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VE DAO DQNG CUA ca CAU CAM CO CAN DAN HOI 

NGUYEN VAN KHANG, VU VAN KHIEM 
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1. MO DAU 

D€ tinh to<in dao d?ng CO' cZ::u cam ngrriTI ti} thu:Ong str d1fUg mO hlnh hf cic v~t ran nOi ghep 
v&i nhau bj_ng cic 10 xo din hOi khOng khC:i hrqng [1- 6]. Trong [7] di xE!t bii toin xic dinh cic 
t'an sO riSng nb ccr diu cam, trong d6 c'an Chrgc xem 13 m9t thanh dJ.n hOi thvc hi~n dao d()ng d9c 

'I'rong cOng tr'i.nh nay x.ft van ere tinh toin dao df?ng cUa ca diu cam· v&i m6 hlnh cam li v%t 
rln tuy%t dOi, dm li thanh d~m hOi) gifra d{mg ccr va CCY diu dU'q-C nOi b~ng ph 'an ttl- dan hOI. 

2. THIET L;i,.P CAC PHUONG TRINH VI PHAN DAO DQNG 

xet mO hlnh dao d$ng cUa CO' ciu cam nhrr hinh. 1. Trong d6 cam la v~t d.n tuy%t dOi, din 
dJy b thanh dan hOi dOng chit c6 thie't di~n kh6ng ci8i. Gitra di?ng ur vi ca dfu drrqc nOi b~ng 
cAc ph'an ttl· dZm hOi khOng tr9ng lrrqng. 

M6 hinh tr€n Ia mt}t dlu trUe d9ng h-;l·c h9c. Ta tich cilu t.r-Uc niy thimh c<ic -diu trUe con sao 
cho v&i m6i c2lu trUe d6 ta c6 th~ d~ d3ng thi~t l~.p cic phrrang trlnh vi phin chuy€n dQng cda 
n6. DOi v&i ciiu trUe d:Qng h;rc h9C nhu hinh .t, ta ph&n thanh hai cau trUe con nlnr hinh 2. 

S~ d1;1-ng ph1XO'ng trlnh Lagrange lo?-i 2 thie't l%p phucrng trlnh vi phin dao d?ng xo.ln cho di:u 
trUe con 2a. Bigu thU:c dQng nJ.ng va the' nang cti.a cS:u trUe con 2a c6 d~ng: 

T 1J ·2 !J ·2 =-oPo+-lP!, 2 2 -

The' vao phrrcmg trlnh Lagrange lo<j 2 [8] 

d (aT, 8T ihr • 
dt aqi)- aqi· =- aqi + Qi 

JoPo + c1rpo- c1P1 = Q~, 

Jl<{;!- C1<po +· C1<p1 = Q;, 
(2.1) 

(2.2) 

trong d6 Qi, Q; la ci,: l\rC suy r9ng, liTlg v&i cic lv-c khOng th{ Bing pliuang phip di chuy~n 
khA di, ta de dang xAc dinh du·qc: 
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Q; = M + b.(,P1 - <Po), Q; = -ZU'(p,)- b.(<P1- <Po). 

Cac phrrang trlnh (2.1), (2.2) bay gi(r co d~ng 

Jo<Po + b1<Po- h<P1 + c110o- c1101 = M(t), 

J1P1- h<Po + b1<P1- c110o + c1\01 = ZU'(p1). 

(2.3} 
(2.4) 

xet trtrCYng h<:tP chuy~n dc}ng blnh 5n. Khi d6 cpa= Ot(O = const). Do tinh dan hOi cUa.trq.c 
d~n, g6c <p1 sai khic g6c r.po m9t hrqng nhO: 

~ --)-IJ 
~o 

Mrt) 
---)-

'fa 

\01 = 'Po + q = flt + q. 

Hinh 1 

IJ --:r=U(if,) 

c, 

bt 
=:I-

a 

Hinh 2 
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Tlr (2.5) suy ra 
<P, = n + <i. ,p, = ij. (2.6) 

The' cac bi~u thrrc (2.5). (2.6) vao phrrang trlnh (2.4) ta c6: 

J1 ij+b1 q+c1q= -ZU'(flt+q) (2.7) 

Ap a,mg khai tri~n Taylor 

U'(flt + q) = U'(flt) + U"(flt)q + ... 

va siT d¥ng ki hi%u 
u' = U'(nt). u" = U"(Ot). ... 

PhrrO"ng trlnh (2.7) c6 d~ng: 

J1ij + b1q + (c1 + u"z)q;, -Il' z. (2.8) 

Trang d6 ll!c dmg bw?c Z ch1ra xic d:!Jih. 
Neu tir phuang trlnh (2.8) tinh drrqc q(t), thl the d~i lrrqng nay vito phrrO"ng trinh (2.3) ta 

xic d!nh du·qc biifu thli-c m& men khiu din c'an thie't dg cho 0 = canst: 

M(t) = -c,q- b1q 

Biy giCt chuy~n sang x<ic d!nh phrrang trinh vi ph§.n dao d{>ng d9c cda ciu trUe con 2b. G9i u 
13 djch chuy~n d9c tu·ang dO'i cda thanh. A.p d\lng nguyen l:Y d' Alembert ta c6 phrrang trlnh dao 
d{\ng d9c [9] : 

8 2 u 82 u rfls 
'

2 
Bx2 - 8t2 = dt2 (2·9) 

Trong d6 c2 = E j p, v&i E lit m& dun dim hlli, p Ia khoi lu:qng rieng. 
Cic di~u ki~n bien cda mO hinh 2b c6 d;p1g: 

u(O, t) = 0, 

au) 
EF(ax •='"" -P. 

(2.10) 

(2.11) 

Trang d6 F lit di~n tich th.ie"t difn thanh. 6 day ta dii gia thie't r~ng E, F vit p deu Ia d.c d'fi 
luyng khOng d5i. 

Chu y ding: 

ds ds d<p1 '( ) • 
dt = d<p1 . dt = u 'l'l '1'1' 

d2 s U"( ) . 2 U' ( ) -dt2 = '1'1 '1'1 + '1'1 1"1· 

& che' d9 chuy~n dQng blnh 5n- ta c6: 

~~ = U"(flt + q)(fl + <i)2 + U'(flt + q)ij"' 

"' (rf' + Il"'q)(l1 2 -t _2flq + q2
) + (U' + Il" q)ij"' 

"' n2Il'' + 02Il"' q + znu" 4 + u' ij. 

The' vito phm:mg trlnh (2.9) ta du-qc: 

2 a2., - a2u = n2IJ'' n2-u"' 2n='u,. u' .. 
c CJx2 8t2 + q + q + q. (2.12) 



Chli y de'n dieu ki~n b~n; nhau v~ dich chuy~n va rueu ki~n din b~ng tu·ang h6 v€ b.rc d di~m 
tich cic c[u trUe Con ta c6 dfeu ki~n gh€p nOi: 

u(O, t) = 0, 

au 
EF(axlx=o = -z. 

(2.13) 

(2.!4) 

Di~u ki~n (2.13) trung v&i dih ki~n bien (2.10). V%y ta chi can quan tam den dih kien ghep 
n&i (2.14) rna th8i. 

Theo tren, ta nh~n dll'qc h~ phrrang trlnh mO ti dao d?ng ella cO' ciu cam c6 di.n dan hOi 
g'Om phrrang trinh vi ph3n thU'Ong (2.8), phrrO'ng trlnh d?-o him rieng (2.12) v&i cic di'eu ki~n bien 
(2.10), (2.11) va dih ki~n ghep n&i (2.14). 

' ' 3. PHU0NG PHAP GIAI 

D~ giiti h~ phtrang trlnh h6n hqp (2.8) va (2.12) ta sti· dung phucmg pha.p lap theo SO" db sau: 

U btr&c l~p thll- i ta giiti h~ h6n h'!P' 

2 (i) 2 (i) 
c2~-~ = o2UII + o2U'I'q(i-l) + 20U'' qli'---1) + Y/qli-1) 

ax2 at2 , 

uUl(o, t) = o, 

(
aul'l) EF -- =-P ax :~:=l ' 

zi'l = -EF(aul'l) ' ax :~:=0 

J,ijlil + b,qUl + (c, + zlil[J")qi'J = _zi'JV' 

(i=1,2,3, ... ) 

(3.1) 

(3.2) 

(3.3) 

( 3.4) 

(3.5) 

Thong d6 ta ch(~m q(o) = 0, q(o) = 0, ij(O) = 0 lim c<ic xf\p xi d'iiu tii;n. V'e j nghia v~t lY, di€u 
dO c6 nghta Ia xem inh hrrbng cUa t:inh din h'Oi ctla tr1,1c Ia nhO. 

Doi v&i cac CCI cgu tuan hoan, U(cp,) Ia ham tuan hoan ctl.a 'Pl· Do d6 U(Ot), u'(Ot), .. 
Ia cic him tu'an ho~.m crl.a t v&i chu k)r T = 21rjO. Ngoii ra, d& x<l.c d~uh, Cr bUi bao niy tu xet 
tnrimg h'!P P = Po = canst. Khi d6 dieu ki%n (3.3) c6 d').ng: 

(
au(i)) = _J'rl_ 
ax x=' EF 

Nhrr the' b mOi qui trinh l~p, d'au ti€n ta tlm nghi~m cUa phtrcrng trlnh d~o him rieng: 

(3.6) 

v&i cic di~u ki~n bien: 

u(O, t) = 0, (3.7) 

(:~)x=e =- :~ · (3.8) 
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Trong d6 f(Ot) 13. h?tm tutu~ ho11n drat, chu kY T = 27r/O, vi trong khai tri~n Fourier cUa n6 
khOng chiTa. th~mh phan h~ng sO. 

Gia sli- J(flt) c6 dang: 
K 

J(flt) = 2:.: (/k cos kilt+ Fk sin kflt) 
k=l 

Ta tim nghi%m da phmmg tr\nh (3.6) drr&i d~ng: 

K 

u(x,t) = Xa(x) + L X.(x)(akcoskflt+Aksinkflt) 
k=! 

Tir (3.10) ta c6: 

a' K . 
--":. = X~(x) + ~ X~(x)(ak cos kflt + Ak sin kflt) 
Bx2 ~ 

k-o::::l 

Thg c;\c biJu thrrc (3.9), (3.11), (3.12) viw phu:cmg trlnh (3.6) ta nhan drrqc: 

K K 

c2 xg + L ( c2 X~ + k2 0 2 xk )( ak cos kflt + Ak sin kflt) = 2:.: (h cos knt + Fk sin kflt) 
k=l k=l 

So sci.nh h~ s.5' cic h.im diCu hOa ta. suy ra: 

c2 xg = oj 
( 

2 X" k2 " 2 X ) .r c k + u k ak =·jb 

(c2 X~+ k2 !l2 Xk)Ak = Fk. 

Nghi~m ,,'a plmang trlnh (3.13) !a: 

Xo(x) =do+ Dox. 

Cac phuang trlnh (3.14) va (3.1.5) dh Mn: 

2 X" ' k2 " 2 X - /k - Fk 
c lc ' • • . k - ak - Ak . 

Ne'u d~t: 

Thl phrrang trinh (3.17) co d,.ng: 

va d~ d3.ng x.ic d!nh l1m;rc nghi~m: 

[ 
kll kfl 1] X.(x)=ik dkcos-x+Dksin-x+~k",. 
c c ~o~ 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

The cac bi€u thrrc (3.16) va (3.19) vao bi€u thrrc nghi~m (3.10) va lrru y den (3.18) ta drrqc: 

26 

r· 

I 

-'· 
' 



K kfl kfl 1 
u(x,t) =do+ Dox+ \ IJ,,cos-x+Dksin-x+ - 2 2

)(J.coskflt+Fksinkflt). (3.20) 
'~-' c c kfl 

. ~=1 

Cac Mng s5 d0 ,Do,dk,Dk(' = l, ... ,K) du:qcxac d\nh tir cac dihki~n bien (3.7), (3.8). 
Tlr di'eu ki~n bien (3.7) ta tinh dll'?'c: 

(k=1, ... ,K). 

Tir di~u ki~n (3.8) taco: 

Po 
Do=--EF1 

1 kfl Dr.= ---tg-l 
k2 fP c 

(k=1, ... ,K). 

Thg (3.21), (3.22) vao bigu thrrc (3.20) ta c6: 

Po LK 1 1 kfl kfl kO 
u(x t)= --x + --\1- cos -x- tg-l· sin -x )Tk(flt). 

j EF P~V c c c 
k=l 

Trong d6: 

Tk(flt) = fk cos kflt + Fk sin kflt 

Ti:r bi~u thiTc (3.23) tad~ ding tlnh drrqc bi~u thU·c h~-c r?mg bu9c 

(au) EF K 1 kfl 
Z = -EF - =-Po--L ~tg-l· Tk(Ot) 

8x :z:==O cO k c 
. k=l 

(3.21) 

(3.22) 

(3.23) 

Sau d6 ta chuygn sang tlmnghi~m tuan hoan ella phrrang trlnh (3.5). Tir phmmg trlnh (3.5) 
ta suy ra trong giai do~n hai ctia m6i bm:Jc l~p, ta ph!ti giii phuang trlnh vi phin thrrCmg .1.~ sO 
tuiin hob.n: 

ij + bq + c(flt)q = h(flt). (3.24) 

Dg tinh :nghi~m tu'an ho~m ella phrrang trlnh (3.24) ta c6 th~ stl: dvng phuang ph<lp s5 [4 1 5]. 
Trong m9t sO tru·&ng h?P d~c bi~t, ta ciing c6 thg sU: dvng phuang phip tham sO be dg xic d!nh 
c<ic dieu ki~n 5n d}nh va nghi~m tu'an ho3.n ella phrrang trlnh (3.24) [10,11,12]. Trong thi dv d1t&i 
day chling ta se sil d\:ns- phuang phap tham sO be ae tinh toin. 

4. THI D1) 

D& lam vi dv minh h9a.1 ta xet tru-.Yng hqp ham truy~n ella rrr cau c6 d~ng Jon giin: 

U(10) =a+ bcos10 

v&i a, b 13. hang sO va a> !bl. 
Chu y ding 10 = Dt + q , Ta d~ dang tinh chrac: 

U = a+bcosflt, 
_, 
U = -b sin flt, 

_, 
u = -b cos flt, 

-Ill 

U = bsinflt. 

Cac phrrang trlnh (3.1), (3.2), {3.3) bay gia c6 d\'ng: 
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- 211bcos Ot · qli- 1) - b sin Ot · qli-1), 

u(i) (0, Ot) =0, 

( 
Buli)) . Po 
a:;: x~e = - EF" 

Cac phtrang trlnh (3.4), (3.5) din den phtrang trinh 

. . [ ( aul'l) ] . ·( aui')) J 1ql•l + b1ql•l + c1 + EFb cos Ot -- ql•l = -EFbsin Ot -- . 
8x x=O 8x x=O 

(4.1) 

(4.2) 

(4.3) 

( 4.4) 

DOi v&i cic CO' ca:u thl!c, cac d;;ti hr9'Jlg Jl, Cl thrrCmg khi l&n. Do d6, ta c6 th~ du-a V~to cic 
tham sO 

2 cr 
w = Jl' 

b 
ed= ~. 

J1 
( 4.5) 

Phuong trlnh {4.4) co d~ng: 

(") 1 1 [ z ( aul'l) ] 1.1 ( aui')) q' + erJ4' + w + eEFdcos Ot -- q' = -eEFdsin Ot -- . 
- -, Ox x=O 8x x=O 

(4.6) 

Ap dvng phtrang phap l~p trinh bay trong m\lC 3. d~ giii c:ic phtrang trinh (4.1) va (4.6). 

6 btr&c 1)/.p th& nhitt, ta 11y q1°l = q1°l = q1°l = 0. Khi d6 phmmg trlnh (4.1) c6 d~ng 
azu(1) azu(1) . 

c2----- = -OzbcosOt 
axz atz 

6 phrrang trinh nay, ham j(Ot) = -Ozb cos Ot. Do d6 bi~u thfrc nghi~m (3.23) c6 d~ng: 

( 1) Po ( 0 0 0 ) u (x,t) =-EFx-b 1-cos-x-tg-l·sin-x cosOt. 
c c c 

{4.7) 

Tir (4.7) suy ra: 

(
aul1l) o o 

EF -- = -P0 +EF-b tg-t·cosOt. 
8x x=O C C 

(4.8) 

TM {4.8) vao ph=ng trinh (4.6) ta dlX'!C: 

q1 1l + of)qlll + [w 2 + eg(Ot)]q(l) = eh(Ot) (4.9) 

Trong d6: 

q(Ot) =go+ Zg1 cos Ot + 2gz cos 20t, h(Ot) = H1 sin Ot +Hz sin 20t {4.10) 

go = e, 2g1 = -dPo, 2gz = e, H1 = dPo, liz= -e (4.11) 

v6ri 
1 0 e = ~ EFOdbtg-t. 
2c c 

. 6 vung xa ci/ng h1l'<'rng, nghi~m cua phmmg trlnh (4.9) 5n dfnh va ta ·d~ dang tim drr'!c: 
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- ---__ .: 

111 _ [ dPo . E ] q - e w2 _ 02 smOt- w2 _ 402 sin20t. (4.12) . 

(j vlmg g'an c~mg hu&ng, theo [10, 11, 12], de c6 th~ tlm h~t c<ic khi nang c(_)ng hu&ng ta d5i 
biifn r = Ot/m trong d6 m 13. sO tl! nhien. 

va d~t 

Khi d6 (4.9) c6 d~ng: 

dzq(t) m' m dqlll mz 
-- + Aq(l) + e:- [- afl2 + g(mr)]q1 11 + e:~--- = e:-h(mr). 

dr2 fl 2 [l dr fl 2 

C9ng hu&ng xiy ra khi 

A= n 2 
-¢::=:> 

& diy n li s5 tl! nhien. 
Tnr&c khi tlm nghi~m, ta h5.y xet dieu ki~n 5n dinh d9ng ll!c. 
Theo [10, 11, 12] xet phu:cmg tr\nh 

trong d6 

= 

d'z dz] 
dr' + Az = e:[w(r)z + v(r) dr 

= 
w(r) = wo + 2 L (wi cosjr + Wi sinjr), v(r) = vo + 2 L (v1 cosjr + v,.sinjr). 

j=l 

( 4.13) 

(4.14) 

( 4.15) 

Vo < 0, n
2 v;3 > (Wzn- nlizn) 2 + (Wzn- nvzn) 2 

:__ w~. (4.16) 

Ap d~ng cho phrr(TJlg trlnh thuk nhit cUa (4.13) ta c6 cic h~ sO trong khai tri~n (4.15) c6 
d~ng: 

m 
vo = -ry 

0
, 

cOn t<tt ci c<ic he sO kh<ic d&u tl-iet tieu. 
Khi d6 dieu. ki~n &n d!nh (4."16) c6 d\'ng: 

'1 > 0, 

2m
2 

2 2 m
4 

2 2 
n [JZ ~ > W2n - fl' (go - afl ) . 

Trong cic b3.i toin thl!c te' dieu ki~n (4.17) luOn th6a man do b1 > 0 
Bay gier ta tim nghi~m e1la phrrang trinh ( 4.13) drr6i d\'ng: 

qll) = q61) + e:q\1) 

Thay (4.19) vao (4.13) roi so sanh·b~c da e ta.duyc: 

d' (1) 
~+ , 111 _ 0 dr2 n qo - ' 

d'q(l) 
__ 1_ + n'q(1J = ,P(r). 

dr2 1 
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cOn 

Nghi~m cda (4.20) c6 d~ng: 

2 

</>( r) = .':'..__ { [H1 sin mr + Hz sin 2mr] + [ ~02':.r n - (go - afl2
) Rn] sin nr+ 

(12 m 

+ [- ~02':.Rn- (go- afl2 )rn] cos nr- glrn [ cos(m + n)r + cos(m- n)r]­
m 

- glRn [ sin(m + n)r- sin(m- n)r] - gzrn [ cos(2m + n)r + cos(2m- n)r]-

- gzRn [ sin(2m + n)r- sin(2m- n)r]} 

( 4.22) 

Trong d6 rn, Rn dm;tc x<ic d!nh tir di'eu ki~n " Trong khai trign di~u hOa cUa ~(t) thinh ph'an 
di'eu hOa bfic n bi triet tieu n. 

Tir d6. ta df 'a an~ tim ra 3 khi nang d_)ng htrbng 13. Iri = n, 2m = n, m = 2n va tfnh du-qc r n, 
Rn trong tirng tru·&ng hqp c9ng hrrbng. 

C1;1 th~ ta drrqc bing 1 

Bdng 1 

Khi nang c<;mg hu-Crng Dieu ki~n 6n djnh ( 4.18) Nghi~m (4.22) 

0 ""w(m = n) 

0 "" }-(2m= n) 

fl"" 2w(m =2m) rn = Rn = 0 

Chu y r~ng a drrqc xac d\nh tlr (4.14) va 

Nghi%m & xap xi b%c khong c6 d~ng: 

q{l) = r n cos nr + Rn sin nr = Tn cos 2:nt + Rn sin _::Ot._ 
m m 

De'n diy da ke't thVc bu-&c !~p thli- nha:t, & cic bu-&c l~p tie'p theo ta tie'n h3.nh tu-crng tv·. 

" ' 5. KET LU~N 

M<}t trong cic phrrcrng phip hi~n d<!-i nghien cU"U t:inh toan cic h~ ca h9c ph li-e t~p 13. phrrcrng 
phip tAch c3u trUe. Trong bii bio nay dii srl- dvng phrrcrng phip tich cau trUe d~ thiet l~p phll'O'ng 
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trlnh dao dQng cUa cc ca:u cam, trong d6 cam 1a v~t rin tuy~t d5i, cOn ch la thanh dan hOi. K€'t 
qua nh~n dtrqc m9t h~ h~D. hqp phuang trinh d<?O ham rieng va phucmg trlnh vi phin thuOng. 

D~ giai h~ phuong trinh dao dc;>ng lo~i nay, Ga de ra m9t p!Luang phip l~p. Cu5i dmg di tinh 
toan p1inh h<;>a cho m{it vi d'! <'! thg, 

ilia eM: Nh4n ngay 12/2/1990 
Tndrng il~i hgc Bach khoa HN 
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PE3IOME 

0 KOflEBAHID:! KYJIA'fKOBOrO MEXAHI13MA C YTIPYI'MM TOflKATEflEM 

B .ri,aHHOA pa.6oTe pacMoTpeHa npo6rreMa Bbi'-IHCJieHIUI Kone6aHH.H Kyrra'-IKOBoro MexaHK3~ 
M&, B KOTOpOM K YJI840K - TBep,n.oe Teno; TOJIKaTeJlb - yrrpynt::fi OJJ,HOpO)l,Hblit CTep)f(eHb, MOTOp 

COe,[J.HH€HHhl:A: C '!deX3HH3MOM C ynpyrHM S:JleMeHTOM. J.1cnOJib30BalOlli,HA MeTOJl. ITO)l, CHCT€Mhl -

COBpeMeHHbiA MeTO)l., Jl.ll.SI COCTaBJieHHH ypaBHeHHtt KOJie6aHH:A:, IIOJIYl.JliJIH COBMeCTHYlO CllCTe~ 

MY ,IJ.H~«i>epeHIJ,Vla\JihHbiX H .rrpOH3BO)l.HbiX ypaBHeHH:tt. JI.nH pelll€HHH STOtt CHCT€Mbl npe)I.JIO)K€H 

HTeparr,HOHHbi:tt: MeTo)J.. ITpnBe,!l,eH rrpHMep. 
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