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VE ON DlNH cfrA M!T PHAN eAcH GIDA HAI CHAT LONG 
CUNG CHUYIN D()NG TRONG KENH PHANG 

. PHAN II - BAI TOAN PHI TUYEN 

TRAN YAK TRAN 

Trong bai nay chtmg t6i xet On d!nh phi tuy~n cUn bii toim di;it ra a § 1 ella 
phl:i11'I· Slr dv.11g phuang ph.:ijJ nhi~u ti 1¢, chlmg t6i ffa nh~n dugc ptunng tl'inh. tHin 
h6a cU.~~_ nhiEiu. T1ir d6 cO th~ ket lu?-n khi l?ao thi nbieu b8n d2:u c6 bien d¢ hi:ru 
h~n se_ t~t ho*-c tling, tiry thuQc vilo thOng sO hinh b_(jlc va co hQc ella bfti to:in d~t 
ra· M(~t ·sO tinh td:ln ·cv thC c_ho. C:lc 'thong s·6 d6 cling duqc dua- ra 0· d:tty-. 

~l. fih BAI TOAN 
"1 7' 

Nhu chtlllg ta era biH kH qUa cUa- b:!d to :in tuyen tinh chl cho ta Ciit;u ki¢n dU 
dB d@ng c-h<iy mH On d!nh Han ihC nfra bii to8.n tuyCn tinh chi c@n c0 hai :--el.J ·di~m 
13. : thU n hfit n6 ~h6_p.g J?hv- thu9c-~"\":ao &ieu ki~n ban d~ll .-c~a nhi~u, thlr hai nhieu 
U.ng ho~c·tat theo quy lu~t _bam s6 niU theo ml}}i th_Ui gian, are_u nay rO rang la khOng 
dUng vbi thvc H nhl1f 1~' tii.mi -tTlrung :tqp .ddlng -Ch<iy: ill at On dinh· Be kh~k phvc 
hai diem d:b nguiri ta da xay d,vng lf thuyet phi tuyht y~u, bilt dilu till' nhfrng c6ng 
trinh (1- 3]. Cho aen hi~n nay chua c6 the x:ly dl,rng dugc mOt l;f thuyet phi tuyen 
ml)'nlr:cho ;ly<thuyH i'>n dinh ihiiy klli ngoai Tj thuyH phi tuyon yiiu va phucrng phip 
nan·g·hrgng• B~J"i.vlil-i dc'n):-g dHry ·c6 -m~t:tho2.rig h··::::~ ni~t-phan c:lch b3.1 toan·phUc i?P 
len- -niii!u-·-la.:n-.b.Oi .:l{f t0n--t~i the-m .-m¢f bi€n kh6ng xic dinh. -Ba i toin nay cho chUt 
10-ng lJ.tl.rG_ri-g (mat Ori tlinh' ·xelvin-- -Hemh6rixg.) G:a cO nhfrng· cOng trinh xay dvn.g 
ly clliU_ylit"phi tuyh y~u-.&M t6f .(.4, 5]· "Bli co rihii:ng co gil.ng xoy d>mg 1:? thnyet phi 
tuyk.n_ --m<:tnh chq:. tr,!'&-Iig-· hgp:.-nil.:Y xuat ph2..f tw. nguyen 1Y bHn phil11t song ket ·qua 
c6n.:.t!~n -:Ch€ [6}.:T0ng quan- -ve ··V.&n ae nay CO thC ;;;:em trong [7). 

_.~ ---fy d~y··-Ci-ii.J.llg··t8 ~~- X~·(::b~i toan .hai ehHm -:v~· ~m tiinh phi tuy&n yeu -cUa d&ng 
ch~y g0m hai ch1.i lOng IT trong 1:enh ph&ng· Nb.ieu_· Cr d~y ta coi nO cO bi~n d~) 
khOng phai li v6 cling be nh-u tr&ng hai toan tuy(-.il1 tinh, song nO cling chu:t phili li:J. 
lc'rn belt- k:f. Vi l,e d6 trong phlicmg trinh cling nhu dieu ki¢n bifm ella bal to:in ht se 
gifr l:;d cite;. s6 b~ng b:~c E

3 tr.b xu6n~ -va b(J qu.!'i UH cil cil.c ~.ci h:~mg b:!c Hr s 4 trO· H·n 
(E c6 the col la -bien ·a-o h::m d8.u cU2. nhieu). S1_-r i&n iiJ-i clw n ... 1e1; 1oQ.i nay cO th!:· hH~u 
theo hat citch n-hu sau: 0· ghJ, tri Re < R (R 13. sO Rcr-nOn t0i bon theo H- t:.u..-Ct · ec. · e~ · . . 
tnyfn tinh) nhi€u du·qc drr8 \'"3.') dOng ch3.y Y&i biCn d<) ban oau-- E cCm vrir·i Re > ne* 
thi nhieu v6 eUng be b8.t dail thug kbi dOng chi:· mfit (·;n Ujnh· Sv gia Uing bien OQ 
1u:ln theo qui luat him s6 mii. va san mOl kho3.nr: th&i cian ld t1 n8.o dOl hi&n d9 UO 

t'l 1¢ v&i eetc;t1 ;3 khi d6 3rih huGnF cU.a pbi t~'vtin d; cU tile dung rO r~1 UE!n bl'rc 
C> ,. ~ • () 

tranh phit tri8n .Hep theo cUa dOng ch.:ly. L1k 0.6 ta cO the nOi z-- e'Xc!l1 va tifip the 
t~r lbD-i diem t 1 !r& di m6 hin'h phi tuyCn y6u se lam ·d~C· 
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1 cU<-'­
:l- ti!in 
) bfrU 

in dt).t 

ee lhu:,)n ti~n c.ho viec tinh tu~n Ye sau ll~Y, (j d~v t::1._ i~Y -,.-;~n tOe lrt>n b6- m~t 
phan .each Y8. d<) day lCrp d~&i lim d.c d;:ti-lugng d~c· t~ung. Kbi d6 m~t rilt v*n.tOc 
cUa JOng- ch3y chinh cO the Yi&t nhu sau: 

"C1 = A1.Y 2-+ B1Y + 1; ·o ~ y ~-d 

(1.1) 

At = - d-2 [1 + (1 + w/d)- 1 (wd-2 - 1)]-i = -(cl + U>)JJwlu + 1), 

A 2 = wA,, Il1 = (d2 - "')(dvl(ll + 1), IJ2 = U>Bt. "' = fl-1/f!-J, d = h1fh 2 (1-2) 

Giii · st'r dOng chlty (1-1) bj kich ll(>ng, [;t g(jli Utm (•J(;Jng cU. a chuyen d¢ng 1-a 
~(sJ y, t). Khi d6 ta cO the YiEl: 

I ( ). CitY+ <p11x, >, t) = \jl1 ; 
!+' ::;:, y, t = ? - " 

U. y ' 0-1 . ,. tl - ,j,_ • 
2 L , \XI . , ·-- 'f: , 

T~r phuung trinh :Nave-'St6c ta cO: 

'!](x, t) < y .:(: zi 

-1 < y < ·r,(x, t) 

a . aw a &w a . , ') 
- (V2'f)+ -' -(V'<jl)- ·-· --I,V~<;~ = "V4 o/ 

&t · a1 ax ax a1 · . 

(1.3) 

(1.4) 

% = 1 cho l&p du&i va x = wtyRe cho l&p tr~n (y =· p1 /2z) de dieu kie-n bi&n:: . ( 

. . a<l! N J 
dieu ki~n dinh tr&n thanh clrng --· = -_- = 0 

, . 8x OJ' y=J; -1 

c:ich [3] y = ·r,(x, l) 

iJ,j;1 . 8<];2 
. --· - = --'--

- '' (1 ,L . ')c=i!2 nx--•1:c ,nr , 

&<1 
--·-·-= 

8<{11 = 

ax 

dt 

8'1] =--+ 
8t 

. § 2. PHUO'NG PHAP GIAI 

(1.7) 

(1.&) 

(r.s) 

(1.10) 

(1.11) 

(2.j) 

' 



Bt)' gi& ChUng -=ta "·iH hi ]lh:uori;:! lrinh u.4) v~ -c~c dieu ki~n bitn (1.5)- (1.ti) 

-Hu~o t:ic biCn ;_. -; chUng ta. -se t .~~y .lnr&n_g hvp ~p = 1, ·q = ·:: la thic.:b .bgp -_;bbi -vi .khi 
do· T~huong- tTi-tlh ,.a a1eu lii~n-bi&n l~i-e~c-~h.;tc·-t·~"~·-s~-cho-ph-ep-·chUng· l~-.giai -b~n~ 
pLuong phiikp·-··l!icb bien 9if. n~u du'!c l<"ri _gi.ii giii deh cU;~_ chUng. 0 b*-c O~E-") t:o. nh:;m 
dU"IfC }(rj gi.li (1.1) 

i' b~c G{s.) tlil. c6 Dii tt~iw s2u: 

~'fi 8'q;: 
--~--~o 

ay• ay 4 

_a_Cf'L iJ'?~ j 
a; = EJy y=d 

-ig-f ».t:p:r I 
= 0; --- = --: = fl. 

- . o:, fJy y=-1 

i:!!--i y = 0 

'l" \ "" :' u'q-t ·n-:cpi 
w--='--

Oy2. . Os2 

t~i y = 0 

~.~ 1 
-B2-----

8~ Re 

E"" + (1 - C,)E,; 

">~~i roan ir b:?-c O(c5)c6 dqng 

84q;~ _ Yne [<u· .. ) .&''fi --·-- 1-c -+ 'r"' ~ " " a_.:;ey:z 

(2.1) 

(2.1) 

(2.5J 

C-8J 

(2.9) 

!2.12) 

&til' -·-' (2.13J 
8y 

(2-1i) 

{2.17) 



. ' 
d4?i 

u; za_yz 

a~~ aJ~~ -.--
iiy ~~Uy~ 

o4:;.i_ 

q;2fJy2 

acp; I 

=-.-~· =u 
.O~t .Y= -1 

tt_!i y = 0 

dH:u· kl~n dQng h~·c 

E2~ + (1 -" G,;JEj; + B1E,En +-B~E><E2 + 

a<p} !A<pf . ( a"'j . + E1~ -- + EtEra· -- = - -- + -E1 
. . cy · ay~ - o~ 

Bii loim (2.3) - (2~8) -Cho !a lrri giiii 

9i .:,._--0~.{~-,- -r)Po{y) = E1 f;J.oo 1 0 0r.Y + ao2Y 2 + ao3y3l 

q;t'=-Et(f, T)Qo(y) = E!(boo + il 0 1Y + hoz~P +' ho3y3) 

~ 2. 18 1 

i2.:UJ 

( 1.23) 

(2.2<) 

(2.25) 

(2.26) 

' jJ~ __ d3;y c:ic h~ 56 :l.on•- b-0~-dtro/C S{!c. Cf1nh 6luy nh:it ttr-d.c. dieu-. .k.i~n bit-n (2.~)- (2 .. 1:) 
trong dO ~ 

'•• =boa = C0.- t = 1B1(t- O>)d2w(1 + d)/[!2"' d' + 4d3w + 6d 2w + <tw + w2 ] 

(:!.~7) 

Tb:l}~ 9i vit cri vao h.ii toi1n r2.10) - \2.t6> ta tbay nghi~m elhr n6 c6 «;mg 

cp~.= P 1CylE2 + Pz(yJE\ + P•{y)El< 

'?i-~ Q,(y)E> T-Q%(y)Ei + Qs(y)E,.; (2.23) 



·C:ic h~ s6 al-k., b 2 k, aSk, bn., «3!., ~Sk bo:ln toan ~ac dinh m6l d.ch duv nba t tir c:lc 
ditu ki~n LiCn (2.12) - (2.1U). Do tllm qunn trqng ella h~ s8 a3o chting ta viH r5 bieu 
th\rc cua· n6 

~>o = [2N(w + d) - ~I(w - ct 2)]Q- 1 
; 

X = 1P1w + 2<l 3(q 1 + r) - Pz~w + ct 8 (q~ 3r) ; 

~~ = (3P ~ - P zd)w - (3q~ + qz)d2 
; 

_ yRe ( «>o d" ..L 0::31 d5 ...L «32 d 6 ..L a.3:> 1 ) Pi - ·- . I ' I - d j 

"' 24 120 360 140 

. = _ 'R e ( ~3o _ !>31 + ~31 _ ~l3 ) ; 
q, 24 . 120 360 s•o 

Pz = - -- ·--ol3 + --- ct• + -- d" +----. ct6 ; 
j'R e ( 0:.30 «51 o:n - "<>3 ) 

w B 24 60 120 

qz = ~ Re ( _ ~3o ·-f- ~31 _ l'>z +. {333 ) , 
•. 6 2. 60 120 . 

r-~ ("iaoo>ot+ laooB~ -.B,boo- boobot- F); 
6 

a:3o = --_~2a12aoo - ~~:;joo, 

«11 = 2B~aoz - 6ao>aoo- 2Aiao~; "'>> = 6B12o>; "'>> = 4A1ao> (2.21) 

d:~ Cho ~11: h. eO bi'eu thUc tuang. tv _chi thay ~,' B~, ttij thanh A2, n;, hij· 
'lUy gib thsy bi~u thUc cUg_ ~{ va 11i vao (2.17) chllng ta -nh?n dugc·phuang trinh liCn 
h6a eho E1 0 d~ng : - , ,. 

S - b' . d ep\ 1 2 't 6 tk' .•. b' .. ' - b a.U. 10:. 1 .hm uqc . 1, cp'J, cpl, 1¥2 a c ae g1a1 a1 toan a ~c o(o') bhg eoch 
tim nghi~m ell~ n6 a d~ng : 

<;'; = P .(:-)Es + P s(y)E1E2 + Pe(ylEi + P7(y)E2t + PB(y)ElE1t + Pg(y)Em, 

'f'i = Q<<ylE> + Qs(y)E~Ez + Qe\ylEl + Q7(y)Ezt + Qs(y)E;Et; + Qg(y)~t< (2.31) 
troBg U6 

k=G 

3 

I' a(y) :L "l'l\e 
= aal:Yk + ---

"' ka=O 

3 

k=G 

3 

k=O 

3 

L: "sky<+h, Qa(y) ~ 

k=6 

3 

k=G 

3 

2:: (b•kY" + J'\l;~s,yk+4), 

h.'"=O 

T 



3 7 3 7 

Pg(y) = L •skY< + L 0:9kyk+4, Qs(y) = L bgl.:yk- + L ~9kyk+4 . (2.32) 

k=O k=O k=O k=O 

T2.t c:i d.c h~ sO ::tij, blj, xmn, ,Bmn 0 tren d0u ducrc .xac d:~nh dny nh.:H tllr d.c 
dieu ki$n bien va qua cac h$ sO O:a. dmp-c x:ic ctinh ttt· tr~&c d6. 

Th~y cttc bieu thtrc ella flL cp\, ?~ vao (2.'25) chUng ta se nhan drrqrc phuang· 
trinh til:n h6a cho E2 & d;mg san : 

E2-r + a30E2~; +-(Bl + 2a 0 t + a5o)E~E~~ + (B~ +_ 2a01 IT a5o)E1~E2--;-

+ (At + 32o2 + 3auo + 3aat)E~E1~ + (a31 + aso)(Ef~ + _E!Et~s) + agoEls~~ = 0 bay la 

Gl [ ' ) E2 ., + -< a30E•, + (B, + 2ao1 + aso E 1E 2+ (231 + a 8,)E1E1< + 
<il• . 

(2·33) 

§ 3. M(lT S6 K~J': LU~N RUT RA TU NGHIJ1:N CtJ'U PHUO'NG 
TRINH TIEN H6A CUA NHIEU PHI TUYEN 

-Bay gii:t chllng ta sem:x~(dcai phuang trinh (2.30) va (~.33). Phuong trinh (2.30) 
Ia.7-phrrang~ lrin h. Bm·ger~-.-,N6~d:-~--:::dUQC cite nhit CO' hQC _va_ to an·- hq>c nghien cUu rat ky, 
vi dl,L (9]. Trang tru&ng. hqrp_:_)j:~ s~ U3:l > ol I E1 ·I tiirig,J~hong cO ~i&i ·h:;m va IDQi nhieU 
phi tuyin ban dllu dE!u maF_On· dinh· NE!n a 5o< 0 nghi¢m ella (2.30). khi t ~-co s~ 
ue·n,-·tai 0 ho~c: mQt const--=f=-:_9-~tuy lhu¢c vao trQ-ng thai ban diiu ella_ nhieu. Phuang 
trinh-~ (2.301 khi a3o < 0 drrac,?/'~"dl,tng . 

:~~fi~- 'IE1n + E1E1zc- 0 (3:1) 

b~ni~Mp thay bi'n z =~l;p;3~-;;~g d6 

· iL2'= -a,o, v ~ a2 /(Bi '+fzi!;o + 2ao1)2 = a 2 lq2 

Nghi~mc ctla (3.1) v&i gi:i. trj-_lfun itau E1(0, z) = f(zl c6 dang [9], 

(3.2) 

'T] 

~-

v&i G(Tt,-z, ~) = J f('l)')dr,' + (z -r,)2 /2r 

'. 0 
--··~---.. 

Niu :s:et .ti~m c*n cti:a (3.2) khi 't' __,.. oo ta se c6 

= 2L 

0 niiu [ f / < k val I f('T1)d1J I< 00
; ( f f(r,)ctT; = 0) (3.3) 

-co 0 
- ·urn E1'~• -r) =· 

., T~Ooo 2L 

r canst +o neu If[< k val f f(D)d-r; I= = (f r( r,)ctr, + o) (3.4) 

I -<» 
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I 
l 
l 
I 
J 

Tnr&ng hqp ta xet nghi~m cUa (341) trong l&p c6 h~m tulin ·hoan ·thco ~ ·y&i 
chu 1:}' 2L thi cite tich phin trong ·(3.3) -.-.a (3.4) duo/c Hiy h:r 0 dEin 2L· Ciing itt (3.2) 
h th~y lim E1; =canst< 0 ·trong .d. hai tnrc':rng hgp trel1• 

(3.5) 

Khi d6 trong tnrc'rng hgp (3~3) ta cO E1C;, =) = 0 va E1~(~, oo) =- K~ < o. 
So h~ng !tr do trong (2.33) se lien t&i (os1 + •so)K~· Theo dinh ly 2. § 1 rhurrhg Yl 
[10) la cO E 2 -+ E(~) khr -r .- oo trong d6 E(1;) lil nghi¢m cila phuang trinh 

. (3.6) 

De dang th:ly r~mr E--- cos(A~) h!c l:i Ez se tien Hri 16'i gUii dUng, tuiln hoan v&i 
chu ky 2rt/"A; ).. ~ "{bK2 /a2 t;·ong khi E1 _,. 0 

Neu nhieu ban iiau E1 (~. 0) thu¢c nh6m (3.4) ta se co El (~. =) = :K1 =I= o. Khi 
d6 s6 h(lng tv do lrong (2.33) se tifn Uri mQt hang s6 K3 va cling theo djnh l_t n6i tren 
ta se c6 Ez __., E(;) khi T-+ oo,, trong ao E(O bfty giCr la. ·Dgbi¢m. ella phuang trinh. 

-a2EH + !JK1E0 - bK2E2 + K, = 0 (3.7) 

NghHm cUa phucrng trinh nay set tren to~m b¢ tr1,1c s6 (-oo < ~ < oo) se kh6ng gi&i 
n¢i Til do do nhieu se mat On Uj.nh, dUng han lil bi~n d.Q ella nO sau rnQt kho<ing th&i 
gian nfto dD se d:;d dugc m¢t gia tr! rna n6 kh6ng cilin phll -hqp v&i l)· thuyet phi 
tuyen yeu. · 

"' - a3o 

n,ot Q,15E+O ~,14E+2 . 0,55E~2~ 0,15E+1 0,14E+3 0,56E+3 0,36E+2 0'57E+4 

0,04 0,63E-5 ,49E+O 0,19E-r1 0,63E-2 0,50E+l 0,19E+2 0,63E+1 o·,szE+s 

0,08 -0,18E-2 0,18E+O · o,s7E+o -0,15E-1 0,19E+l 0,38E+1 0,34E+1 0,14E+3 

0,1 -0,17E-2 0,13E+O 0,24E+O -0,14E-1 0,14E+1 0 25E+1 0,29E+4 0,13E+3 

0,2 -0,13E~2 0,36E-1 0,77E-1 -0.11E-1 0,41E+O 0,85E+O O,HE+1 0,86E+2 

0,-3 -O,IOE-2 0,13E-1 0,37E-1 -0,90E-.2 0,17E+O :o,43E+O 0,14E+l 0,69E+2 

(},4 -0,83E-3 0,60E-2 0,20E-1 -0,71E-2 0,91E-1 ~,25E+O 0,11E+tjo.58E-I-2 

0.5 -0,65E-3 I0,28E-2 0,11E-1 -0,54F-2 0,55E-1 '0,16E+O 0, 10E+l)0,51E+2 

1J.O 0,70E-6 0,19E-4 0,35E-4. 0,70E-3 0,19E-1 0,35E~1 o,7oE+o jo.35E+2 

1,1 0,11E-3 O,,SE-4 -0,39E-3 0,17E-2 0,18E-1 0,29E-1 0,67E+O 0,34E+2 

1,4 0,42E-3 0 35F-3)-0.90E-3 
' . I 

0,4iE- 2 0,19E-1 0,21E-1 o.eoE+o 0.30E-I-2 

1.8 0,87E-3 ;o,9JE-3 -0,81£-3 0,92E-.2 0,24E-1 0;18E-1 0,55E+O 0)27£+2 

2,0 0,11E-'2 0,12E-2 -0,64E-3 0,18E -1 0,25E-1 0,19E-1 O,~~E~O ,0,26E+2 
2,5 0,19E-2 0,21E-2 -0,55E -4~ 0,19£-2 0,33E-l 0,23E-1 O.ooE-rO 0.25E+2 

3,0 0,28E-.2 0,28E-2 0,62E-3 0,28£-1 0,401':-110,28E-l 0,59£+0 0,22E+2 

4,0 0,49£·-2 !0,-12E-2 . 0,21E-21 0,49E -1 
I 

0,53E-110,40E-1 0,74E+O 0-20£+2 
I 
I I Re=l I Re=1 Re=1 I Re=10 Re=lO He=lO He= 10(1 He=lOO 

d=0,2 i d=1 d=l,6 I d=0,2 d=l d=1,6 cl=Q,2 d=1.6 
I 
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Gul tri e-lla rr'Q theo cic th6ng sO hinh hQC v6 CO' hoc d:Uo/C cho a biing 1. Ta 
thiy & fle kh6ng I&n -u~m, v&i d > 1 ho~C d <-1 den tOn t;i nhung- gi:L tri c.) sao clio 
3.3o < 0. Khi Re tling a3Q < 0 chi c6 the dOi vcfri nhfrng gi:i tri d < 1· C0n khi Re IOn 
(Re >50), v&i mti)i d, (I) ta dCu c6 ::~3o > O. MQt diCu rit Iy thll li:. 'Ci m9i Re khi 
d = 1 t-:1 deu c6 a3o > o. Bieu na-v phll hqrp v&i ki'!t qua ciia IV thuyGt tuyen tinh Ia 
d@rig Ch<iy v&i d = 1, P1 = Pz mit :On d:tnh a mqi gia trj Re[li]. 

KET LU$N 

Ret qu8. Unh to :in IT dA.y mM 1.8.n n iia , cho chling ta thiy dOng chiiy cO m~t --­
phlln d.ch. rfit khOng On djnh-. Trong m6 hinh nily chUng ta thiy nhieu thu¢c nh6m 
(3.3) phU hqp v&i f nghla v*t·1y- han cit, do ti6 ta c6_ the ket lu*n I a trong trui1ng 
hqrp in:H On dinh tuyen tinh- neu.a~o < 0 d0ng ch<iy mat On d~nh d6 ,se tifn t&i tr~nu_ 
th.:ii (3.6) tiTc la d&ng ch_ar_dlitng v:'l. tuiin boan. · 
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SUMMARY 

INSTABILITY OF THE INTERFACE OF TWO VISCOUS FLUIDS MOVING iN 
A CHANNEL, PART II A. NONLINEAR PROBLEM-

In this paper, the method of multiple scaling is used for obtaining the am­
plitude evolution cr.ruations from the ·weakly nonlinear problem of hydrodynamic sta­
bility of co-current flow of two ~iscous flu-ids' in a channeL It. is shown that in 
the case of stabilility tbe, interface m~y evo}ye io some finite a-mplitude with_£e.riodi_c_ 

~-~_--steady state. , 
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