
T<!!> cl.i Ca ht;'< T. XI, 1989. sg (trang 28- 32) 

., 

VA CH!M CUA V!T R:\N VAO THANH DAN HOI 
CO' U)'C MA SAl UJ'N (] M! T B~N 
NGUY~N THtJC AN, NGUYEN BANG rO 

§. D~T BAI TOAN 

Ngh.iti:n Cl'rU Sl)" ti'UyCn s6ng trong thauh vo h~n va ban vo hftn ella thanh dUn 
h'&i c6 1c?i den 11:r~ ma sat nh--:'yt a mQ_t ben ella thanh eta duqc xet a [3]. 

(; d_fty Ute giil nghien. ct'ru ha-L toan v.q_ ch:;tm ella v~l ritn vao thanh dan hbi 
hUn h~n c6 ke den bel ph~n giln chan & dilu t;1anh va rna sAt nh&t (; m~t bSn v6'i 
phucrng phfip bien UOi Larlrrce. 

§ l. SV TRUYil:N SONG TRONG THANH 

Kh:io sit sv truyen s6nz trong than~i hiru h?-n- t11a tren n~n cfrng khi c6 J\rc ma 
sAt nh6·t & m~i ben_, Ut dtra ve gdli bai toan sau: · 

J;im dtch chuyen d9c tn;tc u{x:~ t) thOa mlin phuang trinh: 

vai ili~u ki~n il~u : 

dii!iu ki~n bien : 

D
2
n + A Du ':l!l aZ a·2u 

ot2 Dt ax• 

u = 0, u = 0 khi 1 = o. 

ilu 
U = 0 !~ j X = f, . .· f 

a,= E- = - f(t) tai x .= 0. ax . 
"" ' 

(1.3) 

Dung phep bi5n ilbi Laplace u,(p, x) = J u(x, tle-P'dt,. ta d~n il~n b!l.i toan 

0 

xi_c d~nh ham :lnh ut)(p, x) thOa m'in phU'ang trinh sau = 

d2
U0 p 2 + Ap 

-~2 ~ U
0

;::;:;: 0 
dx a2 (1.4) 

va cac c'li~u ki~n : 

(!.5) 

Nghi~m· ciia (1.4) c6 d~ng: 

trong il6 
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bva vao di~u ki~n 1 .tr, ct.5i ia xac 
c1 ~ - r.cpl 

V$.y 

Hay 

fo(p) \ 
u.(p, x) ~ -E-. - / 

E 

e -Wx+2nll E (- 1)· ,...::__[3 __ 

n~o 

n=O 

n=O 

n=O 

Ham u(x, t) duoc xac dinh khi biet h3.m gOc cUt:t Vn(p, x) va \Vn(p, x) 
Ta c6 

. aexp[-'1/(p+'A/212 -)J/4 (2+2nl)ia] __ .. (· , 2:_,x'·}· 
V n~p, x) = ( - - aHn p T ,,, 

1 (p + !./2l' - },2/4 2 ' 

Theo (lj !rang 226 cong thuc (26) va dva vao ujnh lj djch chriytn ta c6: 

" 
'in(p, x) + vo(t, x) = ae- 2

1 

rJ 2:.. 1/12 _ ( x ·r 2n! :)z~j, ''l (t-
l2 V i a 1 ' 

Thgc hi~n luang tv ta c6 ; / 
;. 

'- +· 2nl ·~ 
I a t 

(j.7) 

(1-9) 

(j.jQ) 

Wolp, x) -i- wn<t, "' = ae-
21 

lo[ ~ Vt2 - I 2(n + ,:)/ ~ 'T J 1J { t-
2( n + 1)1 - x ··; 

< ' 

a f 

Thay (1.10) va (1.11) ,.,;,o (1.8) va dung djhh lj nMn la co: 

u0 (p, xl -i- u(x, t) = 

... 

= t 

; L(-l)n·~(~~ x:2nl) f 
n=O (x·l.2nllla 

f.. 
'- -r 

2 
f(t- ~)e 

( 

t A 

( 
2(n + 1) I- x •) f --'f 

(-1)•1] !- a f W-1:)e e X 

n=o [2(n+tll--x]/a 

X' 

X Io [ ~ v ,z -[ 2(n+~l- x J'}" (1.12) 

N~u g9i n1 U. phi\n nttlykn clw (at=· x)j2l Y~ n2 B pUin nsuyen clia (:::t + x)/21 
!hl (1·12) du<jYc viet 

Dt ! 

n(t,x)m; ~ L (~!)" f 
n=o (x+2nilla 

f(t - -rle 

A 
--1:' z -
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I 

(-1)'" J 
n=1 (~nl-x)/a 

(1.J3) lit nghi~m cua hili loan (1.1), (1.2), (1.3). 

§2. VA CH4ll'l CUA V!T RAN VAO THANH 

Theo ket qua ella "[2] khi xet va cl~-m clia-v?t r~n v~o thanh d::iln h@i ·c.6 d~t 
d~.i:n gi[m e:lC:n, tfl c1ua ,,e t3j i.oi.-n ::-_ac dinh l1,tc f(t) 11hu sau: 

Tlm f(t) thoa miln phrrang trinb: 

·· K K •• 
Htl + - f(t) + - u(o, t) = 0 (2.1) 

. lVI F 

v<D·i dieu ki~n dan: f(O) = o, (2.2) 

f(V) = Kvo/F, (2.3) 

trong d6 K- d¢ cU-ng d';a d~m, F = f.hif>t di~n :ngang, vo- v~n t6c ban dl\u ella v:tt 
khi va ch:;tm v&o thanh. 

Jl _.!:__"' (" ) 
Tir (1.13) la c6 n(o, tj "'. ; 1 f(t- ..-)e 

2 
Io 

1
2 "'I d~ + 

0 

N I . 

-+ 2 E ( "' l)" J 
n=l 2nl/a 

lrong d6 : N = n1 = n2 l~i thiet <di~n i. = C 

Thgc hi¢n d~o Mm (2.4) hai lftn theo t ta c6: 

l 

n(o, !) = - f(t) ~- !(t) + - r,(t- ~) f(~) d~ + •• a l' a~. af.Z I 
E.' 2E 4 

+ 
A 

2 

0 

t-2nl/a 

J gn (t ~ ~)f (~) d~~ 
0 

t-- + (' 2nl) 
·: a 

'fhay HI qua nily vao (2.1) Ia c6: 

l(!) + Ka i(t) + ("~ - Kat. I') f(t) + ~ s" g(t - ~) £(~) d~ + 
EF I lVI 3EF 4 .. . 

. t. 
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N ~nf 

+ :lEaFK ~ (-l)" [ .--.- f (t __ 2_n_l) +_X (-~-n_l _ 1) X 
L.J a p 2 2n 

n=1 

t-2n!/a 

X f ( l -
2

:
1 

) + ~ J guf t - ~)!( ~);~ ] = 0 (2.5~ 

0 

(2.5) Itt ph uang trinh vi tinh phan c6 d¢ ch0m~ ia cO the giiii n6 trong tli:ng kbo3.ug 
thai gian. 

a) Khi 0 < l < 21/a, khi d6 N = 0· (2.5) co d~ng: 
' ! 

.. Ka • ( K Ka). ) K8.A 
3 J f(t) + -- r(tl + -- -- r(t) + -- g(t - !;)r(~) ct1; = o 

EF M 2EF 4F 
(2.6) 

0 

IH.y li pluang trinh vi tich phf:n thOng thl,iJng, U~ gic1i n6 ta chti·ng mi~h 
(2.6) va c:lc dii'lu ~i~n (2.2), (2.3) se lrrong duong y{fl'i pt·uung trinh Volter sau: 

t 

f(t) + J K, (t, -r) f('r) d-r = ..!_ V ,t (2.7) 
F 

trong d6 

Ka 
Ko(t,T) =- + 

EF 

0 

t 

s [( ~ -
6 

~.)\ + s 
2EF I 

Th~t v~y illr (3. 7) theo t ta c6 f(o) = 0 tho a man (2.2l· 

B~o ham (2.7J theo ! ta c6 : 
i . ) ( ) ( ) s ' . ' ) ![ • f(t + Ko !, '< f t + Kot\i, 'I")W' dT = - Vo 

F 

Tir (2.8) ta co 
0 

K
0
(t, t) = KaiEF, 

t 

=-- -+ -- g\~- 'T)d~. 
K KaA s Ka!.• ·.- ., 

M 2EF ' 4F 

Tir (2.~) kh i t = o ta c6 ' reo) = :!. V o tho a man (2.3) 
F 

DQ.o ham (2.9) theo t mQi Hin nfra !a c6; 

Hay 

•• Ka • I fit) + -- I(tl + Ko,(t, '<")f('t) 
EF >=t 

0 

t 

•• Ka • KaA
2 s Htl + - f(iJ + R"t<t, tl!(ll + 

EF W 
0 

BA,y chlnh Ia phuong lrinh (2-6J 

g(t - 'C)f("t")dT = 0 

(2.8) 

(2.9) 
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Giai (2.6; c~ nhiin pbwng pMp nnu: H]i nghi~m; l?p nUn, hay h1~u difti 
'fighi~m qua h9.rn cho pbep ... 

Ta cO ·th(§ tim nghi~m du6i di;lng g~n dimg li~p. ti€p: 
fo(t) = (l{ip)V 0 !, 

t 

ft(tl = : Vot- j Ko(t, '<)!'0 (-<) d-r, ) 

0 ~ 
(2.10) l• 

0 

khi d6 jfnCtlj -> I(t) 

b) Kbi 21/n < t < •!llo thl N ~ 1, khi il6 (2.5). c6 d~ng: 
\ 

·: Ka • (. K Ka:<. ') Kal-
2 J !(t) + -~ f(l) + ·.- - -~-: f(t)+ -- . g(t ~)f(~)d~ + 

EF · M 2EE .· 4F 
21/a 

2lla :<.1 

+ KaJ.2 J o(t - ~)f(P)oJ.~ __ 2all . re--a- f ('t -!!_) + 
4F " " EF l a 

0 

· t-2lia 

+- - ..:.. t, f .t-- +- gj(\- ~)f(~)d~ = 0 'A (' J..l ') (' 21 ) f. j' . ] 
2 2a I 1- a 2 

0 

21/a J..l 
KaA2 f " 2aK [ . g(t- ~)f(~)d~ -· EF e a · ( 21 ) 

f t--;;:- + 
4F 

0 

t-21/a 

+ 2:.. (2:!.- - 1)·. f {t- ~.) + 2.. f g!(l - ~)f(~)di'; 
2 2a I a I 2 

0 

trong d6 : g(y) ~ 

(2.1J) 

m!(t) lit lam ita tiet, vi scu khi gi8i (2.7) ta dil xac itjnh dugc gia tri hitm f(t) 
trong kt.oang t E (0,21/a); khi t E [21/a, 41/a] thi (t- 21/al E [0,:,!1/a), do d6 f(t - 2//a) 

yfa"' f(t ~ 21/a) 18. hfl.Tn da bi€t9 v~,y (2.11) duqc viet: 
t 

.. Ka • , (·, K Kal. ,~ KaA
2 j' f + -- W.l + ,--- --~ Htl + -- g(t- ~)!'(~)d~ + m1(l) =0 i2.tll 

~ !M ~F! ff 
' 21Ja 
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(2.12) lit phlrLYng tdnh vi tiel) ph·!;n. Tuo·ng 1l.t nhu trl>n, ta se chltng minh lluVL' 
(2.12) c.6 the d:u·a Yd phuang trinh Volter sau: 

t 

f(t) + f 
2i1a 

( 
21 : + Ka 

a I EF 

trong d6: Ko(t, -r) dugc xac d~nb tllr (2.8) 

t B 

X1Ctl =- f dB f rm(~lcl'; 
21/a 21/a 

Ta giai (2.13) han; phuang ph:\p l~p nghi~m lrn(t)- rlt)! 

( 
21 ) [ ( 21 ) Ka ( :!1 )] ( 21 ) Dt1t X,![}+ f -,- + f ~- + EF f --,;- t- -

0
- ~ (q 

khi a6 : follJ = (it), 

t!(l) =~it) 

l f K0 lt, ~Jfo(TJciT, 
21 [I 

t 

fn(l) =(It) f 1\0 ([, TJrn-tlT)dT. 

21/a 

12.13) 

L}r lu*-n tuang t~r se xflc dinh dugC f(t) b c:lc khoang th&i gian tiGp theo 

Ch~ng h:;n khi 2j!{a < t < 2(j + !)]Ia, luc d6 N = j phuang trinh (2.S) c6 dqng: 

:n j\ t} 
KaA 2 

4F 

+ 2..(! An[ __ 
2 :.:-a 

( 
K + -
}.I 

2jl/ ,, 

t 

KaA ) . KaAZ r --- nt)+--
2EF .JF 

3jl/'t 

f gU- ~H(;)d~ 
2 :• ]\ +-- 2: FF 

n::....:t 
l-·2nl]a 

(2.14) 

Ani ---
(-[)•[ e a • ( 2 n1 ) f t- -- + 

a 

) ( 
2nl ) A I 1 f 1 - -.- + -:;- gull - 1;)1'(/;)d'; ]:\ ham iU hilit ci\a t. 

0 

L.1c L::::~n ~uang 11! nhtr tr&-n c6 the dua (2.14) ve d~ng trrcmg ctuong vOi phuang 
trinh Volter ; 

I 

1(1) + f K0 (t, T)!(T)dT = Xj(l) + f ( 
2
:

1 
) + p c~J ) + 

2jlla 
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l (j 

trong do X;( t) ·- s r]5 I mj(~)fl;. 

2jl/a 2jl/a 

Gi:ii (2-15) ta ell the tim. tiuqc day car.: nghi~m ga~ dlmg h¢t tJ;I cteu rlen nghi~m 
din tim· 

v6i 
1 ~n(tl 1- r<tl 

l
0
(l) = ~;(!), 

t 

ft(l) = ~j(t)- f K0 (t, 1:)lo(l)rl1:, 

2jl/ n 

t 

f n( t) ~;(1) f K0 (t, 't)fn-t(1:)d-r, 

2j lin 
trong d6 

1:;(t)"" x;(t) + r(. 2i1} +[r ( 2il.) + rc~ r·( 2jJ )J(t _ 2it) 
a a EI~ a a 

Sau khi xac djnh duqc f(t) thay v:i.o (1-13) ta se xac djnh duqc djch chu]'l!n, 
hr d6 tim duqc Ung su:ft, bi€n d!q.ng t!q.i mOi thiet di$n cUa thanh· 

E:li toan va ch:pn coi nhu du(;rc gUH GfU,YCt trQn v~n. 

B:li to an di;it ra aa duqc giai Ufl1}'{d t J'QD v~n, ve m(lt k.f thn(t1 - cTtt'y la m6 
hinli b3.i toan ve sv va ch:tm ella blta vao cQc dan h0i tv~ tr&n nCn c1.."rng, m~it hen 
cQc chju rna sit nh&t va c6 ke d€n dfm & aau c9c. 

'EJia clzi 
T~1t&ng f)ai h9c Thuy l"i 

Nhciti ngdy 24-11-1988 
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