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BAI TOAN ON DlNH CUA VO NON THEO L Y THUYET 
QUA TRINH BIEN DANG DAN - OEO 

BAO VAN DUNG 

B:ii to<in On- dinh ella bin va vO tn,1 m6ng tbeo lJr thuyft c'rua trinh bi-en dQ-ng 
d3.n-dCo d:a dtr(jl'C nghi&n cU:u trong [5, 6, 7). Trong bai niy X:!1y dl!rng cic -h~ thtrc 
ca ban cho b3.i toan ()n dinh cUa vO n6n mOng d@i v0i qua trinh re nh{lnb d@ng chU 
d<)ng [1]. 

§I. CAC H:e; THUC CO' BAN D(H v(n TR~NG THAI XUAT PHAT 

Xet vO n6n trOn xony c6 be d&y h, chiCu cao Ia H, gi8. thii'!t r:lng ciu(n:;g sinh 
tii\O v&i d:.ay m¢t g6c a kh6ng a:Oi. Khi d6 g<j)i ox~y~z~ la h~ trvc t9a d9 c6.g0c 0 trUng 

Hin'lz 1 

* 0!1 

v&i dlnh ella hinh n6n (hinh ve 1), thi vj tri ella di~m 
Y J1 M bat kj thu¢c _rnJ;lt ph~ng trung binh ella hinh n6n 

duqc xac dinh nhu sau : 

au 

-Xi = S siTI<Z:; y~ = S cnso:: cosEl; 
z~ = S cosa • sinB. 

TU: di\y .•my ding c:ic dzti lmJYllg S vag sC ctnwc xem 
nhrr cic drrc'tng tQa d¢ cong l.rong mf!_t ph&n,~,; trung hinh 
cUa nOn va trvc z se hu&ng theo :phip tuy€n cU:.l mat 
t)J].O bbi ,S va 8. IL1i dO cac b¢ tillrc ca biin xac dinh 
tr<?ng thai xuat nilitt clia bai toan (ln d~nh re nhinh {l@n.g 
chU dQng ella v6 nOn la (cac dq_i luqng nay k~~ ili¢u bbi 
chl ;@ D) [3]. 

cac thanh phan bien d-?.ng t~t diCm bat k}T 

trong d6 ejj Ht 
trung blnh, xij 
chUng c6 d;::tng : 

{I.J) 

cUe than h philn bien d~ng eli a fuBt 
la dO cong va dQ xolin ctu1 v(i nOn, 

»v u 
=-~; -+---ao s as Scoscr. 

•i2 = - . . -- + -- ~ - ' 1 (• 1 au 8v v ) 

. 2 • Scos" 86 8S s : 
(1.2) 



1 azw tgo: Ov 1 aw ---
S2 co..,;l7. a02 s as 

2tga. 
-· ----- v- + 

s' 
:c a'w 2 aw) 

Scosct oSofl- S2cosct ae . (!.3) 

Neu gia thiet Xz2, X~2 khOng rhu thuoc vao v tid (1.3) co deng 

1 a2w 1 aw ---- --- -- ---

1 i! 2W 1 aw x,, = - ---~ + ---
Scoset &saO S2coso: 118 

(J.4) 

(; dfty u. v 1:1 c:ie thlnh ph~n drch chuy~11 t£-,eo l_lu(rng S va 0~ cOn w 13. G:Q vOng cUa 
m~t trung blnh· 

hqc 

Nii 

h/') 
r" j <TijdZ 

--'c/2 

Mii = 

L/2 

J
: 

Z • ITtjdZ 

-U2 

Phuang trinh cfin h1ng Cl6i 
[3]. 

t
0lNzl 

---~ -- - ~~2(~-(lSO:. = 0 
;j(j 

8Nzz bNtry --+ -;;--
5

- Se:osa + N12cosu + K2:i.cosct ·- Q2sino: = 0 · ae w 

iiQ1 · aq, , 
---Scoscz + Qtcosu + -- 'N22sinu. +·qscosct = 0 

as ae 
OM~1 . _dM21 
--- Scoso:: + .M11 cosC<. + --- - l\I2zcose<; - ·QiScr)sct = 0 

as vH 

V&i q = - (N~1 X~~ + 2N~~X12 + N~:,},zz) = 

( 1 .5) 

(1.5) 

(1.8) 

(1.9) 

(J,JO) 

a'w o ( 1 a2w 1 aw ) o ( . 1 a'w 1 aw ) Nil--+2N12 ------- ·-.- +N~2 ------ + ---
oS2 Scoso: IJSoU S2 coso: i:/8 S2 cos2 e< 1182 S as 

(1.!\ 

Lien h~ V$-t I.Y gwa frng su:n va bien d"ng d6~ -v4ri qua trinb hi.§:n d~.ng d?.n­
deo c6 <l¢ cong !rung b!nh [4]: 

(!.12) 

V &i Gs = O"uk(.s 'I ; i, j, m, n = 1 2 
Nhu v(!J h¢ Lll'c (1 1), (1,5'\ d1~J: (1.~10) elm~_; \'0·i c::'.c GiCu ki~:;; hien clv1 ra h{' 

kin xitc dinh tq_ng t<l:ii xua_ p:·:~li cUa bii .oit 1 On dir h re r Utr,h r,Cs-ng c il GQ g. s.m 

n:'.ty b '\Cm nhu hili to£1n ~ity d:J gi8_t (·Ll.r~rc tlrc J:l Xfte d:~nh du\~l'C. cf.tC lhf1nh p~Jil_n C';j, 
~~i• u~ vi\ nii~n aa:1 b&i, mii:1\n cleo. TrCr tcr -s& ·r:;n:g th:ii xuilt phit nay ta se O:i xet b:ii 

loan lh~h lieu cbuln r~ nhann dong cb~ Cti)ng [I]; 

1! 



~ 2. PHUO"N.C TRINH Im NHANII DONG CHU D()NG 

DOl VOl vo NON 

D~ thiet 1$-p cac phuo-n·g trinh nay, g·ii thiet khOng tinh a:~n sv cat tJ.i, khi dO 
·ct~ vit!t c3.c phuO"ng trinh m6 13. b:3.i to:in, ta k}~ h~~u hi¢u ella c:lc gia s6 Ung v~i 

tiep b,1c chinh vi tiCp tl}.C ph\1 : 

1\.Nij = dNij- dN~j; ~Mij $= dMij- <!l.M~j 

Lay bien ph1m (1.6) den (1.10). ta nh~n dw;rc cac phucwg trinh con biing ohr&i 
df}.ng hi~u gia s6 (v&i VVo = 0): 

MQ~ .iii'.Qz 
--- Scoset. + Ll.Qlcosor; + --- + 

as ae 

+ 2Nlz - - -- + Nzz + cosa --- = 0 ( 
a2

!!.w 1 Mw) " ( 1 o2
6W at:.w ) 

os&6 S &9 . Scosa 862 IJS ' 

MM~~ MtY!n , 
--""-Scosr:t. + AMucoso: + - 6..Mzzcoso: - ['QlScosa; = 0 

as a~ 

Cac li~n M (1.1), (1.5), (1.12) du<iri d~ng gia s0: 

L'.s,; = C.s~; + z . !!.Xij 

.6.cri i 

i,j=1~2 .m. n = 1, 2~ 3-

h/2 

l>Nij = J 
-h/2 

11}2 

C.o·,;dZ ; 6Mij = Z . 6cri;dZ ' . f 
-h/2 

(2.2) 

<2.3) 

(2.4) 

(2,5) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

H¢ (2.2) den (2.10) ctlng v&i cac ilieu ki~n hiiln cho ta xe:. biti toan on dinh 
r{; nh:lnh d@ng chll dQng cUa vO~ 

Neu tr<:tng thai xmH phtit kh<mg phv tl1u¢c vao z thi 

l>Nii (2.11) 

(2.12) 

12 



Sau d:1.y dua ra m¢t c:ich !u&ng min~1 h~ tr&n cho truclng hqyp tn;mg thai xu3t 
pb:U kh6ng ph1,1 thu¢c vio S va 8 (Llrc lit LrQ_ng tt.ai xu:'it phit H thu5.n nhat) vagi~ 
thH~t trong phlrung tri11h (2.3) kb_Ong c6 mat cU:1 ,1Q2, khi rl6 r;€u d~t 

L'lN,, = 
1 az'P 1 &'f' 

.6..N.u = 
azrp_ ; --+ ----; 

S2cos2a.; 08 2 s as 8S2 

L'lNt2 = LlNzl 
1 a"'P I 8<p 

(2.!3J = - -- + -· 
Scosa as86 S2coso:: a6 

tbl cac phucrng trlnh (2.2), (2·3) d0ng nhat thOa mil.n, c<bn ba phmrng trinh (2.4), (2.5), 
(2.6) san khi kl;rt'r AQ 1 v:l .1.Q2 d-i, c6 d~ng 

82 l!M11 MM11 &2t.M;, &2l!M1z 
Scoso: + 2cosa --- + ---+ --- -

IS2 as asa6 asaB 
8L'lMzz , 

cosl7.. --- -r 
as 

_ 8C!Mi2 + 
s ae 

+ 1 
s 
1 

s 
-- + i'\22 ---+cos?:-- = 0 8C!w) o ( 1 8

2
l!w . M.w ) 

86 Scoso: ii62 . &.; 

(I a2L'lw 

\' 8Sii8 

(2-14) 

H:im .:p_ trong .(2.13} sC duqyc xac d!nh tllr pl:uang trinh hwng thich biCn d~ng 

2 a .6.s 7 ; + -~e-
S as 

Ta- rlh~n dttqc 'f)htt&ng trinh :tOe djtth tp nhtr 

=0 (2·15) 

sau 

!go: o2l!\V . ( 1 8
4rp j 8 2'f' , 2 J

2 cp 1 O<jl) s oS2 + all S4cos40C a64 - -;;·;- iJS 2 T -s.,-4c_:::0c_S?;:-_~-. JBZ + S3 as + 

+ a.t2 
2 ? + -­

S4ros2!'1: 
+ an ( a4'1' + 

as• 



2 a3
w ) ( 'J 

[)49 2 ~'£.- 2 az~ +- -'~ + a1'3 - . s);os3et. 
+ + s oS' asDG3 S4co&30'. iJ53 S3c:oso:: asa6 

2 :~ ) + 023 (-

2 04'!' 2 a''P 2 D<p ) + __ 4_,. __ --+ 
S4

cosoc 
- + 

.S eosoc Scoso:: iJS3J8 S3r·-oscc ?S86 i10 

+ asJ ( s'c:s2 cc IJ:24:b;-- S3c:s~ D~~z- + s4c~s'o: :~~ ) .~ 0 (2.17) 

B~y gi<'r ra bieu di8T1 "PhU0'ng trinh (2 .. H) C'{llJl etc. hllm w va 1'· Thay (~.12) vao \2.14) 
vi! kf hi¢u 

)1 

-- + IJ&w) 
86 

+ 

Nltan xet l'fin-lt n6u v~t th~ 1<1 dan h0i 1t'rc ta <!>~ ± E, GS ~ E, khi itO cac .phtrttfig 
tdnh (2.17) vil (2 .19) trti.ng v&i c;?_c phuang tdnh CJn dJnh dim hOi cUa vO nOn [s)~ 

. Nhtt v~-Y Ut b8.i to{ln &n d!nh r€ nharh d0np; chll d¢:-~g chinh 1& b~d toin tltn 
nghi~m kh:ic l:h6ng clw (2.17) vit (2.f~J). PhUO'Jli:! philp chung d~ gi.ii Hi ta se ch(.l)n 
n,<2b:i~m sao cl:o 11\V v:!J.? thOa man dJeu ki~n bi@n dQng hQc.~ sau d6 ihay vao c:ic 
J:huur:g _trinh tren vi! tl!r di0u b~n khOng U'hn t.huC/ng cUa nghi~m suy ra phaang 
.. dnh )'\ac djnh h,tc~ Gi?. tri 11h6 uhtat cUa 116 chinh Ht lvc ~&i hQu din tilrtit 



§ 3· v:l. nv: 

Sau day dC minh hQa, xet btti toan vO nOn (tva biin lii tq_i day)9 chiv. nen 4iQC 
trvc b&i ~tp ll_rc P1, xet tru:&ng hqp SlJ v0ng ella vO H. d6i xUng~ khi d6 

W = W(S) ; lp = tp(S); Niz = N~2 = 0 

cac phuang trinh (2.17), (2.19) dan ve 

"'" ( cl
4
9_ + _:l_ d

3
1'_ \ +au(- _1_ -~ + _1 ol'P) + tg'-' d

2
l>.W = O, 

"" ds4 S ds3 J S2 ds2 S3 ds S ds3 

_ Du ( ct
4

i\:v + 2_ ct
3

t>.W .) + n;z (-~- u
2
l>.w __ 1_ di\W ') 

ds s ds3 I . \ S2 ds2 S3 ds I 

<!l 2L\\V tga d 2({) 
-P--- +-·--- =o. 

ds 2 S ds2 

S<Jn mQt vai ph6p biCn dOi, ta c6 the ui'en di~n cite phuang trinh tr~n du&i d:J.ng 

·. -2+Vt>.t d ) .2-Vt>.1 d [ -Vt>. 1 d { Vt>. 1 d'l' ·)]! tg'-' ct't>.w 
8?2 s - s - s - s -- +- --- = o, 
~ ds ds ds ds S ds1 

trong d6 
:;111 

6.t = --; 

(2.20) 

Be tlm nghi~~m .h~ (2.20), ta slr dvng gHi thi6t [3] xem ding khi milt On dinh, vo· 
se tQ..O .nen mc)t s6 Lim c:ac sOng m:l d¢ d3.i cUa mbi s6ng se khOng qu~ l&n vi v~y nen 
ffQ 1&-n S gitfYi h(ln cUa mOi s6ng c6 the xem ltt kh6ng dOi· Neu xet s6ng ke v&i d:iy cUa 
n6n, khi d6 ta d~t S = lh & d:!!y !1 13. khoJng each thl dl'nh d8n dil.y cUa n9n hly theQ 
du&ng sinh~ Trong tnrCrng hqp nay (2.20) dUn ve. 

~ d4 '1' tgG< d2 6. w 
'<izz -- + -- --')- = o~ 

ds 4 h ds'"' 

. ct4 i\W 
--'- 011 --4-~-

d::> 

ct26.\v tg" d2'1' 
p -"--,,--+- -- -?- = 0 

d.::~ l1 d,q'-' 

"' t.W ~ AI sin- (s - hl• 
A 

a a~y A ·Jil d¢ diti s6ng. Thay (2.22) vao (2.21) nh*n urrac h¢ thirc xac djnh Ah Az' 
va t~r tieu cllu!in 7in d!nh re nh{mh {tlrc la cilc l\i, i = 1, 2 kh6ng d@ng th&i b~ng 0) 
suy nJ 



Tim c1_rc tr-_l P 

Pht ~ 2 1 / Du tg~ ·= ~~ _tga. h2 !/ G~Cf>~ ~ V. a
22 

11 ;:, 11 
(2.23) 

T·llr c6ng thl:rc nay dC @Ung tim Ouqc 1\Tc t&i h~n P; 

Nltq,n xit: Tru6ng hqp vO n6n dan hCJi lire ,lft <D~ = E v:l G= = E tlr- (2.23) nha~ 

dugc nfl)i'm q'1ell biet il6i vl•i '"')t li¢u kMng nen iluqc ( 1-' = ~ ) [2] ; . 

:K'inr v\lY cln\ng ta d5. :dy d1•·ng duqe de ht~ thlrc CIJ" biln ch() h:ii totm On d!nh 
r~ nh:.'>,'Jh d0ng chU d9ng cil~ ~ (J nOn thee~ 1y fbuye~ qnR trinh bien d~ng dan- de9 
Yli·i (.Q eorg tru·'g hir:.h. D0nS thhi ciil:g ~hi r-F din, v-ifc tim di~m re nh&nh qu:l trinh 
[1, CF( dLTO'llf V('~i Yi~c tim n h.:~m l-·h4c kh6'ig C1'1 hQ (2.!7) v:i (2.191. f)Qi VOi tru{rng 
h'Jp v(J lH)'l ch-U h.rc nen d(jlc tn~c, Ph-~:11 dF(jrC f i{t i 1·j lvc l&i h~n, kEt qu3._ nlly trong 
tn l'rn~~ hqp ditn h0i tr(mg hoan toan v&i gia .rj h,rG "6-i h?.n dan hOi [2]. 
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SUMMARY 
ON 'rHI' s'l'All!tt'I'Y 01" COl'llCAL SHE:LU! iN 'l'i-JE 'l'H!lOR'f 01" 

ELASTO·PLASTIC DEFOR~IATlbN PROCESSES 

In this pnper, tbe system of f11ndt,mentol eqmtions wblch describes !he prob· 
lem or sbbility of conical shells in H:.e theory of elast.o-plaStic deformation processes 
h.:.s 1Jeen prete''ted. ,,~e !:ave obtained ~;:is systeTJl by using tbe criterion of coactive 
ld·~-urntior. As foi· its rpplic;;dionS '"'C h::~ve rcnsidered a conical shell subjecte« to 
the -nxi[ll Jondi.J."l.g <~nd fourf>l the vodue Of critic:Jl pr~sstweo 

Hi 


