 l\lT 
bli m~t cr kh6ng nh6, nh<'it lit a d!.c 

tr! Re kh6ng 1Wn Hlm, b&i vi ta c6 
= h2P2<1R; 2p.?:Z. Khi d6 .•w-1 co the 
b~c O(t3 ), O(e2) ho~c th~m chi O(o) 
thuQc vb.o s6 Rdn6n vfi bien dQ 
a:au ella nhieu phi tuyCn. (; day 

og ta se xet c<ic hUi to:ln tuo-ng tv 
· tro11g [2] c6 ke den c:ic nh?n xet 
1• 

B€ ti~n cho vi~c theo d6i chUng 
1hitc l~i rn¢t each ngan gQn each a:~t 
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toan. Gia sU c6 hai chat lOng nh&t Hinh 1 
dQ dtty, ti trc;>ng vrt dQ nh&t llhrr chi 
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L a hinh 1· Du6:i t:ic dt,mg cU. a chenh B:p trong -k&nh chitng chuy~n d{>ng song song 
m~t dlt t;Oc dQ c6 dJilng: 

U1 = A1Y 2 + Il1 y + 1 v&i 0,;;;; y "( d, d = h1 'h2 

Uz = A2Y
2 + B2Y + 1 vti:ri ·- 1 ~-¥ < 0 {1.1) 

ilg 00 Az = C.)Al, B2 = wBi. (•) = fl11fl2 (h2 yf; u (01 Ul Ci<.' d~.li luqug rra~ tnrng). Khi 
taco the bl~u dien ham dOng cUa. ehui0n t19ng hi kich ·ctVng Ul lp(x~ y, t) 0 d\1-ng: 

'"( ) _ ~ U,y + '!'
1
(x, y, tl 

1 x,ytt- ?. 
Uzy + 'l' (x, y, t) 

cho ch:H lOng tren 

chO. chat lOng du&i 
(1.2) 
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Btti to~n bien ae nghiBn C1fU 8\T bifin lhi8n cUa kich dQng phi tuyen <!~t vao 
ohay (1.1) bao g6m phuang trinh (1.4) va cac dieu ki~n bien (1·5)- (!.9) va 
cho trong [2]. B~ giiii bai toan ay \a dung phuang pb:ip nhi~u tl I~ Mng each 
ao c:ic bien rnOi _: 

1; = <(x- Cot);~= <2 l (1.3) 

d6 E dugc coi Ia bi&n G:Q ban a:an cUa nhihl, Co lil h:lng sO se d:uqc xac Uinh 
th:lt tW c:ic thOng s@ hinh h<!'c va v~_t l.Y ella b:li to:in. Tiep theo ta phftn tich 
dOng v~ bC m~t phan c:ich 0 dlil-ng: 

tpk(x, y, t) = e<p~(~, y, ~) + <2';'~(~. Y;~l +<3 'l'~ (!;, y,~) + ... k = 1, 2 

( 1,4) 

et l~i b~i toan bit~n trgn v&l c<ic bifn m6i (1.3). Sau d6 h·ong phtwng tri'nh va 
iCu ki¢n bi&n ta nh6m c:ic s6 h~ng clmg b~c theo c ta se nh$-n duqc dtc bi:ti toi1n 
luang U:ng & cac b~o o(s), 0(<2), O(e3) ... 

B~y gi& 11eu ta giii thiEH w-1e:
4 

..._, O(e:) (tlrc li 0 chff d¢ cbiiy v6i s6 Rcrnon nlt 
thi ta se th:ly di.ng bai toan b b~c O(c) se kh6ng c6 lbi gi:ii. Bieu nity c6 nghia 

ti Re rat be Sljl' ph8t tri~n cUa n hi~u phi tuyen khOng phil ho/p v&i mO hinh nhieu 
t:h&i giaih Ta xet tiep tru&ng hgp w- 1e4 - O(e2). Khi d6 bid toan b*c nhat cO 

~ a•q>' a•9z 
--'-= __ 1 = o, (1 5) ay• ay• 

a 'Pi iJ<p~ I arrf a • j = = 0; _j'__J_ - 0 (1.6) a[' ~y y=d a~ 
·-

iJy y = -1 

r = 0 ta c6: 
acp{ 
--= 
a~ 

iJ2m1 a'<p2 iJ3mt 
T1 1. '~'"1 

"'-- = -- 0}-- = iJy2 ayz , iJy3 {1.7) 

Di~u ki~n d¢ng hi!f'c c6 rl:~ng: 

a~l 
a( = (C, - 1)E1 , (1.8) 

Bii to{m b~c hai nhu sau : 

iJ'jlk l 
- u;: 8; .:1 ; X1 = y fw, x, = 1 (1.9) 

~ ·~ 
iJ'jlll iJmZ 

= ay y = d = 0, ~ = 
8'i''l .· -- =o ay y = -1 

(1.10) 

iJ'cp l ) 
+ --'-. = (w ~ 1 rol -• m2) ()y3 • Tn Tn ' 

(t ·II) 
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am1 az<pl ) 

- ~ + E, il~ily 

Biu toan a b~c O(e 3) bfty giir bao gilm : 

a• • [ a''l'' a''Pk &q>' a3
7• a:: = ReX, m' - c,> a~ayz + v~a;z + a; . a~a;z -

y = 0: 

§ 2. PHU"O"NG PHAP GIAI 

Cnng nbu trong [2] b8.i to§m b~c nhat c6 d~ng IOi giili sau: 

'l''f = Po(y)E,(~, 't), 'l'I = Q,(y)E,(~, -r) 

3 3 

(1 ,J 2) 

(1·13) 

. (1.14) 

(1-15) 

(1-1G) 

g d6 P(j)(y) = E aen yn, Qo(y) = E bonYn vCd eilc h~ s6 a on, bon xac d~ 11h duy 

n =0 n=Q 
1
• tl!r cac ctieu ki~n bi¢n~ 
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L&i gi:ii ella bid to:.in b*c hai cO the viet nhu saU : 

'I'! = P1 (y)Ez + Pz(y)EI + P3(y )E1 t + So(y)EJm, 

'!'~ = Q1(y)E2 + P,(y)Ef + Q,(y)E1s + To(y)Elm> 
3 3 

P1 '50 Po, Q1 :::::::: ~oj P2 = L a2t~Yn, Q2 = L b2nyn, 

n=(} n=O 
3 3 

P, = L:(a,.y• + 0:3ny4 +•), Q3 = L (b3nY 0 + j33ny4+•), 

n=O n~ 

3 

So = L Sonyn, T 0 

n=O 

g d6 c:ic h~ s6 ella c.UC da thl1'c tnln ducpc x:ic d!nh dny nh3:t t.tr cite diGu 
(1.10) vit (1.11). Pbwng trinh ti~n ho, cira Et nh~n duwc lir (1·12) Mng 

I 1 . . · <p1 , tpz vao no: 
1 Et.,. + bE1E1t + a3oEt" + sooE1tttt = 0 

g do b = B1 + 2a10 + 2ao; 

(2.2) 

}{i~n 

d.ch 

(2.3) 

S kh . t' 'l 1 1 2 . 2 l . h' t' d au 1 1m c u(j)'c !ft, CF2' <fl1 Vli 1'{12 a co t e 1m ugc l&i giai cUa b:ii toan 
ba a dg_ng: 

<p~ = P,(y)E3 + P5(y)E1E2 + PG(y)Ef + P7(v)Ezt + r·s(y)E1E1s + 
Ps(y)E1" + s,(y)EtE1m + sz(y)E•tm + s,(y)Ents (2.4) 

t t!11'rc cua <pj(~, y -r) tu:ITng l\f nhu: cp\ chi !hay Pn thanh Q,(n = 4- 9) vit Sm thahh 
m = 1- 3). 6 d:!ty ta c6 P4 = Pe, Q4 a Qo, P7 = P3, Q7 ==' Q3, S3 = S:~~l' T, s T.;.1 

3 3 

PJ = L aJnyn, QJ =[ bJny• (J = 5 - 6), 

n=O n=O 
3 3 

pg =I: (asny" + as,y•), Qs = I: (bs.y• + j3s.y•), 

n=O n=O 

3 7 3 7 

pg = L agnY0 + L ~9ny<+•, Qg = L b9ny" + L ~9n)' 4 +n, 
n=O n=O 

3 3 

s1 = L StnY 0
• Tt = I: TlnYn, 

n=O n=O 

3 

12 = L (ta·nyn + V2tly4+n) 

n~o 

n=O n=O 

3 

s, = '[ (S2nYn + U2ny 4 +n), 

n=O 

Tat ca cite h~ so cua c:\c da !hire tren deu drr<(C He din~ duy nhiit tlir (1·1f) 
(1-15). 
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f)~ nh~n dugc phunng lri11h lien h6a cho E2 ta tbay ,t ~1, 11'~ vito (t.16): 

E2-r + a3oE2~i + ~oo.E2 H~~ + cE1E2t + cE1tE2 + eEi£1 ~ + fE~~ +~ 
+ fE 1E;<S + gE1tEI!<t + gE1E1;t<S + a90El(St + s 2oE:sa<t< = 0, (25) 

g d6 c = B1 + ::1 01 + a 11 + <.150' e = At·+ 3aoz + 3a21 + 3a6o' f = a.5~ + a80J 

a41 + s1o 

§ 3. PHAN TICH PHUO'NG TRINH TiftN HOA 

Ta xel ky phm:mg trinh (2 3) va (2.5). Phuo·ng trinh (2.3) khac phuo-ng trinh , 
0 trong [2] a chO n6 cO thl}m sO h~ng Suo El;~~s do c6 tinh ·cH~n h,rc di,ng be m~t­
da nOi a ph3.ll dau. Nhu d1i bier, phunng triuh (2.3) kl~ong c6 s6 h:;wg trCi1 se -lit 

-111g lrhh Eurger vt\ nghi~m cUa 116 tfil dan khi "T- = n~u a3o < n ctl>n r~u 

> 0 L·i rghi~m d6 se kh6ng gl&i n<)i J...hi -r ......... o.o. B~y f'i<'r ct Un;s- tn se chi ra r3iig 
ding be m~t c6 l:ic dl,lng lam tilt nbfrng chfin dQng c6 hu&c sOng nhO han m¢t 
:ri nao dO c& khi a3o > 0. ?du6n v~y ta Xet 11hlrng kich rtQng he m~t n:lm trong 
cac ham s6 tuan hoan theo ; c6 chu kj 2L. Khi dO 11hftn hai YC clia (2.3) v&i E1 
ich ph&n kCt qua theo ~ hr 0 dCn 2L tR.. co : 

2L 2L 2L 

-- --E1dc, = a30 E 1<ill<;- S00 . St[Sdc, "J.1 ,, J"'" J2' a.,. 2 
(3.1) 

0 0 0 

Vi Ia lu6n c6 soo = <2W-1d3(d + w)/(d4 + 4d3w + 6d 2w + 4<)w + w2) > 0 
tt!r (3.1) mQt Ian nii·a ta th:ly ki_ch dQng phi tuyen se, ult nCu a30 < o. Bly_,g!& giii 
50> o. Ta c6 Et(~, ~) la bilm tuiin 'ho>n theo ~ non E1s va Els< cung IA cac bam 

ho:ln theo ~ v&i chu k)r 2L, ngoai ra chlmg cOn c@ lh&m tinh ch:lt : 

2L 2L 

J E1soi~ = J Et;;ct£ = o 

0 

o ct6 d~ dang !My r~ng : 

2L 2L 

s E!s; d~ If 
0 0 

Khi d6 tir (3.1) ta suy ra 

2L 

0 

_!_ J E2 d~ > 0 n~u "' s,, -
8-r 1 L 2 <13o 

0 

~2 (a IIi h~ s5 s6ng) 

2L 

Iva~ f 
0'< 

0 

t~. 2 /a'l;, > 1, trong d6 oc; = a3ofsoo· Bieu r:ity c6 nghia 1& nt?u bu&c s6ng 2L ella 
u nhO hem 2L,. = 2rt/rz* tbi nhi€u se tiit d3.n, tire I~ d'Ong chily On dinh phl tuy~n 
neu btr6c s6ng cUa nhi~u 10-n hnn 2L* thi d<Dng chJy mat l'Jn dinh· :DO chinh H. 
!'@ ella l~,tc cang he ml!-t trong vi~c giil: On dinh cbo &ong chiiy· 

Rlly ta xet phuung trlnh (2.5). TD e;i1ng gii thiet E2 1:1 ham tuan hoan t2eo 
c i,u k)' 2L. N him hai ve cUa (2.5) v&i E 2 vel~ tich ph&n theo ~ _t r&n m¢1 chu kjr, 

mQt s6 phep bien d(H ta r~6; · 



. 2L 2L 2L 
a S+ E' c;l~ = J (a;0E~< - SeoE:H) <Jl~ J 3 + (eE

1 
+ gE,E,m + 

liT 2 

0 o· 0 

I 
+ agoE1S< + S2oE,t<«) E,td~ (3-2) 

a xet cac kich il(>ng phi tuyen c6 bu&c song 2L < 2L* thl tich pMn thl"r nhiit 
(3·2) se lh mQt dQ.i luqng am. MlP khilc neu bu&e sOng ella E1 ciing nhO han 
hi tl"r (2.3) Ia d~ dilng chirng minh iluac r~ng cling v&i I E 1 I ~ 0 Ia con c6 
~ ! ~ 0 khi "' ---+ oo, trong d6 EiNt; lit d~o bam b*c Nella ~~ theo ~- Khi d6 ta 
e thdy ding tich ph~n ihU hai h·ong (3.2) ciing se _,. 0 khi 't' --. oo, v:l nhu v*y 
I E2 I - 0 khi " - "" tl"rc lit G!ong chiiy 5n djnh phi tuyEn. 
Tru6ng hwp W-1e 4 .._ O(e~) hie Ja khi Re khci l6i1 ta c6 thC th3y ding hai phuO'ng 
ti&n h6a cho E, vi1 E 2 h\c nily giong nhu trong [2] chi khac !il trong phucrng 

cho E, con c6 !Mrn so h<mg s00 E1 ";< vit do d6 cite kiit Ju~n chinh trong [2] hoan 
th ich h<jrp cho !ruong h<jrp nay. 

§. KET LU~N 

Ket qua nMn duqyc cho ta !My lvc cling be mat gifra 2 lap cbiit long khong htla 
~6 tac d\lng d~p tit! nhfrng kich d()ng phi tuyfin c6 bu&c s6ng dil nhO. Tr! · s@ 
bu&c s6ng t&i h9-n d6 gi8.m nhanh t&i kh6ng khi s6 Ranon cila dOng ch3y tang• Do 
& nhfrng gi:l trt Ranon tuang d0i l6n vai tr@ gift ()n dinh cUa h,rc cang be m~t 
kh6ng d:i.Ilg H- . 
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'RAN VANTRAN, NGUYEN TRUNG HA. Ve on i!inh ciia m~t ph:l.n each gifra hai cMt 
Ong nh6't cling chuy~n d¢ng tJ·ong kenh phfing, Pbi:in L B3J tm~n tuyen tinh. T:;tp 
hi Ca h9c s6 3, 1988-

'TIAN VAN TRlN. ve &n dfnh cila ~m~t phan c2ch gii}a h3i. chat lOng nh6t clmg 
.huyen d9ns lrong k~nh phling. PhUn 2~ bai to:in phi luyCn· T~p chi Ca h(j)c s6 3, 1989 

SUMMARY 
NONLINEAR STABILITY OF CO - CURRENT FLOW OF TWO 

VISCOUS FLUIDS IN A CHANNEL 

t'--'onlinear instability of the interface betwenn t'.-VO viscous fluids moving .in a 
nnel is considered, It is shown that the interface is stable \Yith respect to the 
te disturba;:ces, the vmve length of which is less than 2L*' where L:" ls determiiH'td 
the geometrical and physical parameters of the problem. This result is due to the 
~ct mf the ~;urface tension· 

I 
.l 

l 
' J 


