
Y<;rp chi Ca h9c l~f> XI, 1989 So 3 (trang I-t) 

ANH HUtJNG CUA QUA TRINH D!T T AI PHUC T~P 
TRONG BAI TOAN OI{ DJNH NGOAI G1Ul H~N 

DAN HOI CUA BAN VO 

BAO HUY BlCH 

Cho den nay cci>n nlt it cac- nghien clru ve m:?.-t l}· thuyet anh hu&ng ella <qU:i 
hinh d~t tii ·phUc tr).p -trong hai toan On d~nh ella biin vO ngoai gi6i hStn dan hOi'. 
S11 xu:it hi¢n lY thuytH qua tdnb bifin dSt·ug dan deo ·[1] cho phep nghien. cUu bai 
toin nay mQt each thilu dao han. Trong bai nt.y de -c~p aen -van- de neu -b·en~ 

§l. QUA TRINH B4,T TAl TRU6"G T6"I H4.N 

Gilt str vOi quit trinb d~t 'tiH -P~J.'rC t~p int(rc t&i h~n b·ong bcin · ho~c -vO t~i th&i 
diem t xuat :h_i~n tr:;tng thiti lrng su:H ph&ng. phi m6men · 

0':13 = 0'52 = 0'13- =· 0,. _ €32- = Et3. = 0; .. 

1 ( ) · 2 ·· ,. · . · z )tfz:·· 
lr=- a'il + 0'.2!' rru ·=-~ern·+ crzz._-crilcrz2-+ 30'12--.-. 

3 

Xem r~ng v$.t li~u kh6ng nen dl.rqc. ta c6 -

Nen qua. trihh d~t t<H tnr&c t&i h:;m Ia dan -gl<in kh3p n;;i -ra c"6 

N~n quft triilh d~t t9.i ph\:rc- t~p, ta sir d1fng h~ t~rrc ella lj CiuyiH <[U:i trinh bien 
d~ng d3.n deo [2}, trong lru&ng hqp U:ng sufit phfing n6 c6 -d~ng 

2 ·- - -· - O"k:-oidE:km 
Mii = - cr.,l.-(s) (d<ii + 3ijd<kk) -+ [<ll'(s) - rrnli(s)] "ii, (1.1) 

3 cr~ 
(i, j, k, m =,J, 2:) 

§ 2. PHUO'NG TRINH ON DINH · 

Gli slr sau th&i diem tk khi ti{p tl;rc _.vO cling nhO qua trinh CUit. tat ~B.n hnac 
'"0 bi vOng, n6 nh*n duqc bien d~ng _ thi<m 3Eij• DUng gia thiet phip~ tuyen_ th:i~g 
t~ viih ----------~---

Oqj =- Be:*i - z3xij 



----~, --------

Ou1 - chUyen dich them, Ow-- .a.¢ v&ng cUa mi'j.t gifra, Oxii- bien thi&n cliil d9 cOTI.f; 
dQ xoU.n m~t gifra lien quail den mat On dinh, :ki]'- d(J cong chinh cliu vO- (k 12 --= OJ 

Thea (1.1) hl c6 gia s6 irng :mat 

' 2 .. ( " " ' · ["'' ) . J GkmOEkm oUij =--·auk s) (o_sn-+ _ojjOEll) + ~ (s - cr-uk(s) aij, 
3 , - . -crfr 

Gia sO ci1a ITng lvc v:lt m6men ella him ho~c vO xitc dinh bll.ng bieu thll'c 

.. h/2 

OTJ; - J o~;;dZ, 
-h;2 

·cOn :.gia sO ella c6n:g th~y -a:Oi -· hlnh -d~ng 

trong .d6. 

. h/2 

OMJJ = f .Sa;;ZdZ 

-h/2 

Trang mien bie-n d~ng ·chii-~Qn-g·'-8W'-> O, &aii ·u~n h~---v6j 3Eii thea (~.1), -b-ong mien 
cat; Hi ~w'-< 0) .li~n h~ 00'ij~-.. 0Eij thea dinh lu*t.Hllc• .Bi&n pha.n c~ia _cac:_mi~n nay·zo 
xac djnh tllr h~ !hire <:· 

~<:: ·- ·zo~ ·= 0 

DUng (2._1), (2.2) tinh c:lc.bi~n thlrc ctia Ung H.rc va m6mert 

i5T;; .s ;!_ Nl(oo!; + Oijii"J:kl - 2_ N2(0X;j + ~;3><kk) + 
:3 . . 3 

+ ;;j[(P1 - N1l< - (P2- N2lk); 

9 * -2 O/vlij =--=- N2(3e*; + O!jO<kk) - _ N)ii><;; + o;;8><kkl + 
3 ' 3 

+ ~ii [(pz- N2 le - (P~ - N3l><], 
trarig a6 

h/2 

Pm = f <P'(s)zm-ldz = : l3G[ z:- (- ~ n + tlJ'(s) [ ( ~ r- z;n]l. 
'-h/2 

h/2 

Nm = J crukfs)Z"'-
1

dZ ~·.~ )sG[z\\'- (-: n + Suk(s)[ c r- Z~ ]I· 
-~/2 

(m = 1, 2, 3) 

(2,3) 



Til f-;2.3) va (2.6) tn. nh;?.n duqc phuang trinh ae x$.c djnh bien ella mien bien ~ng 
ch'U." d(>ng yit thV dQng Zo 

P,Zo - P 2 = 3Sij3Tiji2><·. 

Nh6 cac h~ thl.'rc (2.4), {2.5) vii. (2.3) ta Yiet cac bieu thfrc ella gia sO mOmen 

, N, , , 2 (· ;.<~ ) , . , , ) 
oMij = -- oTij T - -, - N.3 (oXtj T OfjOXkk + 

-_ N1 3 N1 

+ ;;;i [(Ns - N~ -i- p~ - P5 ) x + J._(P' - ~; i)· Sij3Tijia-u] {2.7) 
N, P 1 2 P 1 N1 · 

cac phuang. trinh vi ph!n CO' bin cUa biti toan On d!nh bUn vO c6 d<!ng 

83Tij · 
-- =----0, 

8xj 

azSMij + T!j3Xij + kij3Tii = 0, 
8ii0:Sj 

§ 3. ON DINH CUA BAN CHU NHAT . . . 

Chju nen hai p-hi~ biri l'lc thay a~i bat ky p(t) vi -q(t) 

a) Trqng thai irn! suC:it tr~ac. tiri -hC}n 

( 
' . ( ? -cu__ = - p t), crz2 = - q(t), cr12 = 0,. O'U =: p-·-~ p.q 

Tfr dly c6 the thiH l*p phuang trinh :xac d!nh dQ dii cung quy d:;w bien- d:;mg 

(2.&) 

~. = }- fj ~ft + ~~2 + ~1~~n')
112 

= F(s, t) (3.2} 
dt V3 \ . . 

Do d;tng c~a F(s, tJ phfrc t~p, c6 the g:i<li phrrang trinh .nay theo .sa dO 

F(S(t.), b), 



_b) C.ial bcli to on lin ·dinh cua ban vc7i gia thieLcua lliuiia_ STii =-0 
-P·h·u·ail-g -ti-inh xac djrib biC:n cac -mien biiin {:~ng C2·fi') dua ,,~ 

~ (3G- <!>') + 2Zo (3G + i!J') + (3G- i!J') = O, 

trong . d6~--Z0 -= 2Zo/h, sny ra nghi$m 

Zo = 
Y 3G - y(j)' 
VSG + yep' 

Gia s6 ·mOm en kh t dO cO @:,tug 

2M;j = -~ ( :: - N,) (Sl<;j+ SijS><<>l+Gij [ ( N,­
_Ta tin.h bi~U thUc 

-~- m• h- m• 
N5 -- -~ --= --_ -

4
- ~N, Ps -- Pz-

2 
Z0 = --_- ~t 

-~- 4 
trong do 

1 [ __ 3 < 1 -<p,c;)2(1-Z')2·J~ 
'fN =- 1 + ~N + (! - 'f'N) Z~ --- ' . 

0 

2 4 1 + 'f'N + (1 - 'f'N)Z, 

1 [ 3 - 1 ·-] <f, = ""2 1 + tpt+ "2 (1- <pt) Z0 - 2 (1 - q>t) Z~ , 

~)'i =NI3G, ''Pt,;, •!>'{3G· 
- Cu6f ell ng. · ta di:rqc 

3Mij =--- --_--'fN(ol<ij + OijOXkk)+ ('J'N- <jJ,)-
2 

oXkm Gh
3 

-[ ·.2 ~ • , , e<;j<Jkm • ·] 

-4 -~ . 3 · · G'u 

Gii sU'bi~n -ella h3.n tva b<in le, nghi~m ella phucrng trinh thOa ·man dieu_~i$n 
bi~n c6 ·-the ·-chQn··-dn6i Q~ng 

,... mr;x1 . n::x2 
oW= CIIlll·sin· sin----

a b 

Tir dieu ki~n t@n t;i nghi¢m kh6ng tam thrrOng (ttre 18. Cmn ,1 0) ta du41c h~ 
thttc ae xac d}nh di t6'i h~n ' 

_9:: = --,--:3~G~'<f:_:_N lr( ~ r T n•J'- 2.. (1- (!~)[ p ~ ~ r + qn'TI' 
p(:)\qn' "- 4 \o/N p·-pq+q' \ 

trong d6 " = a/ b· 
(s.7) 



Bb.i to:ln du.o. \~ tim gi:l trt t6i h~n tk ella. tham so-t, sao cho thOa man ctOng 
nh:it cac phuang trinh (3.2), (3.i). Khi Ci6 luc tcri h%n se lit 

qth = q(tk), pth = p(tk)· 

Neu kh6ng tinh dCn c:it t3.i Zo =- 1, 1pN = qJN, ~t =- cpt, h~ thLrc (3.7) cho ta 

"2" \[( m )z "]z . 3 ( ~· , [ r( ~ r, •rn2r I 
)., I - +n" -- 1~-) 1.(3.R) 

p (: - + qn2 ·:t. 4 N I Pz_- pq + qz 

'Neu trong qui t1·i-nh mat On dinb bi6n dq_ng li d'an gilm, thi N = Ec., <D' = Et, 
p/q =~=cons\, cru = '(q, '{ = (1 ~ p + ~2) 1 / 2 , phuung trinh xac djnh h,rc tiri h~n 
se la 

[ fl( ~ r + n
2n 

y' ) . 

(3.9) 

NCu kh6ng ! inh dCn d-t t :li, tn cO 

"r .(;i', ;,1jlt r + ·'r ~ (,- r 
! m \' ' ']'I -.E') ~ \ --;;-) -r nc i 

Eo T' l . (3.10) 

§ 4. THi DTJ 

Tinh hrC t&i h~n cUa b<ln vu6ng b3ng v$-t li~u thep '30Xr...:A-.· v&i ·i = 75 ch:i,u 
nen: hai· phia theo sa dO OAiPi 

Cac so lieu v' thep 30XfCA 
Cf.i = -4000 1:Gicm2 

3G = 2,6. 106kG{cm 2 

k(S) = 92 + 0,832/s· 

Ta ci::Q-11 tham s@ t = q_lcrs, phuang trinh 
:t:ic djnh d¢ dai cung quy dl~O 

dS 2 ( --, , dt = F(S, t) = ,j'j \•i1 T ! 1 • 
• • • ) 112 
~22 ' ::::u e:zz 

( 4-1) 
trong d6 

'I \ 

~-- ·. 
Lc--· 
0 

JTinh 1 

' ' 
. ) 1 ( 1 
E:11 = 0'3/ - --

' 2N(S, t) . ~'(S) -

_1 :). (1 -+to) ( t 0
- +I)) 

~(S,t} t~-tot+t 2 J 

'! 1 
Sz:;r: =- cr, I . l :<r(S, t) 

·--- , __ 
N(S·, t) = crs(t;- t!lt + t2) 112k(S), t 0 = p0/crH 
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V&i_'Q~t · tiii Oan giin theo -qu}· dB.O OOi ta c6 h~ thUc sac dinh lye t&i b,n 
suy ttr (3.9) 

i1. --= "(3G>r2<J;, [4- 3 (' <J;, ) ( 1+ ~ rJ. (4.4) 
cru(l +. ~) -,j---

4 i <J;, ' 1' 

To lily OA1 = Poi = 4260, 1:1 "" 1,065, 

OA%= Po2··= 4500, toz = 1 ,125, 

oA, = -_po3 = -5500, lo-:3 = 1,375, 

diem g3-y qu) d;.o .xRy ra -ngoa! gi&i h;n a an h@i. Khi biln hi nen m~t phia Jv-c" tcfii 
h,n d=itt duqc b3.ng ·pth = 5840kG/cm2

, do v$-y d~t t<ii den gii tri Poi- b<in chua- milt 
On-__ di:nh- _ . __ 

Theo qua tr-inh phirc-.t:t~P OAtB~ ghi nh?.n d:H~m Kt tuang irng v&i 1-,c t&i h~_n~· -de 
So sinh v&i d~t Uii dan gi3.n ta-cho b<in chin tai theo qua lrinh OK1 .C1. Theo qui trinh 
d~l tRi do-n_gilm OK1c; tiin h:rc t&i h~n theo c6ng thUc (4.4). Ta' lim trrcrng h! ·v&i 
cite qua trinh kh:lc OAiBi- San a:ay dua ra ket qua b:lng s6 c-Ua lvc-t&i h~n-

C6 -tinh cden.dit tai 
theo 'OA1B1·: qth =c2400kG/cm2 ; theo OG1: qth = 3036kG/cm2 , 

theo OAjllz: qth-·=-:2200kG/cm?; theo.OCz: qth = .2700kG/cm2 

theo OA3B>: qth = 1600kG/crr?; theO oc, : qtb = 1686kG}cm2 

Kb6ng tinh den cat t<li. 
- theo OA1B2 : qth = 1720kG}cm2 : theo OC! : qth = 2926kG/cm2 

tbeo OAiBt : qth = .1600kG/cm2c; theo .OC2 : .qth = 2600kGicn:i2 

theo OA>B>: qth = .920kG/cm2
; theqOCi.: qth = 1568kG}cm2 

·Tlir day_ suy ra_ nh*n.;.xet: 

a) Lvc t&i- h=I~-n · k~i d~t tlti-·ph.Uc tl}p thap han nhieu·_ so v&i 11Jrc t&i h:;tn .khL~ 
tii dcrn gi:~n· 

h) Tinh a:en mien cat t<li khi ;mfit On -dinh se iinh .hu&ng OCn gia tri. cO a h;rc 
tcri h~n tJ·ong .truiYng ho/p d~t tii phl!c tB.p nhieu ban tru&ng hqrp d:W.t tai dan giii.n. 

N€n .diem .g[y qn,Y d~o x3.y ra trong giOi ·h~n d:ln h@i, thi h!C l&i h~n khl d2t 
tid phirc t~p va d~t --tii dan gi3.n hiiu nhu tning ·nhau· Ch~n.g h~n tbeo OAB v6i 
OA = 2750, pth = '5600kG}cm 2 , com tbeo OC: pth = 5'•00kG}cm~ 

:Ret· ·qtii l}· thuyet kh<i phU hqp v&i c:lc kCt qua th1,rc nghi¢m trong c:lc 
o6ng trinh [3, 4] 

1· Brra ra mQt _phuang phap d't tinh lvc t&i b;m trong b<ii to3.n On d!nh clia 
biin vO ngoiii gi&i h;n dan h0i trong- truCrng hgp d:p tfli pht!C t:ip· 

2. Chi' ra iinh hu&ng d:ing k'e ella qua trinh- G~t tai phtrc Uip len gia tri ell~ 
h.rc t&i h0.D· 

3. Tinh toan If thuy8l kha phU hq:p v&i ket qua thvc nghi~m 

Dia chi : 
tr'uung D~i hpc .Tbng h!fp HN 

Nhan ngay 1211111988. 

·-o 



rAr utu THAM KHAo 

1, HJlbiOIUHH A.-~- fL~acTwmocTh. Hai\·Bo AH CCCP, M., 1963. 
2. ·IJAO 3Yfl 5HK. :V\o;mcjmKaumr cooTHO!lleHnii ynpyron,1acmqecKHX rrpoueccoB 

cpe!J.HeH KpHBH3Hhi. BecTHHK MfY, cep. :.mT. H Mex. N2;'1, 1981. 
3. 3Y51L\.HllliOB B. r. 0 coepeMeHHb!X npo6JieMax neyrrpyroii ycToiiqneocm. 

c6. YcToH<tHBocTb B ~,rexaHHKe net}npMHpyeMoro TBepnoro TeJia. KaJJHHHH, 1981. 
4 fAPAHHKOB B. B., JlOTOB B. H. 8KcrrepHMeHTaJibHbie nccmlloBaHHH npouec­

ca BbiiTyqHB3HHH UJ13CT!!H. c6. 1f CTOfiqHBOCTb B MeXaHHKe 1\e<jJOpMH pyeMOfO TBep)l.OfO TeJla, 
KaJIHHHH, 1982. 

PE3IOME 
0 BJlHHHHH CJTO)l(HOfO TIPOUECCA HAfPY)l(EHHH B 3AliAqE 

YCTOt'lql!BOCHI TOHKliX DJTACTHH li 050J1QqEK 3A 
IIPE.UEJTOM YDPYfOCTIT 

Ha_ orHOBam-m .'IoKaJibHoll reopmi ynpyrorr.rrac.TH'tfecKHX rrpoueccos- 6bl.rra rrocraBJieHa 
3anaqa ycTOiilfHBOCTH TOHKHX IIJ13CTiiH H o6oJiot:IeK 3a npe::I,e."'OM yiipyrOCTH Tip H C1IO}Kf!OM 

MHororrapaMeTpn-qecKOM HarpyJKeHHH. B sa,n;atie ycToliqHBocTH nJJacTHH rrpH npoHBBOJihHofi 
llByxrrapaMeTpiF!eCKOM C2K3THH npenno}KeH HOBbiH MeTOli. OIIpen,eJieHH.H KpHTH"tJeCKHX CH •• ·'l. 

PacqeJHbie pe3yu'IbTaThi xopomo corJiacyrorcR c JI.3HHbiMH 3KcnepHMeHToB. EbiJJO ycraHoB­

.:oreHO; qJo KpHTtrqecKHe-CHJibl IIpH CJIO}KHOM H3rpy1KeH1IH cym.ecTBeHHO HH)J{e KpHTHtreCKHX 

'CHJl npH rrpOCTOM HarpylKeHIIII H y~eT" o6JI3CT!! pa3rpy3Kll rrpH CJlOlKI!OM )larpylKeH!!TI 
aJIHl!eT Ha HHX B 60Jibll\eH MEope, ~1;0'.1 llpH !lPOCTOM !larpyl!lelliiH, 

H(H NGH\ KHOA HQC 

NGHIEN CL'U vA L'NG DUNG ca HOC vAT RAN BIEN DANG. 

HQi chuyen nginh Ccr h~c v*t r£n bien d~ng H¢i Ca hQc Vi¢t Nam · ph6i h?P 
Y@'I H\l}c Vi~n K:Y- thu~t Qufun Sl.J1 trrrCrng D0i hQc Bach khoa Hi NQi, trtrbog B:;ti hQc 
TOng ho/p Ha NQi, lru&ng B~i h(flc· X~y illt:Yng, Vi~n. CO hQc, Vi~n Khoa hQc K:Y thuat 
xay dv-ng. Vi~n Khoa hq>c KY t.hu,*t giao thOng· V~n t3.i. da t~ chile thinh c6ng b¢i 
nghi Khoa h~c NGHIEN CUU VA l!NI'. Dl)NG CO HOC VAT RAN BIEN DANG t~i Hmc 
Vj¢n Ky _thu~t Qu;n sy vi H\>i thao C:NG D\ING ca HOC y AT RAN BIEN DANG v AO 
SAN- XUAT V.\ B6'I SONG try_i Tam dao Vihh PhU·llir ngay- 7-7 d:en ng3.y 9-7-19S:9. BOng 
rliio c3c c:in bQ nghien cU:u va gi8.ng d~y, d.c c:in b9· litm c6ng_ t:ic qmln lj, c:ic _c6ng 
nha.n tn,rc· tiep .:.<in :s:u3.l ciw khtip c:J.c ng:lnh trong d. nU&c cO lien quan aen Ca' h-t!lc 
vQ.t din bien d:.:mg da t&i clv v&-i m7;1c d-ich : 

--Bao c:io, trno dOi. d::inq gi:i _cac kCt qua nghien cUu vn trng dt;mg Ca hQc v~t 
dln bi'Cn d:;tng d<;tt dl.f(jYC lllr sau df;l.i hQi thfinh l<)p ph~n hQi (7-1936). 

- Be xuat va nfiu phuang hu&ng giiii quy.!t cac van de t;1VC l~ dat nu&c dang 
d~t ra ct:o gg6.nh C()' hQc v(tt rUn bit:in d~ng.. · 

- Trno d0i kinh ngPi¢m ;;C ling dvng Ca h9c v~l d.n bien d:;m.g vllo siin xuUt. 
vit d&i sOng. 

- T~o diCu ki~n ere lien doanh lien kCt trong ngC ien clru va U:ng d9ng ra h9c 
v:t).t r:ln biCn d:;tng· 

KCt qua cto thriy Ca htyc v~t r:in hiCn d:;tng da c6 ni:iCu cO g:ing ngh:icn riTu 
gi8.i quyCt nhfrng v5n dC do chinh nen siin :mat va cn()c s6ng cUa d~t nu6'c d~t ra phll 
hqp v&i tr~ug tam ph<H iri'Cn kiuh Hit xay· d¥ng dH nmiYcJ cUng c6 qu6c phOng tr0rig 
tirng -tb&i ky. -
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