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VE DAO DONG CUA CO CAU CAM CO CAN DAN HOI
NGUYEN VAN KEANG, iJfJ -Vm KHIEM

1. MF DAU

P tinh todn dao d6ng co cdu cam ngwdi ba thwdmg st dung mé hinh hé cde vit ria ndi ghép
v&i nhan bing cac 10 xo din hdi khéng khéi lwong [1 - 6]. Trong [7] da xét bal todn x4c dinh cic
tén 83 rifng cia co cin cam, trong 46 ¢in dwee xem 13 mdt thanh din hdi thye hién dao ddng doc

Trong c3ng trinh nay zét vin d8 tinh todn dao ddng cia co cdn cam véi mé hinh cam 13 vat
rin tuyét dfi, ¢An 1 thanh dan hdi, gifta déng co vi co chu dwoe 151 bing phin td din b,

2. THIET LAP CAC PHUONG TRINH VI PHAN DAO PONG

¥ét md hinh dao ddng cda co clu cam nhe Adnh 1. Trong 46 cam 13 vit rin tuyét d8i, chn
ddy 14 thanh din hai d5ng chit ¢6 thidh dién khong 3. Giira d0ng ¢ va co ciu dwge ndi bing
che phin tid dan hoi khéng trong leong. '

M& hinh trén 13 mét ciu tric déag hwe hoe. Ta tdch cfu tric nay thinh cdc ciu tric con sao
cho v&i mdi cdu triic d6 ta cd thé d2 dang thi€t lip cdc phwomg trinh vi phan chuyén dong cda
né. D6l véi cin tric dong luc hoc nhu Aind 1, ta phin thanh hal c¢iu tric con nhw Adnk 2

8t dung phwong trink Lagrange Yoal 2 thift }ap phwong trink vi phan dao déng xodn cho ciu
triéc con Za. Bifun thive ddng ning va thé ning cia ciu tric con 2a ¢6 dang:

1 . 1 . 1 .
T= EJo@g + gjﬂf’gl, ;= 501(501 - ﬂﬁ’o)‘]-

Thé vao phwong trinh Lagrange loai 2 [8]

d /8Ty 2T  ar
dory ar_ s o
dt\dg; dg; 8y

ba drge:

Jowo + 1o — e = @,
J1er —erpo Ferer = Q3

o~ —
| S o)
[

trong 46 QF, QF 14 ¢éc lye suy rdng, img véi cdc lye khong thé. Bing phuong phip di chuyén
khi di, ta d& dang xdc dinh daoc:
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Qy = M+bi{o1~ ), Qi =-ZU (1) — bi{é1 — o)
Céc phwong trinh (2.1), {2.2) biy gid ¢d dang

Joo + bio — b1@y + crpo — c1p1 = M(2), (2.3)
Jipy — b1 + 0191 — o F crpr = ZU ). (2.4)

Xét trirrng hop chuyén déng binh 8n. Khi 6 po = Qt{Q = const). Do tinh dan h6i cla truc
din, géc 1 sai khdc géc o mdt lwgng nhé:

w1 =@ +g= I+ (2.5)
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Hinh 2
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Tir (2.5) suy ra

or=0+4¢  H1=§ (2.6)
Thé c4c bidu thire (2.5), (2.6} vho phwong trinh {2.4) ta cé:
JiGrbig+cig=—ZU (it +q) (2.7)

Ap .c.il.lng khai trién Taylor
Ut +q) = U'(Qt) + U"{Qt)g+. ..

va st dung ki higu .
V=), T =U"(),...

Phwong trinh (2.7) ¢ dang:
1§ +big+ (o +T 2)g=-U'Z (2.8)
Trong 46 lwe rang budc Z chwa xdc dinh. .
Néu tir phuong trinh (2 8) tinh dwge q(t) thi thé dai lwgng ndy vio phrong trinh (2.3) ta
xdc dinh dwoe bifu thitc md men khiu din cin thiét d& cho 1 = const:

M(t) = —¢yq - big

Biy giér chuyén sang xdc dinh phu‘o’ng trink vi phén dao ddng doc cda ciu tric con 2b. Goin

13 dich chuyén doc twong 48i cda thanh. Ap dung nguyén lf d° Alembert ta cé phwong trmh dao
dong doc [91 :

2 9%u 3Pu  d%s

“: o e (2:9)
" Trong 46 ¢% = E/p, v&i E 13 mé dun dan héi, p 13 khéi lrong riéng.
Cic digu kién bién cda md hinh 2b ¢4 dang:
u(0,f) =0, . o {2.10)
du .
EF(E;‘;) = P (2.11)

Trong 44 F 1a dign tich thiét dign thanh. o] day ta 43 glé thigt ring E, F vi p d8u 12 cdc dai
lwong khong déi.
Chii ¥ ring:

ds ds dgy

_ - . — 4 -
dt  dp;  dt Ules)rs

d?s " .2 ' -
Jz U (e1)e1 + Ul ).

& ché d6 chuyén déng binh dn ta cé:
45

2 = UM+ @+ @)+ U0+ g)i
Tt

~ (T + T )02 + 204+ @)+ (T +U'9)g ~
~ 2T+ 02T g+ 200 4+ U4 :
Thé vao phwong trinh (2.9) ta dwoe:
3%y 32 — .
“252121 - a_;; =0T + 0T "g + 200"+ T3 (2.12)
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. . - . N . . - Y
Chi ¥ d&€n didu kién bing nhau vé dich chuyén va didu kién cin bing twong hd vé luc & diém
t4ch cic cin triic con ta co ditu kién ghép ndi:

w(0,) = 0, (2.13)

du
EF(@;)I:G =-7Z. (2.14)

Dicu kién (2.13) tring véi didu kién bién (2.10). Viy ta chi cin quan tim dén digu kidn ghép
ndi (2.14) ma thék

Theo trén, ta nhén dwoc hé phrong trinh md td dao déng cla co cu cam c6 cin dan hdi
gbm phwong trinh vi phin thudng (2.8), phuwong trinh dao hdm riéng (2.12) v&i cdc difu kién bign
(2.10), (2.11) vA didu kién ghép néi (2.14).

3. PHUONG PHAP GIAI

Dé gidi hé phwong trinh hon hop (2.8} va (2.12) ta st dung phuwong phap lip theo so db sau:
& bwéc 13p thé i ta gidi hé hén hop:

0%l 57u)

= e _ ng-gn +Qzub?mq(£*l) . ZQU”QH;” —f—ﬁfq‘li_“, (3_1}
w0, 1) = 0, (32
aul?)
EF( = )m2 =-P, (3.3)
. dul?
AL
| Br( = )M, (3.4)
J1i® 4 b1 4 (o) + 2T = 2~ 20T (3.5)

(i=1,2,3,...) ‘ :

Trong d6 ta chon gl% =0, ¢{® =0, 5% = 0 1am cic x&p x4 iun tisa. Vi ¢ nghia vit 1y, didu
44 ¢6 nghia 12 xem inh hwéng cla tinh dan hdi cda truc la nhé.

Di véi cic co cfu tulin hoin, U(p) 13 him tuin hodn cda o, Do dé U(fk), U7 (Q1),. ..
13 cic ham tuin hodn cda ¢ v&i chu ki T = 27/, Ngoii ra, d€ xéc dinh, & bai bio nay ta xét
tredng hop P = Py = const. Khi d6 digu kién (3.3) <6 dang:

(i
(G =i

Nhw thé & mdi qua trinh lip, d3u tién ta tim nghidém cda phiwong trinh dao ham ridng:

e G
2 L = f{ 3.6
g~ /() (3.6)
v&i cic didu kién bién:
(0,4 =0, (5
du P[)



Trong 46 f{f2¢) 1a him tudn hodn cha ¢, chu ky T = 27/}, vi trong khai trién Fourier
khéong chiva thanh phin hing s3.

Gik sd f(Q¢) ¢S dang:

ctta nd

K
F(021) = > (f cos kDt + Fi sin 40t) (3.9)
g k=1
Ta tim nghiém cda phwrong trinh (3.6) dwdi dang:
K - .
u(z,t) = Xolz) + Z Xyl{z){ay cos kOt + Ay sin kQt) {3.10}
k=1
Tir (3.10) ta cé:
3*u " ‘ = ey . :
i X (=) + Z K{x¥ar cos k{t + Ag sin kQ2) (3.11)
k=1
&u X :
Froieie z kgﬂng(:f:](ak cos kiit + Ai sin k() (3.12)
¢ k=1
Thé céc bidu thie (3.9), (3.11), (3.12) vhe phuoag trinh (2.6) ta nhin dugc
K K
PRl 2yt 22 Yy . 0 : — £ [ N T e
e XG + E(c XU+ P X ) ok cos ki + Ag sin k(i) = > {fx cos k{2t + Fy sin k§2t)
k=1 k=1 )
So sanh hé 58 cAc ham dign hoa ta suy ra:
X} =0, {3.13)
(X} + K207 Xeay =1, (3.14)
(CX)+ K0P X ) A = Ry {3.45)
Nghidm cia phuong trinh (3.13) la:
Xo(z) = do + Doz. {3.16)
Cac phwrong trinh {3.14) va (315} din dén:
2 4 4 E
C‘X;: + X, = -fi = —;‘c‘ (3.],7)
ap A
Néu d3e: ;
F
J %
2 _ T 3.18
W= {3.18)
Thi pheong trinh (3.17) ¢é dang: -
EXY + EPPX = v
va d& dang x4c dinh dwoe nghiém:
&0 . kO 1
Xelz) = [dk cos —z + Dy sin —z + W] (3.19)
¢ ¢ 2032

Thé cdc bidu thic (3.16) vi (3.19) vio bidu thirc nghidm (3.10) vi lwu ¥ dén (3.18) ta dwoc:
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ke
k(1 kﬂ
u{z,t) = do -+ Doz + E i, *Gs—cwm-I—Dksm

=1

kzlhz)(fk cos k{1t -+ Fk sin kﬂt) {320)

Céc hing s8 do, Do, di, De(r = 1,..., K) dwoc x4c dinh tir cdc diBu kién bién (3.7), (3.8).
Tir didu kién bién {3.7) ta tinh dwoc:

w0 =0, dp = _W (fﬂ= 1,...,K). (3_21)
Tir didu kién (3.8) ta ¢6
P, 1 kSt
2= e = ———tg— k=1,... . .
Do=-prr  Dr=—pagte (k=1,..., K) (3.22)
Thé {3.21), {3.22) vio bifu thirc (3.20) ta cé:
K
, By H k§Y kS k(1
ulz,t} = ~Erct 2 jE (1 cos e g—-ﬁ sin Tx)Tk{ﬂc}. (3.23)

Trong dé:
T (08) = fi cos kbl + Fy sin k(2
Tir bidu thirc (3.23) ta d& dang tinh dwge biu thic lirc ring budc:

du

k4
Z = —EF(B$)3~O ~Py - —Z % g—ﬂ Te(2t)

Sau dé ta chuyén sang tim nghiém tuin hodn cda phwong trinh (3.5). Tt phwong trinh (3. 5)
ta Suy ra trong g1a1 doan hai eda mdi bwéc lp, ta phii gidi phuong trinh vi phin thwdng hé s8
tuin hoan

G+ bg -+ c(fdt)g = (). {3.24)

Dé tinh nghiém tulin hoan cla phwong trinh (3.24) ta ¢6 thé st dung phwong phép s8 4, 5].
Trong mdt s8 trdag hop dic bidt, ta cing cé thé st dung phwong phép tham s8 bé 48 xdc dinh
céc digu kién 8n dinh v3 nghiém tuin hoin cia phwong trinh (3.24) [10,11,12]. Trong thi du duwéi
ddy chiing ta 58 s dung phirong phdp tham s& bé d€ tinh todn. ’

4. THI DU

DE Jam vi du minh hoa, ta xét trwdng hop ham truyén clda co ciu ¢é dang don gidn:
U(go) =a+bcosyp

v&ie, b 13 hing s8 va a > [bl.
Chti ¥ ring o = it + g, Ta dé dang tinh dwoc

—[7 = a4 bco% {1, [ sin i, 7' = —bcos £, T" = bsin (2.

‘ Céc phwong trinh (3.1), (3.2}, (3.3) by gi ¢6 dang:
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§2uld)  52yl0 . i
c? 822 — 81:2 :*szcosﬂt+ﬂzbsmﬂt-q{ 1) _

— 20bcos 2 - Ui~ 1) — bgin - 071,

w'(0, Q) =0,
au(’) A P(}
(52).e =" 7F (4.3)

Céc phwong trinh (3.4}, (3.5) din dén phwong trinh

uld)

; . 3
Jog® £ 8,4 1 [01 + EFbcos Qt( 3

):::D] P = —’EFb sin ﬂt.( a;(i} ) J (4.4)

x z

. r P » . y Y2 z z A by ’
Déi vl cic co cdu thye, cde dai lweong Jq, ¢ thudng khd 16m. Do d6, ta cé thé dwa vao cdc
tham s3 ' ‘

2 b b '
w = el &f = -i, ed = —. : (4.5)

Phuong trinh (4.4) ¢é dang:

G + eng + [w? + eEFdcos i ‘%(:)-)z:o] gt = —eBFdsin m-( a;(‘))mzo. (4.6)

I

Ap dung phrong phép Lip trinh bay trong muc 3. 48 gidi cic phrong trinh (4.1) v (4.6).
& buée 13p thi nhit, ta Ky ¢l = ¢® = ) = 0. Khi d6 phuong trinh (4.1) ¢6 dang

92,401 g2,02) . -
2 auz - Tl;—u = —-Pbcos Ut
xr

& phwong trinh nay, him f(§t) = —02 cos 2t. Do 46 bidn thirc nghiém (3.23) cé dang:

w(z,t) = ——Ei}z —b(1~ c;:'s %a: -~ tg%ﬁ : sing:u) cos {1t, .o {47)
Tir (4.7) suy ra.: 2yl 0 q
EF ( 5 )x:o =Pyt BF b g ot cosOt. (4.8)
Thé {4.8) vao phwong trinh (4.6} ta dwoc:
G+ engD + [w? - eg{e) ] ¢'Y) = en(t) (4.9)
Trong dé:
| g(f2t) = go + 291 cos (Ut + 292 cos 202¢,  A{{1¢) = Hy sin {3t + H; sin 202t {4.10)
vi
7 go=2£&, 21 =—dFa, 2= «f, Hi=dP;, H:= —§ (4.11)
v

e= L Eraangte
2¢ ¢

* ¥ vitng xa cbng hwdng, nghiém cia phwong trinh (4.9) én dinh vi ta dé dang thn dwoc:
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dPp,
(1) __ i %40
9 _-E[wg-ﬂz w? — 402

O viing gin cdng hwdng, theo [10, 11, 12], d c6 thé tim hét c4c khi ning cdng hudng ta A&
bién 7 = (/m trong dé m 14 s6 tu nhién.

Vi dit

Khi 46 {4.9) ¢ dang;:

d2q(l) .y mdqli) m2
T3 + Agtt + ) [— af?? + g(mr)]q(“ + NG sﬁh{mr). (4.13)
Céng hudng xdy ra khi , ,
A=n? o= %5+sa: —=, {4.14)

& diy n 1 8 tw nhién.
Trude khi tim nghidm, ta hiy xét diu kién 8n dinh déng lue.
- Theo [10, 11, 12] xét phuong trink
d? d
&T—Z + Az = E[‘LU(T]Z + U(T)Ijl

trong 4o

wlt) = wy + 2 Z (wjcos g7+ W;singr), o(r) =uvp+2 Z {vjcos 77 + Vysin gr). {4.15)

=1 =0
& trang thai cdng hudng A = n? ditu kién én dinh déng lwc 13:
vy < 0, nzug > (Wan — ann)z + (Wa, — nuzn)g — w%. (4.18)

Ap dung cho phwong trinh thuin nhit cla (4.13) ta c6 cic hé s§ trong khai tridn {4.15) <6
dang:

2 mZ mz

vy = — w(}:__(—aﬂg.-{_go): wm:—ﬁ'gl) wzm:*ﬁ@ng

cdn t4t cd cdc hé s8 khidc d8u triét tidu.
Khi d6 disu kién &n dinh (4.16) 6 dang:

1>0, ' | {(4.17)
2m* 5 W2 m? 242
e 2 Wi T '54"{90 — af2?)”. (4.18)

Trong cic bai todn thwe t&€ digu kidn (4.17) ludn théa min do b; > 0
Biy gio ta tim nghiém cia phirong trinh (4.13) duwéi dang:

gt = gt 4 el (4.19)
Thay {4.19) vio (4.13) roi so sinh bic cla ¢ ta dwoe:
d2q(()1) 2 (1)
5zt = 0, . {4.20)
4?2 (1} '
—"““‘dilz +nfqf") = 4(r). (4.21)

sin {3t — ___é,__._ sin 203t|. 4,12} -
2



Nghigdm cda (4.20) c6 dang:
q({)l) = r, cosny + B, sinnr (4.22)

2 n )
- ¢fr) :m{ [Hl sin mr + Hosin Zmr] -} [nﬂ;rn —{go — QQZ)RR] sin nT+
+ [ — nﬂ—?}-Rn —{gp — aﬂz)rﬂ] cosnT — glrn[cos(m + n)r + cos{m — n)f]_
m .
_ gan[sin[m + n)7 — sin{m — n)r| — 927 | cos(2m + n)r + cos{2m — n)7] -

— gz R, [sin(2m + n)7 — sin(2m — n)r| }

Trong 46 r,,, R, dwge xdc dinh tir digu kign “ Trong khai trién diéu hda cda ¢{¢) thanh phin
ditu hoa bic n bi tridt tidu "

Tir 46 ta d€ ding tim ra 3 kha n¥ng céng hwdng ld m = n, 2m = n, m = 2n vA tinh dwogc r,,
R, trong tirng trwdng hop cdng hudng.

Cu thé ta dwoc bang 1

Bdng 1
Khi ning céng hudng Didu kién én dinh {4.18) - Nghiém (4.22)
2 & w(m = n) 7202 > (%)d — (£ — a0 1 dP,
— (3¢ o0z O
Ro= (36 o) O
o = ZnﬂDi
1= %{(2m =n) 202 > —i(f—aﬂz)z 2 ¢
R, = —{¢ - a?) =
| (6~ £
(1 ~s 2w({rm = 2m) 7202 > (dP)? ~ 4(¢ — aft?)? r. = R, =

Chi ¥ ring o dwge xdc dinh tir (4.14) v3

Dy =n*0% + (€ - a1?)? — (

B2 |y

)%, Dy =4n?0% 4 (£ — o022,
Nghiém & xdp xi bic khdng cé dang:
g(” =r,cosnT + Rysinnr = r, cos —r-b-ﬂt + R, sin Eﬂt._
; m m

Dén diy di k&t thiic bwéc lp thit nhit, & cac bwéc 13p tiép theo ta tifn hinh twong tw.

5. KET LUAN

Mot trong cac phwong phdp hign dai nghién ciru tinh todn cdc hé co hoc phite tap 13 phwong
phap tich cdu tric. Trong bai bio niy di s¢ dung phwong phap tich ciu triic &8 thidt lip phwong
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trinh dao dong cda co ciu cam, trong dé cam 13 vit rin tuyét d8i, cdn cin 13 thanh dan hdi. Két
qué nhin dwge mét he h&n hop phwong trinh dao him riéng v phwong trinh vi phan thudng.

P# giki hé phuong trinh dao ddng loai niy, d3 dé ra mét phwong phap Iip. Cudi cing da tinh
todn minh hoa cho mdt vi du cu thé,

THa cht: . ‘ Nhin ngay 12/2/1990
Trudng dcu hac Bdch khoa HN
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PE3IOME
0 KOJIEBAHUHK KYJAYKOBOI'O MEXAHHW3MA C YITPYTUM TOJKATEIEM

B pauno# paBoTe pacMoTpeHa mpoGreMa BRIYACICHUA KONeGaBHA KyNayKoBOrO MEXAHHA-

M#8; B KOTOPOM KYJIa40K - TBEPAOE TENO; TONKATENE - YIPYTHH OLHOPORHEIE CTEPIKEHE, MOTOD

' COENWHEHHRLIR ¢ MEXaHM3MOM ¢ YIPYTHM sileMeHTOM. Mecnone3cpariinil METOL Mo, CHCTEME -

COBPEMeHHEIN MeTO/, A/1M COCTABIEHNS YDABHEHHY KoAeBaHUM, HOAYHMIM COBMECTHYH cHCTe-

My RuddepeHOMaNEHEX M IPOUIBOAELIX YpabHenuit. Jid pellieHHA STOU CHCTEMSL TIPEIIOMKEH
WTCPALHOHHEIN MeTofL. [IpaBener mpumep.
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