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TV CHAN CUA DAY CO MQT BQ TAT CHAN DQNG LlJC 

NGUYEN VAN DINH 

v " " 
D~T VAN DE 

Trang [1,2] aa_ kh<io sit ccic b9 t~t chan d9ng l¥C m~nh va ye'u d~t vao diy chiu kich dQng tv 
ch<ln ye'u. Ham Dirg,c d:m;tc dUng df th~ hifn t<ic d1,mg ella b9 d.t cha:n vao diy j d;;mg dao df?ng 
rieng ella h~ day- b9 t£t cha':n duqc khai tri~n tl-dtnh cip v& h?-n thea ci<; d¥lg dao d9ng rieng ctia 
day. Bii b3.o nay x€t b9 tat ch5:n d9ng l1;tc m{ffih, d~ng dao d{)ng .rieng cda h~ cim;:rc tim & d<;tng 
gi&i n9i, phtrang phip trung blnh t6 ra thu~n lgi ne'u h~n che & x5:p xi thli' nhat kh&ng ho~m chinh 
nhCr m9t di'eu chinh nh6 khi d6i bie'n. 

1. H~ PHUONG TRINH VI PHAN DAO DQNG 

Kh<io sit day mem dOng chat OA =£,¥.hOi hr9'ng don vi dai JJ, n~m ngang v&i stl-c cang k vi 
ch}u klch d{'m-g ye'u phin bO tren diy va tic dvng thea phtrang thing dU;n·g. T<;ti B cich 0 do<;tn 
OB = b c6 d~t b9 tat ch:in di}ng hrc li kh5i.llrC?Tig m treo & d'au 10 _so d9 cfu:tg c, h~ .s5 dm nh&t 
,\, h~ phrrcrng trlnh vi phiin dao d(ing Ia: 

azylll _ kazyl'i = <R(ayUI). 
J1. atZ 8xZ 8t ' 0 :o; X :o; b ( 1.1) 

82y(2)- k82y(z) = "R(8y(z)) 
J1. 3t2 8x2 o 8t ' b:o; X :o; £ (1.2) 

mi+c(z-y(b,t)) =-e>-(i- ay~~,t)) (1.3) 

th6a min di'eu ki~n bien: 

Y
l'i(o t) = azyi'l(o, t) =·ylzl(e t) = azy('l(i,t) = o 

, ~ 8x2 ) 8x2 (1.4l 

va di'eu ki~n lien hgp t{ti nUt B g8m di~u ki~n lien t1J.c: 

y(ll(b, t) = yiZl(b, t) = y(b, t) ( 1. 5) 

cling v&i di~u ki~n din b~ng t~i tirng thCri di&m tg,i ~Ut d6 (gifra hai siTe dtng ella hai nhinh day 
va t5ng h-ai hyc dan h'Oi va d.n nh&t & b9 t·~t ch:in): 
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(1.6) 

trong d6-x, ho3nh dQ ch~y tren day (0 :S x ::; £), -y(l), yt 2 l hai ham ella hai bien (x.' t) li€n t\1-c 
cling V&icic dq.o him riEing c-&a chling theo tva theo X trrong &ng trong cic khoing (0 .::S X :S_ b) 

va (b :'S X :'S £); y(b,t), iJy~~,t)- gia tri chung t~i thai diJm tva t~i X= b cUa hai hilln yi 1 1, yiZ) 

' ' d h' .. b' h" , h' h t iJylll(b,t) iJyl2l(b,t) "t. t . t' .. ,.~ 
va cac c,t.O -am Tleng <'lC ll at CUa C ung t eo. j ax 1 ax ~ g1a q c_u flO'l uleffi t 

y3, t~i X= b cda d.c d;;to him rieng b~c nh5:t theo X c..\a hai hJ.m y{l), y( 2 )j z, i, Z- h3_m z(t) va 

' d h' " 't 'h. ' ''h t k' h"' d~ hl ' d ·1 b' R(
0 y) l' k' h cac <;tO am cap m9 va a1 cua no t eo ; e ·y l?U e c cac ;:tl rrgng e; Bt - 1am 1c 

dQng tv chin d9-ng: 

(17) 

2. DAO DQNG RIENG 

Cho e = 0 hf (1.1) - (1.6) suy bign thanh h~ mo tit dao di)ng rieng cua h~ day. bi) tat cMn: 

il2 i'l(o ") fP (zJ (£ t) 
(li(Ot)= Yo ,, = (2)(bt)= Yo , =0 

Yo , . Bx2 Yo ' Bx2 

Yb11 (6,t) = Yb21 (b,t) = Yo(b,t) 
(1)( ) (2)( ) 

( . (b l) _ k(ily0 b,t ily0 b,t) cz:o-yo ,t- a -
. X 8x 

{2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

trong d6 chi s5 0 dUng dg ph5.n bi%t cic h3.m mO tlt dao d(;)ng rit~ng v&i d.c h3.m m& tit ciao d9ng & 
h~ kfch di')ng. 

Theo phu:ang phap pharr ly bi&n [3J, d:;lt: 

yb11 (x, t) = y(l) (x) cos wt, 

y~2 ) (x, t) = y,(z) (x) coswt, 

zo(t) = Z coswt 

(2.7) 

{2.8) 

(2.9) 

trong d6 w t'an s5' rieng, y(l)(x), y(2l(x) va. Z- hai h3.m crla x (lien tvc cling v&i c<ic d~to ham 
cda chUng trong d.c kholmg da bie't) va h~ s5 h~ng xic d!nh dq.ng dao dQng rifng. 

Thay (2.7)- (2.9) vao (2.1)- (2.6) thl drrqc: 

l :--~;-~- (:~:;o~:-~\-~~~~-;';~~-~:~;·~~->71 17 ::. -------·----

THtf v,r>~ CJ ;;u~ ,. 



dYi21 {b)) 
dx 

H~ phrrang trlnh (2.10), {2.11) va cic dib ki~n {2.13) thJa man b&i cac ham: 

yl 1 1(x) =a sin vx, y1 2 1(x) =.Bsinv(£-x) 

{2.10) 

{2.11) 

{2.12) 

{2.13) 

{2.14) 

{2.15) 

{2.16) 

trong d6 a, f3 cac h~ sC: chrra xic d!nh; v = w.;;{k 
Thay (2.16) vito (2.12), (2.14), {2.15) chUng ta dU'(Jc h? phU'Ctng trlnh d~i s~ b?-c nhilt dhg 

cap dOi v&i a, f3, Z 

hay 

asinvb- ,Bsinv(t- b)~ 0 

ca sin vb- Z{c- mw2 ) = 0 

{kv cos vb + c sin 11b)a + kvbcos v(t- b)...: cZ = 0 

£>ieu ki~n d~ h~ nlty c6 ~ghi~m khOng t~m thrrOng li: 

sin vb 
c sin vb 

c sin vb + kv cos vb 

-sinv{t- b) 
0 

kv cos v(t- b) 

o I 
m.w2- c I= 0 

-c 

(c- mw2 )v;;ksinwt.;;{k = cmw sinwb.;;{ksinw(t- b).j;{k 

DO la phucmg trlnh t'an s3 ri€ng cho mQt d[y vO h;,tn t'an s8 ri€ng Wn (n = 1, 2, ... ) 

{2.17) 

(2.18) 

(2.19) 

' ' • A .. ' ·A ' • ' • ' ' ' dY,(l) (b) • dY,(l) (b) 
Chu y rang dao d9ng neng co d1em goc t<p B VI tq.1 do cac d~o ham dx va dx 

khOng cling gia tri. 
M~t khic, t'an sO ri€ng ella h~ (day ~ b9 t£t chin) c6 th~ trU.ng v&i t'an sO ri€ng cUa b9 tg,t 

chitn ho~c cua day {khong tit chan). 
Thl!c v%y, gil thie't b vat khi rr&c, (tj s) Ia do~n rr&c chung l&n nh~t cua hai do~n b va t- b. 

Khi d6, cic t'an sCfri€ng thfr r · s {r:::; 1, 2 .... ) cUa day (khOng tit chcfu) cling li tin sO ri€ng cUa 
h~ diy - b{) titt chin va trong dao ~l}ng ri€ng, di~m treo B Ht nUt, b(} tlit ch5:n dUng im. Ngu t'an 
sO rieng cda b9 tat chan l~ triing v&i t'an sO ri€ng th& r · s cda diy thi t'an sO d6 Ia t'an s8 kep 
ella h~; ngoii d<}ng dao d{mg ri&ng v\ra n6i, cOn d<~mg khic d9c l~p cling t"an. sO trong d6 do;:n BA 
( OB) dtrng im, do~n OB (BA) dao d{>ng cung b\> t£t chan. 

T'an sO rieng cU. a b9 tit chan cOn Ht t'an sO rieng ella h~ khi n6 cling Ia t'an s8 rieng cda .do'?-n 
day OB (ho~c BA); trong dao d{>ng rieng, do~n OB (BA) dao d{>ng cung b\> t!t chan, do~n BA 
(OB) dtrng ini. 

ChU Y r~ng tlnh tnrc giao cda cic d~ng dao dt?ng rieng cho hOi h~ thtl-c:_ 
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l
b ! . , fO 

~tYI 1ly(lldx + j' yl2lYI 2ldx + mZ Z = 
r ~ r !J r II 1.. Jvf~ 

khi r t- s 
(2.20) 

" -r = s 
0 b 

H~ .thlic trl;l'c giao vin d:Ung v&i tiin sO k€p b~ng c<ich ch9n d~ng dao d9ng thlch 

" " 3. TV CHAN L' :JN TAN 

Tr& lc.ti h~ klch d:9ng (1.1) ~ (L6), chUng ta thanh l~p h~ phU'crng triuh t.rung binh cho ell€ dQ 
tl;f chan dcrn t'an g'an m9t t'an sO rieng ·· kY·hi~u w1 rna chUng ta. gilt thi€t L1 dan v~1. khOng ·~C' c9ng 
lnr&ng v&i. cac t1n sO khic ella h~. 

Ne'u dirng l;;ti & x3:p xi thlr nhat khOng hoin chinh, c6 th€ d~.t: 

ylil (x, t) = yf'l (x) · 21 (t), 0:; x:; b 

yPl(x,t) = (x) ·ll(t), ;, $' S t 

z(t) c~ Z1 · T1 (t)- e:)\_(Z1 - Y1 (h))1\(t) 
c 

trmlg d6 Tl, Tl, Tl la h~un clin xic d~nh theo th&i gian va cic d~'M) ham ella n6. 
Cic di'eu ki%n (1.4L (1.5) drrg-c th6a man cOn c'ii'eu ki%n (1.6) th6a m3.n sa.i kem O(f:·:;. 
Dem (3.1)- (3.3) thay vic (1.1) . (1.3) chung ta du·r;rc 

1) 

(3.2) 

(3.4) 

(3.5) 

(3.6) 

foyil)) (ayl2)\ iJyl'i 
trong d6 R 1 , Rz • c&: ham R\ -at , R, --a;;-} sau khi thay ---al' 

a I2J 
y ' J.· b·' h' ' ~- ou-1 leD t, u·c cu. a 
at 

cMng suy tir (3.1), (3.2) va 

),m(z '('l)·r·· g = ~ 1 ~ yl o, 1 
c 

(37) 

~ ' h' (3 4) (' s) (3 6) , · yl'1 Y12lz •·· • , · h • ,. ·'" 1 ·· , , lu·ang rrng n an .. · : 0. 1 • vcn 1 , 1· 11 rm U?ng r<;n, c u y uen 1~ entre (2.20) 
khl ~· = s ::::::: 1, chUng ta duyc 

(3.8) 

trong d6: 
b £ 

J. I R l'(l) l +I R yl2id + z 1 = 1 1 (X 2- 1 X 9 ] (3.9) 

0 b 

D€"n diy .nhtr blnh thrrCmg d~t: 

(3.10) 
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H$ ph U'CYng trlnh trling blnh la: 

(3 11) 

trong d6 ( ) la ky hi~u trung blnh va: 

b ' 

hr = h1 [ J Y}l)
2 
dx + J Y,121

2 
dx], (3.12) 

0 b 

D6 li nhiJ:ng phuang t:r!nh va bigu thfrc cia. thu Chrqc trong /2]. 
Bay giCt gilt thie't t'an s5 rifng Wl 13. k€p nhu-:ng khOng xay ra c9n.g hm:Yng v&i cic t'an sO ri€ng 

khic. KY hi~u y~U) (~ = 11 2) - hai d0ng dao d:9ng rieng cling tmmg lrng v&:i Wi d.U'qc ch9n sao 
cho c.ic h~ th&c trl.(c gia.o (2.20) dm;rc thOa min. 

D~t: 

2 

yl 1 1(x,t) = ;[ Yj'l(x)1((t), 
1=1 

2 

yi2l(x,t) = ;[ Y? 1(x)Tt(t), 
e=I 

2 

z(t) = ;[ { Z(T1(t)- <~(z,- Y0(b))Te(t)} 
(:::::1 

trong d6 TI(t), T2 (t) li nhlrng ha.m theo th&i gian cB.n xic dinh. 

(3 13) 

(3.14) 

(ns) 

Cac di~u ki~n (1.4), (1.5) thOa man, cac cliliu ki~n (L6) th6a mali sai kern O(e2 ), h~ phu:ang 
trinh (1.1) - (1.3) tr& thimh: 

2 1 ··. d2y}'l ' L {l-'v,1 11e- k dx~ 1<} = eR1, 
e=l 

o:::;x:::;b 

2 d2yl2) 
'{ (2) .. ' I } L MY~ Te ~ ;c dx2- Tc_ = eR2 , 

~=1 

b:O;x:::;£ (3.16) 

2 

;[ { mZ/i'e + c(Z1 - Y{(b))Td = eg 
E=l 

V&i h~ thfrc trl!C giaq, hf (3.16) 'bie'n ac;i th~mh: 

(3.17) 

trong dO 

2 

g = ,~~ ;[ (z,- Ye(b))r,, 
e=l 

o e ' ! . (1) . ( . (2) 
!( =. R 1 Y1 dx +, R2Y1 dx+ gZ, 

0 b 

(3.18) 
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Dil'n day nhrr b\nh thrrlmg d~t: 

T1 = a1 cos'f/;1, 

T2 = az cos ..Pz, 

T1 = -alwl sin 1/J1 

T2 = -azwlsinif;z 

Theo cac bie'n a 1 , a2 , .p1 , Tj;2 , h~ phrrang tr\nh (3.17) thanh: 

• a,=--M (J,sinT/!1}, ,w, 
az = -Me (fz sin T/!z), 

zw, 

trong d6 <p = T/!1 - T/!z 

(3.19) 

(3.20) 

Bi~u th&c cu5i cling va vi~c phftn tich h~ (3.20) kha phli-c t~p nen chUng t6i dirng l~i b vi~c 
thigt l~p h~ d6. 

A ' 

KET LU)...N 

Qua n9i dung drr9'c trlnh bay, c6 th~ thS:y vi~c bi~u dien d{Lng dao d{)ng rieng b&i h~un lien 
t~c khlt vi tirng khUc cho phep thiiy rO difm g6c troug dao d?ng ngay trong x:ip xi th-IT nh5:t va 
v&i m{lt dieu chinh nhO trong vi~c d5i bie'n, phuong phip trung blnh v~n tO ra thu~n lc;ri. 

-Dia chi: Nhan ngay S/8/1990 
Vi4n Cu Vi4n KHVN 
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PE3IOME 

ABTOKOflEBAHH5! CTPYHhl C O,UHI1M ,UHHAM11'-fECKI1M I'ACHTEflEM 

PaccMaTpHBaHLI aBTOKone6aHH.li cTpyHhl c OJI.HHM p,aHaMnl.fecKHM racHTeneM. ITpep,norro·· 

:>KCHbi co6cTBeHHhl ~opMhl B BM,[J,C HerrpepbiBHbiX KYCO'-lHO-Jl.H~<JlepeHilJipOBaHHbiX t}JyHKII,Hfi B 

K3:>K)J.biX npoMeJKyTK3X. ,ll_JI.H TOrO, l.JTOt5hi 6biJI HCTIOJib30B3H ycpe,[J,HeHbifi MCTO,!J,, B p,aHHOfi 

CT3Tbe, Tipe)J.JIOJKeHhl HCKOTOpblC H3MeHeHHfl B <PopMyJiaX IIpeo6pa30BaHH.51 nepeMCHHblX. 
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