
T~p chi CO HQC, t~p XII, 1990, so 4 (1 - 7) 

' ' " VA CH~M DQC CUA HAl THANH DAN HOI 
" - ' ' ,. 

VOI Ll}'C CAN DAN NHOT 

NGUYEN THUC AN, KHONG DOAN DIEN 

Cas& ella lY thuye't va ch;;tm d9c (;Ua hai thanh din hOi clii dU'Q'C ph it triJn va ho~n thi?n g'an 
m<}t tram nll.m nay. Cac kit quA nay d3. Chrqc n€u trong d.c tai li~u [1, 2, 3) 4]. 

N9i dung bli b<i.o niy nghi€n elm ba.i toin v~ S\f va ch~m ella hai thanh din h&i v&i b9 ph~n 
gilun cha:n va d'au kia ella thanh g~p sUe d.n dan nhat rna Ct [41 chua'x€t dlin. 

" ,J ~ 1 - ' I '" " 

1. PHUONG TRINH CHUYEN DQNG CUA THANH VA CAC DIED KI~N 
, ' ' 

CUA BAI TOAN 

Gilt stY thanh thfr nhat c6 chieu diii .1.\ chuygn d9ng v&i v~n tO.c v1 va va ch~m vao thanh thli
hai dU:ng·yen c6 chi'eu dai £2 qua bf? giim chan g£n ch~t vao thanh thfr hai c6 d9 cling K 1 . Gift sli· 
£1 < £.2. D'au kia cU.a thanh thfr hai chiu Ivc cin CUm nh&t. Ta ch9n gbc t9a d9 cO dinh 01 trUng 
v&i d'au trii thanh th{r nhiit tru·&c khi va ch~m va t.qlc Olxl hrr&ng d9C theo thanh til' trii sang 
phii. GOc t9a 09 cO d~nh 0 2 trU.ng v&i d'au ph.ii nia thanh thU: hai va trvc Ozx2 hu&ng tU· phlti 
sang trii. G6c thai gian kg tir khi hai thallh bitt dlm va ch{lm. V &i gi.i thie"t 'kich thU'&c thiet di~n 
ngang nh6 so v&i chi'eu dai dta thanh. LY thuye't s6ng m?t chi'eu du-src <ip dvng vao b3.i toin nay. 

PhU'O"llg trinh chuyfn d9ng ella thanh: 

Trong dO: 

ai - V~n tOe truy'en sOng CHm hOi trong thanh 
Ui - Dich dmy~n cac thiet di~n cUa m6i thanh; i = 1, 2 
Nghi~m tilng quat ella phrr=g trinh (1.1) theo Dalamber Ia: 

u;(t, Xi) '=<p;(t- x')+>,i;;(t+ X;) 
ai ai ai 

Di~u ki~n da.u ella bai .to an v&i t = 0 ta cO: 

au, 
--v at - 1

' 

1 

au2 = 0. 
iJt ' 

(Ll) 

(12) 

(1.3) 



au, au2 
E,F,-a = E2F2-a = -K,(u,- u2) 

X! Xz 

BiE;u ki~n bien cda b3.i toan t~i thie't di~n x2 = 0 ta c6: 

auz auz 
E2F2-a = Ku2 + p.-a 

X2 t 

trong d6 K va p Ia he sO' cAn dan hti va dim nh6t l:r d'au thanh thtl- hai. 
Di~u ki~n bien cd.a bai toan t~i x1 = o thl 

2. xAc DJNH HAM SONG 

au, 
-=0 ax, 

(1.4) 

(1.5) 

(1.6) 

D~ xic -d!nh ling Su5:t, v~n tO'c ... t;;ti m6i thie't di~n cUa thanh trong thCJ'i gian va ch;;tm, ta 
pHi bigt d.c ham song 

' ( "') <pl t-- ' a, ,v; (t + "' ), a, 

l:r m6i thie't di~n cda thanh trong thOO gian va ch<;Lm. Theo di'eu ki~n d'au {1.3) hi%n trrqng va 

ch;;rm chrra xiy ra thl cac s6ng t,a~ ( t - x2
), 1/J; ( t + x2

) cOn chrra x~y ra b trong thanh thU: hai. 
- az a2 

6 trong thanh th{r nhitt ta c6: 

au, '( "') '("') -=<p -- +,P - =v, at 1 ar 1 ar 

M~t khac 

Hay 

Tir (a) va (b) ta c6 

'P;(- "') = ,v;("') = v, 
a1 a1 2 

L:Y lu~n tm:mg tl.{ dOi v&i thanh thtr hai ta.c6: 

Tir (c) va (d) ta c6: 

' ( ) v, 
'Pl z, = 2' <p~(Z2) = 0. 

2 

(a) 

(b) 

(c) 

(d) 

(2.1) 



V&i 
£1 t, i2 i2 

-- < Z1 < -; -- < Z2 <-
a 1 a1 a2 a2 

Khi thanh thU: nhS:t va ch¥fi va.o thanh thll- hai thi s6ng ,p~ (t + x2
) xuat hi~n tc,ti da:u thanh 

a2 

thli hai va sOng 1/J~ ( t + ~) t~i d'au (x1 = £!) cU. a ~hanh thtl- nhit ciing se khic v6i n6 tru·&c khi a, 
va ch~m. 

Tlr dih ki~n (1.4) ta se c6: 

¢~ (t + ~) =<p1 ( t - ~) + C2 [- <p; ( t- £2) + ¢ 2 ( t + iz )j, 
a1 a1 az az 

(2.2) 

,P~(t+ t2 )+(1+C2)C1 ¢~(t+ £
2

) =2C1<p~(t- t 1
)-

a2 · a 2 a1 

-C,(l+C2);o~(t- iz)+'P~(t- £2 ). 
az az 

(2.3) 

d , C azK, C a,E2 F2 E F E F !' 'd d' h'" ' d"' 'h h"" d"' Thong o 1 = - E F j 2 = E F i 1 1 1 1 z, 2 a mo un an 01 va I~n t1c t 1et 1~n 
2 2 az 1 1 

ngang cU.a thanh thrr nhift va thanh thrr hai. 

Thay t + £2 = Z2 va C1(1- C2 ) =a vaa (2.3)ta c6 ph.,=g trinh sau: 
az 

"( ) '(Z) '(Z t, £2) C ( C) '( 2l2) "( 2l2). ( ¢2 Z2 + a¢2 2 = 2C,;o1 2---- - 1 1 + 2 <p2 Z2-- + <p2 Z2-- . 2.4) 
a1 az az az 

Nghi%m tilng quat cua phlrang trinh c6 d~ng: 

,p;(z2) = c,e•"z'+ 

azJ•z[ '( t, i2) ( )'( 2£2) "( 2£2)] +e- ' e '2C,<p1 Z2---- -C,l+C2<p2 Z2-- +<p2 Z2-- dZ2. 
~ ~ ~ ~ (2.5) 

Trang d6 C; Ia cac hhg so drrqc xac djnh dva vao tinh lien t\lc cua s6ng ¢;(Z2 ) & cac thiri 

d., t Znt, '. d"' k"' T 2l, "' 2£2 I' " h"' tern = -- V<.Yl leu ten 1' = - < ..~. 2 = - n a so trr n ten. 
a1 · a1 az · 

Ti'r di~u ki~n bien (1.5) ta c6: 

Trong d6 

Phrrang trinh (a) du-'!c vigt 

Trang d6 

. K 
K2 = E2F2' 
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I' 
l'l = E2F2 

(a) 

(b) 



).,-~ 
- 1 + Jll' 

Nghi~m t5ng quat cua phmmg trinh (b) la: 

1- 1'1 
x=~~ 

1 + 1'1 

Ttong d6 cic hing sO Ci dm!C xic djnh d\fa V~iO tfnh lien tl.}.C ctl.a him s6ng pz(t) t~j d'au 
thanh thiT hai v&i x 2 = 0, v&i cic th&i di~m: 

£ 
SOng rp2 ( t - __2) se dm_:rc xic d!nh 6 trong thanh thli- hai. 

a2 
Dv-a vio dieu ki~n (1.6) ta c6: 

1"'1(t) = ,P~(t) (2. 7) 

Ham song ,P\ (t + x,) dm;tc xac d)nh tir dieu ki%n bien {1.4) hay {2.2), cho nen ta xac d)nh 
a, 

dU'qc s6ng 1/;~ (t + x 1
) t;;ti m9i thie't di~n cUa thanh thiT nha:t, do d6 se xic dinh drrqc s6ng 1/J~(t) 

a, 
t~i d'au thanh th{r nhit b thie't di~n x 1 = 0. Tir h~ th{rc (2.7) ta xic dinh drr7c s6ng cp~(t) t~i d'au 

thanh thli' nhat b thiet difn x1 = 0 tir d6 ta x<ic djnh drrqc s6ng p~ ( t- x
1

) & m8i thie't di~n cUa a, 
thanh thfr nhfit. 

Sau khi xic d!nh du-qc cic h3.m s6ng <p~ (t- ~), 'If~ (t + XI) va <p~ (t- X
2

), 1/;~(t + _xz) t~i, 
a 1 a1 ~ ~ 

rn6i thie't di~n ella hai thanh, se tim dm?'C ITng su[t, bie'n d~ng, v$-n tO'c Ct trong m&i thanh, thOi 
gian va ch~m ella hai thanh. 

3. TINH TOAN 

G ., ' h'. · h '· kh' (z£2 4e2 ) ,. • h'. · h k" 'kh. I a srr t en g1an va c ~m ty (J trong oang -, - v01. .goc t 0'1 g1an va c ~m e trr 1 
a2 a2 

hai thanh bit d'iu va ch~m. 

Xet trong kho~ng thiri gian 0 S t S 2~ ne'u ta d~t Z1 = t + ~' Z2 = t+ l 2 
thi h~ thfrc (2.1) 

a1 a1 az 
c6 d~ng 

v&i 

Theo (3.1) thl 

' ( £,) v, l"i z,- 2- = -2, a, 
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' ( £2) 1"2 z2 - 2 a2 = 0, (3.1) 

'( £,) "' 1"1 z1 - 2- = ;--a, 2 

1. 



Ta c6 s6ng 1/J~ ( t + Xz) trong mi€n 1 va 2 & thanh thll- hai ll: 
az . 

,p;(t+ Xz) = _ C1V1 [e-a(t+''.~'') _ 1]. 
. a, 2 

V~y sOng 'lg ( t + Xi) a mi'€n 2 va 3 trong thanh 1 13: 
a1 

T/J~(t+ X1) = V1 _ C1C2V1 [e-a(t+~) _ 1] 
a 1 2 a 

S6ng !p~ ( t- X!) & mi€n 3 va 4 trong thanh thtl- nha:t 13: 
a1 

'( xl) vl .• PI t- ~ =-
-· ar 2 

V~y s6ng r.p~ (t- .::!. ) Ct mi'en 3 va 4 trong tl1-anh th-6- nha:t la: 
a1 

, ( x1) V1 C1CzV1 [-a(<-"-) ] · p 1 t- - = - - e "'t - 1 
a 1 2 a 

l 
I 

x, 

x2 ~----~--~~------,---~,----

Ht'nh 1 

(3.2) 

T~i thie't di%n x 2 = £2 crl.a thanh thfr hai v&i gilL thie't sOng: P2 ( t - Xz) chrra xu it hi~n t~i 
az 

thie't di~n nay. 

Ta xac djlllh dm;rc s6ng 'if;~ ( t + Xz) & mi'en 3, 4 va 5 trong thanh thtr hai Ht: 
az 

·'·'( x2) clvl ·"'"·[ 2•-'"-]-·(t+"'-) '+'z t + ~- = - --e "2 1- e "'l e a::~ -
az a . 
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V~y s6Dg 7j/ (t '+ xl) a mi"ell 4 vi 5 trong thanh thiT nhit la,: 
0 a 1 

Dva viw dih ki~n (1.6) ta c6: 

SQng ';d1 ( t- .:.!_) b mi'€n 5 va 6 trong thanh 1 li: a, 

Tir (3. 2) ta_ c6 s6ng 1/;S ( t + x 2
) Ct mi~n 1 va 2 trong thanh thiT hai a, 

, 1 x2) c,v,[_"('+~-=1 ] 
V;2 \t-+~ =--- e ''"" "-1 

az a: 

T ' 
0 

") ' "

0 

' ( x,) ' ' 0

' 2 4 7 1' t h h h' h . l' u· (2.o ta co: wong 'P2 t- ---:---- u cac nuen · , , , u rong t an t rr a1 a a, 

c, vl (xaa2 + a 2 J..a, + ,\o£2) e -1 (t-~ -~)
a 2 az 

(xa
2 + o\

2 )C,V, [ -1(t-""-tcL) -a(t-'""-tcL)] - , Ae ""2 ""z -- ae a:.~ a.z -
Ac> 2 (,\- a) 

[ 
.\£, -l(t-"'--tcL\1 -clvl 1+-e "2 az}' 
a2 • 

Ta d:u·a vio cic cOng th{rc (2.2), (2.3}, (2.6) va di'€u ki%n (1.6) cling v&i cic kg't qui tinh toin 
'' '"''"Jd bo' h" hA.f "h' • '( Xl),/J( Xl) '( Xz) u tren co, se xac u!n 1 U'9'C 1eu t u·c C\1 t e cua. cac am song <p 1 t- ~ , '1-'l t + ~ , rp2 t- ~ 

a1 a1 az 
X 0 

va tj;~(t + _2) & cic mi"en ti€p theo trong mbi thanh. 
a2 

Tlr d6 c6 th~ xic d!nh Chxyc bi~u thU·c Cl.J. thg ella bie'n d?ng, li-ng suat va v~n tOe & t<;t.i m6i 
thiEft cli~n ella cic thanh, dOng thCti ding xic d!nh diTqc d!ch chuyfn ul(t, x1), u2(t, xz) t~i m6i 
thiet di~n d.c thanh va thOi. gian va ch~m crl.a hai thanh v&i P = Kl(u.1 (t 1 k\)- u2 (t, £2 )] = 0. 

"' A 4. KET LUAN 

Bli toin d~.t.ra drrqc gilti quye"t trqn v~n, mO.hlnh biti toiin nay tcing quit han so v&i mO hlnh 
cic b3.i toin dii dm;rc m<?t siJ tic gi_3, quan· t§.m [1, 2] Vi n6 sit v&i m0 hlnh bai to in ve S\1' va ch;;tm 
C1\a bUa di e zen va.o C\>C t\ra tren nen dan nh&t c6 ke dEn b<? ph%n gilun chin. 

Dia chi: Nhqn ngay 25/5/1 9RO 
TruCtng -Dq-i hyc ThUy Lq~· HN 
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' ' , 
TAl Ll~U THAM KHAO 

1. EemreB IO. B. ITpHMCHCHHC TeopHH y)l,apa CTCpE.Hefi K ar3.JU13Y pa60Tb! M3lllMH ygapuoro 
,Jl.eltcTBH.si. Tpy.U.hi ceMHHapa no BH6parr,HOHHofi TCXHYJ:Ke 1964. 

2. YiHOcoB B. J1. Onpe,r:I,eJieHltle Hanp.H)f(CHHJI B CBaYIX npn Y.IJ.apHoM norpy%eHRH Ha OCHOB€ 

BOJlHOBOit TeOpHR. 

3. KHJih'1CBCKH:A H. A. ,I.l)iHaMIP-tecKoe KoHTaKHoe C)l(aTHe TBep.[!,DIX TeJJ yp,apa. 

4. Nguy~n, ThUc An 1 Vii Van Nguy~n. Va ch<;~-m cUa hai thanh cVm hOi. Ti}p chi Ccr h9c sO 1, 
1983. 

PE3!0M.E 

ITPOJ.l,OJ1bHbTI1 Yl.\A.P )l,BY"X YflPYrl!!X CTEP./KHEVl 

CO COTIPOTHBJ1EHMEM. B5f3KO- YTIPYrOCTH 

B aToti pa6oTe H3yY:aeTc.R Bonpoc o rrpo,[I,OJ1bHOM yr,,apc ABYX YEP>''~'!X cTep.l-rn·te\-1: co co

rrpoTHBJieHHeM B.H:3KO- ynpyroc~r"H B KOHil.C BTO['Of'O CTep~KH.H. EbWH onpe,n,eDCHbl HiiTip5iA(CHHH 1 

CKOpOCTM, rrepeMCll.I,CHMH B Iea.>K)J,OM CC'-feRHH CTCp)KHetJ H BpeMH yp,apa. 

A 0 _,./ 

Xemina CO HQC VAT RAN BIEN DANG 

ThCri gian: Ti€:r;t hanh thrr&ng kY vZw sing thlr bify tu~m th{r tu· hJ.ng thft.ng 
Dia diem thuCmg tnrc: 23 Ph an B9i Chau 
Ban chd trl: GSTS Nguyh Hoa Thinh (HVKTQS), 

GSTS Dao Huy B{ch (DHTHHN), 
GSPTS Nguy€n Von Vu·ang (DHBKHN). 

Thing 9/1990: 
1. M?t sO v5n ae CCf h?C trong cic m?.y nOng nghi~p. PTS Phan Le (Vi~n NCMNIN) 

2. ThOng bio ve vi~c s-J: d~mg miy vi t~nh trong giing d~y slrc ben v~t li~u. PTS Bl1i Dlnh Nghi 
(DHGTVT) 

Thang 10/1990: 
Str dvng phrrang phip ph'an ttl· bi€n d~ xic dinh tii tn~lllg len v~.t th~ c6 kich thlX&c l&n. PTS 
Le D1rc Hoa ( HVKTQS) 

Thang 11/1990: 
M9t sO van d'e m&i trong gi<io trlnh Ca h9c b{t cS:u ctla A. Chirax. PTS Nguyen VKn Ph6 
(DHXDHN) 

Thing 12/1990: 
Phrrcrng ph<ip ph'an tJ. hlru h~n ngiu nhi€n. GSTS Ph:;un HOng Giang (DHTLHN) 
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