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§I. MO HINH TINH TOAN 

Trang <!JU§. trinh nghi&n cUu dQng, c<lc pbuang ti¢n giao th6ng duqe thay bang 
_d_c m6 hi11h don giJ.n. 

Trong tr;.H':tng ht;rp tiii tr¢ng 
c1fln? Lp-0-n,j ~jo.c:, ,.,_-,0 hinh dOng ella 
f,·,::: .'.:c t 'H i•/ 'c:; L(l .-._<(1:~ ra.1 ;,en 
,.,;··. Y6-: l':!_1t· tn.:._n --~ii ,_\ll'·,;~· ,:u--rc 
:>:r:m L L':-L .lU I,h3n,, 6: 0~111 .. @i. 

'• -----~ -e -~--~ - -~- :;=-, 

ChU.ng Ll nghiE\n et'ru n1~\t k€t 
cd:u rlon giih1- cUa 3 thanh dQc ducvc 
dUng b toa xe bu hOa. V6i m6 
hinh t;·gnt chl!ng ta gia thi@t rang~ 
ca·~ thanh <il9c b gam toa xe B ciu: 
phAn ti'r c6 chH~u_ @hi b~i'ng chie1u 
da:-~tht'c te c·Ua kft cfiu; _c<.bn cac 
tb_,nh ngang cUo gam ton xc ducJ)'c 
thay bang mQt rn6i tnrO'ng C!ttn 116i 
phan b6 li&n 1\lC. [3]. H¢ s6 'Yo cUa 
m6i trm'rng d3.'1 · hOi lien tvc 
nay 1~-: 

Trong d6: 

! 

Hinh 1 

Yo= 
48EJK 

ba 3 

EJrr- B¢ ciTng chOng u6n cUa thanh ngang. 
a - Be r¢ng cUa toa xe. 
h- Khoang _each giiia 2 thanh nga1:g· 

(!.1) 

Trong truc'rng ho/P nay, chltng ta gi:i thLH r3.ng, d¢ clrng ch6ng u6n EJ e-lla 
thanh d<;>c lit hii·u hljl.n, cOn dQ clrng ch6ng u n Eh c_·ila 2 thanh dye hi&·n H1 v6 h~n, 
nghla lil. thinh bien clw toa xe duwc xem nhu v{tt din· Nhu v~Y; m6 hinh gOm v~t 
din tuy¢t d6i lien k~t v6i dam d~m hOi bang m6i truCrng d;1tn hOi du(!Yc xem HI s1,1· 
gan dUng Cl3a toa xe hil.ng mui kin v& cua toa xe l!h:icb {Hinb o. 

" 
§ 2. PHUuNG TRiNH CHUYEN' DQNG 

' . . 
Xet chuyer;. dQng ctin mO hi;rh phting du6i Uic ci1,1ng cUa t3.i tr<;ns d¢n.g dye 

tn,1c (hlnh 1). Dam chju ll!c dQng clcpc trlJ.c: 
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Trong d>~ IX,~ c:.lc thaffi s6 hu s6, d.c th8.nh pbiln hang s6 vi bien s6 cUa ngo~i lt;tc 
duwc cho theo ct, ~· <:P(t) l:i him cl1a thCri gi::m. 

Du6i tac crlvng ella P(t), hH cau bj dao dQng, do dO, crr&ng d¢ cUa ph8.n hrc 
duqc, hinh th3.nh trong m6i trtr6-ng dim hOi lien tvc gifra V0-t ran t-uy¢t d6i va dilm 
dan ·h0i se b~ng: 

12.2) 

Trong d6 V t(x, t), V(x, t) dm)ng cong O:Qng cUa c:ic dQ v6ng c1ifl -v$.t r£n va eli a diim 
O:an h-Qi. ChUng ta biCu di~n duOng cong !2lia cac d¢ vOng 'ella dB.m 0:3.11 hOi du&i 
dang chulii : 

Y(x, !) = L fdthr<:<x) 

K=l 

b d:ly fK(t) bi0u cliGn barn chu3 .biC t ella th0'i gian. 

YK(x) Ia d::mg thl:r K ctia d:-to dQng rieng ella d8.m g6i d&n hOi. 

(1.3) 

a) Khi ngh i€n clru rieng v0 dao .dQng ph&ng cU.'l vBt r~nj 'cht'mg ta giil thiet r~ug' 
vat dhi c6 2 b<.\C tu Jo, v:':t vi tri c-iiu n6 duac di;io.:; trung L(ti 2 toa dQ. - G6c quay fP 
vi chuy'&n v~ .thhfl.g dU:ng Vs. cUa tr9n.g l&rn ~t·Ja n6j chlu1g J2u la· hUtn cUa th&i gi<~n: 

I' = <p(tl, v, = v,(t). 
Trong trm'mg hqp nay 

V1 (x, t) = v.(t) - (x - a,)l'(tl (~.4) 

(; d~y aa t9a dQ tr9ng t:jm cUa v~d db. Xu5t }Jh~tt h'r c:d.c di~u ki?n tr~n chlmg ta 
thiet l~p phuang trinh chuy~n dQng cUa v*t din Gu&i d~ng ma tr~n: 

SX + l{,:S: = l'(t) (2-5) 

d6: S =[ Mo G ]; K, = ['" "" ]; X= [V,(t)l; F(t) =To[ 
0 Jm a 21 "n. ~(t) 

Trong 

.l\d 0 - Kh6i luqng r\Jt gQn clta v~t d'in. 

Jn1 ·- lviO men qu~n tinh ciia V~lt rfl:n d6i v6i trvc quay di qun tr9ng t:\ffi ct'1a n6 

v&i '" =·Yol; a, 2 = a21 = - ..::!..£.. (1 2 - 2ad); azz = ~ (lS- 3a.l 2 + 3a;l); (Z.G) 
2 • 3 

f 
;• = [~,. ~,. ;,, ... ] 

yt* = ( IJp 'fiz, .TJJ, ... 1 
(2.7) 

1 I f yj(x)dx ; 'li = J (a, - x)y;l x)clx (2 8) 

0 0 

b) Trong quit trinh nghi€n ct'lu clao dQng phfi.ng cUa Let d.u, dUm d9c gifra du(!Yc 
xem la diim g6i din hOi, v~t phuang trinh vi phUn dao dQng ella d8.m d6 duwc vi~t 
du6'i d~ng: 

a•v 
L(x,, t) = E.! &x• + 
(; d!iy Vt(x, t), V(x, 0 - BQ vOng cl1a v~t rtln y~ dam d.itn hOi; 

EJ = const - DQ clrn:; chOng h6n cl'w d8.n1 d8n hOi ; 

f.12v mW Lt;rc qu~n tinh pbfln h6 phAt sinh rJo d!.Q.O (l?ng 

15 



IV 
K -- - Pbdn h,rc pb~n b6 phat sinh do rna sat va b~ giam cMn· 

lt. ,. -

P(t) lx: ·- Ll!c phAn bo phil! sinh do tai trQng d¢'ng oi 0c trvc 

Yo(V- Vo) - Pharr Il!C phln bo ella moi lrtrlmg ditn hlii li~n 1\lC 

q*(x, t) - Ll!c ph~n b6 luang cltrang pMt sinh t~i ci!c g6i dim hOi 

Chimg ta urn' nghi~m cua phurmg trlnh (2.9) .!tr&i d~ng cua chuoi <2-3). Coc d~ng cua 
dao fi<)Iig ri~ng, nhu da biet, duqc tr1JC giao vi.t. thrqyc chu~n h6a, duo/c bieu dien bling 
quan h~: . 

1 

I =t(i=j) J :"yt(x)yj(x)dx ( 

= 0 (i =!= j) 

(2-10) 

0 

pMn tr!li cua phuang Lrinh (2.10) bi~u thj 1 h~ l,rc dnh~ng, nhu v~y, c6 th~ irng 
lllt.ug nguyen lj c6ng 3o dOi v6i n6. C6ng 3o ctia 1 h~ h.rc c~n bAng b3ng kh6ng~· Chlmg ta 
se U.y d.c d~ng dao dQng rienj;{ yj(x), (j liiK 1' 2, 3, ... ) 18.m chuy@n Vi ao. Chlmg 1a_ nh*n 
dugc toin bQ c6ng· ao bang phep tich ph~n theo toan chiiSu dai ella dhm: 

I f L(x, t)yj(x)dx = 0 (j = 1, 2, 3, ••. ) 

0 

Sau khi marig (2.3) vit '(2.9) vao (2-l) va sau khi dan giid-1 h6a !a co: 
I 

J a'v 
EJ --

4 
Yi(x)dx = &>Jfjlt) ax . 

0 

b d~y 

"'K - T~n so vtbng thir k ci\a dao d¢ng r!eng ci\a dam dim hoi· · 

trong d6 

lrong d6 

16 

I 

J P(t) -a•v Yi(x)dx = - wf" [«aK + ~<f>(t}bjK)fK(t) 
ax• ~ ' 

o K=l· 

P Jl d2yK(x) 
•iK = - _w_i_ . -=--"d-"'x'-'-2~ yj(x)dx ; bJK = Yj(x)dx ; 

0 

(j "' t. 2, 3, ... ) 
I I 

f a•v 
m --, YJ(x)dx = 

lit I f av df·(t) 
K - . y;( x)dx = wfbj - 1

-
at ctt 

0 0 

k 
hJ = --=-=

2
-, (i = t, 2, 3, ... ) (k ~ h~ so tAt dh) 

mwi 

I 

Jr~. V· nlxldx = "'~gifj(l) 
Q 

(2.11) 

(2.!2) 

(2.!3) 

' 
I 
~~ 

-1 

;i 
•j 

l 
;j 
}j 



trong· dO 
Yo gj = --2 '.<j = 1, :;!, s, ... ) 

mc.u i 

- cb{m::; ta tiCp ll.IC x:ic dj nh th:iL h pi.din s~{u ~ 

I J q*(x, t)yj{x)dx 

0 

Khi dao dQng, phin l¥c ph:H sinh G gOi d<in hOi thlf i se b~ng: 
1 

-- V(a;, t) 
Ci 

trong d6 ai- 1'(j)a d¢ ella go1 thi:r i, 

V(ai, t) - BQ v5ng d:Qng ella dlim 0 g6i thU· i, 

Ci(CmfN) - Hhg so 16 so cua g6i lhir i, (hinh 1) 
theo nguyl!n l}r. c6ng ao, ta ct'.. quan h¢: 

l J q*(x, tlyj(x)dx 

0 

m 

= " -
1

- V(ai, 
/_; Ci 
i=1 

(2.i5) 

(2·16) 

a cUy m - So g6i dim hOi ; 
yj(ai) - BQ vOng ella d3.m & g6i din hOi thtr i, tuong' ling vtYi Hin sO ri€mg thU j 

Ti< quan M (2-16), chimg ta nMn du<iJ'C : 

trong d6 

I J q•(x; t)yj(x)dx = w~djfj(t) 
0 

1 
dj = -,-

"'i 

(j = !, 2, 3, ... ) 

i=l 

Tbeo '!uan b~ (2.4) vil (2.8) thanh phiin san illy b~ng : 

l s YoVt (x, tl • yjiX)illx = Yo V,(t)~j + Y0'f'(t)'llj, (j =I, 2, 3, ... ) 

0 

Nhu Y~Y· khi thay cac thcnb phiin nh*n drrgc vao (2-11). chimg ta nb~n dugc 
pbuang lrinh rna tr~n sau: 

of + H- + [E + D + G- rxA- ~<l>ttlB]f = 
dl 

= C~Y 0V,(t) + C~y.'l'(t) 
irong dO C, H, D, G- Cric rna tr?n cb.eo, 

E- Ma tr~n ·aan vi, 
A, B- cac rna tr~n vu6ng 

L ~. 1J - Coc vee la [2, 4] 

Chtmg. t'~ d:ln vao c;ic kJ hi~u : 
K = c-11-l - Ma tr~n cheo 

<l>(t) = c-1[E + D + G - IXA - ~<l>(t)B] 

2-160 

(2. !8) 

(2.19) 

!2.20) 
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<I(!;) - Ma tn)u dili :.U:ng, phl) thu¢e '<'iiD thi:rt gia, liw Jl).y phu"·ng trlnh (2.t8) c6 •hng: 

(2.21) 

l'llr phu&~g trinh (2.§) vil (2.21> ~hflng ta nh?" Olro/t ~~~ pbuang trinh chu~n dqng 
<Oca k~ t eliu phiing (hinh · l) du&i d~ng ma tr(ln : 

0 

0 

Jm 

0 

v, 

'P 

f 

r o . o 
+ 0 0 

0 
1 r ~ · 1 [ .. 

11 

0 j j ~ j + az, 
rr lr -roe 

-Yo'fl* 

<ll(!) 

§3. GIA.I PHUO'NG TRINH CHUfEN IH)NG (2.22) 

BI:tN DO DAO DI)NG 

Khl dung gia trj riong ttng oruat v> vecto· rl&IJ.g tt>ng 'Iu>t [5] c6 til~ d~n h~ 
\2·21!) v'e m(l.t h~ plmang trlnh vi - tich pl!:ln : 

d'f df 
C- + H- + [E + D + G - ocA - ~<l>(tlB]f = 

dt2 dt 

n 

[ q;cos 1/l:; t + Q; f =I: 
i=1 0 

Trong d6 _E. - S6 b*~ tr.r do ella v$-t din, 
...fAi - TB.n s6 dao d¢ng ri&ng ciia v?t riin, 

(j_fi - cac vecta, 
Q;- Cac rna tr?n vu6ng [4) 

H~ (3.1), n61 m9t cich chinh xac, la v6 h~n· Nhung b di!y chlmg ta h~n che 

hOi 1 sO hfru hq.n ella c:ac phuang trinh vi tich pharr, mOi Ian ch~n sO nay, s6 n:lty 

phv thw)c v&i y~u c~u ella dQ chinh xa.c cU.a tinh toan. 

Khi siT dv.ng rna tr¢-n dlp mQt, chlmg ta cUng dq_t t&i dQ chinh x~c thOa ma:n 
doi v6i tinh loan thvc te. · 

D~rfl vao phtrong trinh thulln nhat tuong Ung- v&i h~ {3.1). Trong tru(rng hgp 

¢l(t) li! ham chu kY cUa th&i gian, ch(mg ta x~c djnh dtrqc m~en m5t On djnh d¢ng [1], 

[2] .. Phuong trlnh (3.1) du:c,r~ giai nhiY phu:ang ph:\p bien phan clio faJiepKHH [t, 4]. 

Tren ca sb gi:ii (3.1}, chling ta xitc dinh qnan h~ gifra Hln s0 ella tiii trQng d(Jng 

d\l)c tn;1c v&i bi6-n dQ dao dQng elm dam d&n hOi. Nh& v~y, kh8.o sat duqyc dtc yeu tO 

chinh ilnh hu&ng" den gi'<i i:rj bi<?n d¢ dao dQng clia di:lm dQc gitJ:-a. trong 1nien c:Qng 

kuO:EJg tbarn s6. 
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§ 4. THI Dl} 

Tr€n CO' sO phuang phip da duqyc nghi&u cUu a tr~n, chllrig 0 tinh toS.n tl 
dQng ciia 1 Loa xe thvc : 

Cic sO lHu: 

G.:= 50 tin - tr9i1g luqng toa xe. 
4 

L = 2.000cm - toan cht,eu dai loa xe. 
i" 2 

Lt = 200cm - khoang c:ich tlir mllt l. ~ 
dam den gOi din h0i. 

J = 6.000cm4 
- mOmen qu:in 

cU:a diim 6lQc gifra. 

tinh 

8 
I 5 

• 

r0ZmJ' . 

' 
I I 

' ' 
' ' ' 

\· 
\ 
i 
~~ 

Jk = 500cm 4 - m6men G[U.:m tinh ella 

d3.m ngang. 

1 
,; 
: ' " ~i 

\ 

a = 300cm - chiCu rQng ella ion ::s:e. 

b = lOOcm - khoing each gifra 2 

thanh ngang a gam toa xe .. 
\ 

3 

8 

§ 

I 
ll ~ 

I' ..... "'"' 

;- i 

/ [\ \ 
.'/ \ i 

'If \ I 

1'\ 
.k = 400N. S{cm.·- h~ so can cua b¢ 

ph~u ch@:;:g rung. 

1 
q 

1011 1148 f4 61!'1 61 'If! f8l Ill q({fl 

f = 0,8 + 1,251/s --tan sO ella dtc 

16 XO dl.Io/C frng d\lng (y c:ic toa 

xe khAc nhau. 

Hi11h 2· Bi~u dO bien d¢ 
L = 2.ooo~m, L1 =200cm, J = 6.ooocm4.E= 
= 2:t.toN/~ffi2,·n, = s6s- 1 ;·v~., =·zs;5s-•; 
(1) y = 6438N/cm; (2) y' = 14486N/cm. 

Trgn Co, sb nghiem- clia phuang trinh (3.1), chUng tn nh{tn du<jrc <qU:an h¢ gifra 6 
(tan s6 tili tr9ng dQng dQc trvc) v6i bien <1¢ dao dQng ngung ella &am dcpc gifra d6i 
v6i toa xe th¥c tren. Quan h¢ niy duqtc bieu clien ti·en hinh 2· 

Dia chi : 
Tr~timg dqi h0c Bdch Kkoa Dil NJng 

Nh4n ngdy 15-10 1988 
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