
vt MQT BAI TOAN KHOlkH IAN R(h HI)P CHAT 

TRAN VAN cue 

§I. n,}:r VAN Dt 

.B:hi tim quy lu~t ph:in M ni>ng d¢ ho/p chat (phil sa. bui mu~j ••. ) trong chill 
lOng, d1.c tile gio:i. [1, 2, 3, 4] deu xem quy lu*t d6 thOa man qua trinh khuCch U:n r0i. 

Tuy nhi~n, khi gi<ii cic bid to~m cv tht: nhieu t?.c gi<l d5 lhu dmrc nghi~m gi&i 
tich B.1,ra tr~n nb.itng gici thH!t h~n che ve phuang trinh khu€ch tan vit de d:¥-c lrung 
khac cua ol<lng chay [2, 3, 4, 6]. 

Sau day Ia se ling d11ng ly thuyel khuech tim d~ tim quy lu~t phiiu M ho/p eM! 
trong mien d@ng cMy thich hvp !huang g~p trong thvc te. 

§2, PHUO'NG TRiNH KHUECH TAN VA M6 HINH BAI TOAN 

Xet mi~n d&ng ch3.y chtin ho/p ch~t rua de d~c trung kh&e r~t it v&i ·:bat lOng. 
D.bng c-hay giii tbiet c6 chieu slm kh6ng dOi lot, chieu mid xtc d!nh l. XU ill@ng pbling. 
Phuong trinh khuech tim mit [6] il~ thimh )o(,p trong iruong ho/p 2 cl1ieu ci> <il~ng : 

ac ac ac a (' ac ) a ( ac ·) a -+ u-+ v-=- Kx-·· +- Ky--, +--(we) (2.1) 
Bt ax oy ox iJx , ay ay ay 

!tong d6: C = C(x, y, t) lit nilng d9 tnmg blnb _cua ho/p chat, u, v Ia cac thonh phan 
· cUa v~n t&c t.rnng ~i!!h .d@~g ngo?ili· Ih, Rr .. la cLc h~ s& khu6ch tim theo .de hu&ng 

Ox, Oy, (1.) U v~n t0c rot (lang) cua ho/p c ...... L. H~ i~a d¢ Oxy cbpn ~ao cho g0c & stt 
day, Ox hu<>ng tbeo <il<lng. 

V*u tee rai w ciia ho/p chit theo (3, 6] 1<1 r~t 1;e va xcm lit kh6ng d<3i: 

6) = const 
\ 
(2.2 

H~ ~ili khulich Hm tbeo chi~u H1Ang dllr1g Ky so v&"i R::r cling rat be v-a ta ciing 
,gia thiet a khOng d3i : 

Ky = K = const (2.3) 
H~ s~ kh nEcb tim lheo chieu &~c Kx, v&i &ong trong 0ng, kenh tMng, theo [8j ' 

c6 o!~ng: 

v&i U&ll la. Y•n tee trung binh cUa {!{Q)ng ngoiti chfit lOng. ~ U_ l:t~ sG tl 1~ ( vc&i &ng bin 
klnh R lhl ll ~ R/48X trong 116 X li h(l so khnech tan phan tt'r). 

Xet v~n toe !rung blnh ciia dong ngoiti (d<Dng ch!l! long) thiio mfin qui lu(\! ; 

u ;::;: Uo + ax, v = 0 
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i'oirg mili1 A.n-g :-et. iyti i:!n ill. 1~n t6c J~rg t~i tr~t c~1 x ~ :0, 2 H. ii~ng sb X~c d;nh 
N~u " > o thi llguqrc J~i, khi a= 0 di>ng qua m~t dii se khbng .ttM trong loan mien 

d•ng xet (tnrimg hwp ma [2, 3, 4] da xet). 

min 
T6m l~J, xet qui lu~t ph&n b6 h!VP ch:H trong dOng cho1y ma dtc d~c tnrng thO:t 

(2.2) -+- (2-5). Phuang trinh (2.1) t;·ong trm'mg hwp ·do se c6 d~ng : 

ac ac a [ _ ac J a2c , ac - +(no+ ax)--_ =- ~(uo + ax)2 - + K --+ oo --
ot Bf ax ax ayz a y 

BOi v&i n0ng d.¢ hcp·p chtit C(x, y, t) ta dua vao c::\c giil thift sau: 

1· T~i m~t ~lit ban dfiu x = 0, qui lu~t phan b6 n@ng d¢ da biE;t 

(2.6) 

(2.7) 

Trong c<l€ hili toim C\l th'et :n6i chung dEl tlm ph<in b6 a m~t c£t ban aan ph!:ii tifin 
hitnh do d~c tn_rc tiep. B6i v0i b2li loan tim quy lui)!.t ptui~ b6 hqp chat trong be 18.ng 
thi n0ng dQ C(O, y, t) duqc tinh theo n@n-g d9 dw d@ng Vi!o b~ tllc lil. lu(j.l'ng phU s-a 
cUa k&nh~ s6ng khi vao be. 

B6i v&i b!i toan phau b6 mu6i frong s6ng (b8.i io~m xttm nh:}.p m:;tn) (phuang 
trinh (2-1) nen (t) = 0 thi r:6 the xem d6 b_ phuang trinh can b3.ng mu6i 2 chieu) v&i 
b&i toan 1 cbieu theo [5] i~i mi;it c~t ban dUu phan b0 mu6i c6 d~ng : 

t 
J -Qdt 

lo 
C(O, t) = -"'--(C2 - C!) + C, 

l• 
J Qdt 

lo 

(2.8) 

,.&i Q !a luu !u qng, C1 la nong II:¢ ung v&i nu@c trieu dung, C2 lit nillng d¢ khi tri~u 
diirng b thOi diem nu&c -l6n~ i2. irng v&i iht'Yi di'em nu&c l&n· 

V&i bai toim phftn bo mu6i hai chil!u, ta c6 the xay dvng hiim phll.n b6 C(O, y, t) 
du&i dq.ng ' 

CIO, Y• ll = C(O, tl g(y) (2.9) 
v<ili C(o, t} d.c djnh lheo (2.8) c@n g(y) la ml)! ham co !hg xllp xl dtr<;rc <J!n&i .J~ng m(lt 
da tbuc theo y: 

g(y) = a<oa + a!11y + a~29yi + aG'Oy> + ... (2•10) 

C:ic M s6 a010 pMi ch~n sao cho g(y) don di~u giiim vit thoa man nhllng dieu ki~n 
thlch h'I'P a day y = 0 vi< tren mi)t tl10:\ng y = h. Nen dfrug l~i a da thirc b~c 3 thl 
ham g(y) c6 th~ ch~n: 

1 3 
g(y) ., - h 3 - - hy2 + yl 

2 2 

N~u mien ololng chily dang xet lil mion san h~ ]uu cite d$p l&n lhl tru&c khi 
tn& d~p ho/p chit i'J ptia thl'o/Dg luu bj lang vi Y~Y trong truirng hqrp d6 co th~ giii 
thief C(O, y, t) = o. (Nucc qua h~ luu lui>n lui>n trong). 

2, Tnln diq, gia thiet h~-p chat khong thi!m qua: 
ac -- = 0 v&i y = 0 (2.12) 
8y 

~. Tr~n 1n~t ltDftng1 to/P chat th6a man diCu ki~n khuech tin din bilng v-&i 
!r~ng l1,tc : 

ilC 
K -·- + "-'C = 0 v&i y = h (2.U) ay 

4. T>Ri m~t c~i cu0i X = 1 ella mien m.4ng c113.y dang xet~ neu n6 au xa mat dit 
bfln d3.u} kich dQng 0' d6 dil suy gi3m,. phB.n b0 hwp chilt c6 xu th€ trb l~i ()n ifjnh~ 
kh611g ph1,1 thnQc theo chii~U iilB_j d®ng chaJ ~ vi th{! cO. th~ giii thief rang~ 

ac 
-- = 0 t•i X = I (? 1') ~ "' . ax 



'fhi m(>t s& fai tctn, d!rg f~11 Mi loim pti>n t0 JJ<;rp cHt trong H l~ng thl & m~{ 
dh X = 1, cO th~ x~c djnh dUI'p'C 11@1Jg dQ hwp chid a d6. Khi xet SQ' x&rn nb~tp m~n 

v"Ao s6ng" neu rn~i cilt cu0i dU xa ci!a sOng thi theo [5] c6 ih~ gia thi€t D0ng d¢ mu&"i 
i'i do kh~ng c6· T6m J,i, t•i x = I gia s& ta da biet ph:ln b<l hqp chat thi\a man 

di~u ki~n 

c(l, y, t) = r2(y, t) (2.J5) 
Trang do f 2(y, t) la bam dli hiM· 

5. T~li thCti di~m ban dau t = o. Giii siT trong mien ttang xet ta dft hifit Ouwc 
quy lu~t pMn M ho/P cUt ol~ng: 

C(x, y, o) = f(x, y) (2-16) 

NEu trong mien dang xet. t:_ti th&i diem ban aau chua c6 mQt kfch d:Qng ll~O (n1ien h~ 
lull sau cac rl?p l&rl khi chua m& <i?p ch&ng h~n) thi c6 t11e st} dvng pUtn b6 ban 
dau theo d~ng cua [6] 

C(x, y, 0) = C0eXp (- ~ y) (2.17) 

v&i Co J:i Mng s6 th>rc nghi~m. 
Bdii v<iri bhi to an xam n h~p m~lh c6 the xem nGng tl¢ mu@·i ball dan B kh6ng 

dM ho~c Mng khong-

T6m l~i din x2c dinh qui lu*t pbfm b6 ho/p chat thOa miin phu~:11g trlnh (2-G) 
v&i cite di~u ki~n bien (2.7), (2.12), (2.13), (2.14) ho~c (2·15) va <lieu ki~n di\n (2.16) 
trong mi~n 

n~,h = I o < x < I, o < y < h, " > ej 
trong d6 cac bam f(x, y), r,(y, t), f2(y, t) giii thiet thoa man de <1ieu ki~n dffii hOi 
ctia bill toim. 

§ 3. GIAI BAI TOAN 

Tru&c bet oi!llng phep dbi bien sau: 

< _ VK (' UX + Uo !)2 
, 

~ - ,,- Jn ' ' ' 
2a VB Uoh ' U0 

(3.1) 

Ta xem u = u, + ax > 0 \/x: 0 < x < I 
Pbep d~i bien (3·1) <ton trj, xac djnh. V&i phep ddi biiin (~.J) phtrong lrinh (2.6) se 
c6 d:;ng: 

ac a2c a2c 
--- = --- + ----

8-r a~z a·~z 

!rang do = 

ac 
- 2at -- + 

8~ 

h(l - a~) 

ac 
2lJ1 ·­

a~ 

r..vh 
bi = --

2K 

c6n de di€u ki¢n bi~n sf! trO th:'mh ; 

ac 

c(o, -~, ~) = 1'1(~, -r) 
ac 
-- = 0 v&i "' = o. 
01) 

-- 4 2b1C = o v&i ·1 = 1 
01) 

ac e I -- = D v&i c, = o 
/)~ 

c(l,, '1• 1:) = r.('l, ~l 

(3.2) 

(3.4) 

(3-5) 

(3.6) 

(3.8) 
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vi vdd lo = ln ( jaol + i1o )Z 
2au.h \1 ~ no 

di~u ki~n aau tuang ling: c(~. ·~· 0) = f(i;, ·~) 
Trong hHn (3.1) mi~n !lt,h tr& thanh mi~n 

fl./
0

, 1 = lo < S < lo, 0 < '1) < l, -c > 0 l 
B~t C(i;, '1), '<) = exp(al~ - b1·~ - ci<<)6 (1;, 1J• ") 

trong d6 : 6(~, 7J• 1") H. hilm m&i phii lim Ci = al + h 2
• 

(3.9) 

(3.10) 

(3. j 1) 

Thay (3.11) viw (3.2) va cac dieu ki~n (3.3), (3.4), 13.5), (3.6), (3.7), (3.8) vit (3.JO). 
!a c6 : 

ae &26 a'e -=--+--
8.,; a~ 2 8r,2 

6(0, "IJ• .,;) = exp(b!"l) + Cf"i:)fl(·~, ~) 
ao 

- - b16 = o v&i ·~ = 0 
O"iJ 
&8 - + h18 = 0 v&i 7J = 1 
0"1) 

ae - + atB = o v&i I; = lo 
I)~ 

8(10 , '1• 1:) = exp( -a,lo + bi"IJ + c1'1:) h(1], T) 
6(~, 1J, 0) = exp( -a1 ~ + lY•1) f( 1;; 1J) 

Nghi~m ella Mi loan (3.12), (3.13), (3.14), (3.15) (3-16), (3.18) theo [2] co d~ng 
CO 1 lG 

6(!;, "IJ• <") = E Am•l J J exp(-:-a1x + b!y} f(x, y) 'f'm(x) <}u(y) olx<ily + 

m,n=i o o 

0 0 

4{3'( 2 "· , ' n ai + Gtml 2 2 r.ti 
trong d6 : Amn = · i 2 ~ Amn = c1 + iXm + 1-'11~ 
. (2h, + b] + ~~~)[at+ l.(a, + "ml] 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 
(3.18) 

(3.19) . 

r:tm 13. &ay ngti~m duong cUa phuang trinb: tgloam = -«m/a1 (rn_ = 1~ 2J ... ); ~u 13. 
lll3y nghi~m duo-ng ci:ia phuang trinh; 

tg~o = ~nfb1 (n = l, 2, 3, ""'); '!'mi.~) = sine<,.~, <J;nh) = cos0"YJ + ~I sin~o'J• 
. ~· 

Thaj {3.1£l) l'<lO (3.11}, ta, c6 nghi~rn b<il toan tuang Ung , 

00 1 l, 

C(~, '1), '<) = exp{a1 ~ - hl']) L Am" lf f exp(-a1 x + b1Yl f(x, y) 'l'm(xHo(y)<>lx<l.y+ 

m,n=1 o o 

"' 1 . 

+ "m e !, y, t)e <jln(y)dyolt e 'I'm ~}r. r,) ff b!y 0 ( Amnt I -x~.-r (- ol. ( 

. 0 0 

C~n nehi~m cua hili loan (2.2), (E.4l, (3.5), (3.61, (3,8) vi< (3.10) cilng theo phuung phllp 
cua [2, 3] sil c6 ol~ng; 



... 1 I. 

E B·IJ J exp(-alx + btylf(x, y)1'~11 (x)'l'.(y)dxdy + 
G 

" 1 
I. 

+ J J [f,Cy, t)- (-l)me-"'
1
• f 2(y, Ll]ebty 

f (oll / 
e ·mn t.(yJ~yoltl X 

0 0 

(3.21) 

trong d6 
4"~ 

Brt = t-' A~0d =: ~; 
/ 0 (2b! + b2 + ~~) ' 

m" e =sin-<, 

'· ' 
N~u trong (3.20), (3.2!), thay (~, '1), ") b&i (x, y, t) tir (3.1) ta hoan 

iluqc qui Ju~t ph:in b@ ho/p cMt thO~ man coo !lie<! ki¢n ciia bai toan d~t 

mi~n al,h 

§4. NH!N XET 

Tir phep bi~n <1M (3.1), suy ra : neu a - 0 th! : 

~ = _1_ 1/K ..!:., TJ= .!_' '< = hK2 t 
Uo V !l h .~ h 

vi tlr (3·3}, (3 9) nou ..... 0 !hl : 

b lo = 1/K _l_ 
~ U 0h 

Loan tlm 
r~ trqng 

(MJ 

Ngobi ra trong tnr/mg h<;rp a _,. 0 thl f{, = ~u~ (6·3) 

V~y neu thay (1;, '1), 'l.") b&i (x, y, tJ t>r (3.1) viw (3.20) sau <16 cho a ::; 0 ta 
se thu duCJrc nghi~m ella b8.i toin tueag Ung trong tru?rng hqrp u = U 0 = const~ 
Kx = ~u~ = const rna [2) dilxet. Tt'r d6 neu cho !o-+ .. (I__, co) thl ket qua thu dtr~Jc 
•~ tr& v~ trulrng hqp ciii [2, 3, 4]. · 

V{J.y c6 thf! xem b,ili tofm tren day Ht mQt .truCrng h<vp mb r<)ng cUa bat tqa~ ffi~ 
[2, 3, 4] dil. xH. 

§ s. vi nv 
Xet trulrng ho/p 

W = 0, f(x, y) "' 0, fz(y, \) "' 0, f1(y, t) = Co j-h0 - - by2 + 
(

I I 3 

. 2 2 

Uo = 2,t6(m/s), a = 0,1, h = 12(m), 10 = 35, K = 10-4 

K~t qua tinh loan tren miq Mocintosh (tinh theo cOng thuc (3·20) 

~ 1,8450 2,7320 2,8999 5,4260 5,0070 7,1150 

" 

C!Co 1,1613 0,8660 0,8493 0, 7286 0,6749 o.5tao 

"l = 0,1667 .... = 0,6940 

. 



'1 0,1659 0,3333 0,5000 0,6637 0,833S 1,000& 

C/Co 0,1613 0,1531 0,1429 o~t3ao 0,1255 6,1226 
~-~~-

~ "" 1,8450 " =· 0,0694 
. 

·-

"" o,oooo 0,6940 1,3880 2,0830 2,778Q 3,4720 

-
C/C, 0, oooo 1,1613 1,1827 2,2281 2,5080 2,7096 

-~·-

l ~= 1,8450 'l = 0,1667 

§6. Kl!:T LU!N 

Nell v:).n t<lc dong ngo~i thay d~i theo quy Iu~t (2.5), M so khuech t~n th<la 
m~n quy lu~t (2.3), (2.4) !hi phan M nong d(> ho/p chill trong mien oi<Dng chiiy dang 
xet co th~ tinh theo c6ng thl'rc (.3·20) ho~c (3.21) vo tlir do c6 th~ xet cho ~ong cbay lio 
ntra giiii v6 h~n [2, 3" 4] · 

Cac pMn M da tlm i!uwc c6 th~ sir ol\lng C!~ tim quy Iu~t ph:l.n M hgp _eM! 
trong c1.c bB lang. pb.U sg_; mu0i trong sOng, k€mh. 

Qua vi <l~ C!a xet ta thuy ket qua C![ thu C!uwc phil ho/p vr!Ji quy Iu~t pMn b~ 
hop eh:ll tt'ong <i!IDng duly tv nhiE!n: t:;ti m¢t m~t dlJ Ct dO s~u xac djnh n@ng J¢ Ui11g 
tl~co thl:l'i gian• T~i mQt thUl diE\m xac djnh & m9t Ih~t Cilt nio d:6 -ph!ln b6 hqyp chit 
tang G!an theo chieu s~u~ TJi!.i m¢t d¢ sftu vii th&i di~m xac d~uh, ph~n b(j gi2m theo 
chien (ifid dOng chay. 

fJi~ chi Nh4n ngi!.y 21-~-1987 
T;v,o·ngaqi hpc TJngh?P HN 
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RESUME 
SUR UN PROBLFlv!E DE LA DIFFUSION TDRBULENf DES COMPOSITIONS 

La s&lution Ylu probleme qu'on a pose est a:pte pour compter la concentralion-­
des cornpositions dan& les fleuves et canaux. En cas partiou,lter on recoit ilea r6sultata 
que certains auteurs ont obtenus. 


