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OOI VOl DONG CHAY TREN SONG CODAY BIEN OOI 

PRAM HUNG 

Tr6ng bai nay, chUng tOi sd- dvng phrrcmg phip Whitham khai trign g'an m~t s6ng dOi v&i 
dOng ch!ty tren sOng c6 day bie'n d5i. Trong tnrCmg hgp chung, di thu nh%n phrrang·trinh mO t!t 
sv- bien thien ~Ua df? s§.u, v~n tO"c va diy phfa sau m~t s6ng. Da chi ra inh hu&ng cUa bUn cit len 
cic s6ng truyen cling chfeu va ngrrqc chi~u dOng chiy. Ngoai ra, di chi ra d.ng S1}:' bie'n thifn ella 
s6ng cit lcl bie'n d5i ~h~m. Trong tnrCmg hgp sOng c6 diy cfrng, ph~ng, da thu nh~n cic ke't qul 
da bigt cda Whitham. 

1. TRU<'JNG HQ'P CHUNG 

Dong ch!ty cda. cMt l<lng nh&t, khOng nen dm;rc, c6 tinh Mn d9 nghieng cda day va imh 
hrr&ng ella bye tr<;mg tru·Gng tren sOng c6 thie't di~n hlnh chiT nh~t, diy bie'n d5i, dU'qc mO t!t b&i 
h~ phrrcmg trlnh sau (xem [1], [2], [31). 

ht + v h, + hv, = 0, 

v2 
Vt + VVx + g'(h+ <P)x = g1 · S- Crh' 

</>t + fJqh · hx + {Jq, · Vx = 0. 

(1.1) 

trong d6 h d? sau, v v~n tOe trung· blnh theo thie"t di~n, g' = g ·cos a, g gia tOe trgng trU'tJ-ng, a 
g6c nghieng giira tr'!C Ox va phrrcmg n~m ngang (xem Hinh 1). 

S = tga, C1 h~ s5 khong thrr nguyen d~c trrrng cho rna sat day, q, m~t day song, q = q( v, h) 
hru hrgng hUn cit d<iy, gi~ thie"t la m9t him da bie't ella v va h, f3 Ia, tham s5 khOng thU nguyen. 
H~ (1.1) <hrqc vii!t dcr&i d~ng thrr nguyen, d~ ti~n so sanh v&i ke't qua da bie't cua Whitham (3]. 

H~ (1.1) c6 nghi~m dirng: 

h = h0 = canst, ,P =<Po= 0. (1.2) 

Ta drra vao bie'n E = x - Ct, C din phL xic d~nh, nhu v~y E = 0 ITng v&i cic dU'b-ng d~c 
tnrng. Gilt sd- r~ng cic d~o him b~c nhat thea x vi t cd.a c<ic in sO cda (1.1) c6 giin do~ trong 
khi bin thin cic [n sO niy li cic him lien tvc thea E. 
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Nghi~m cua h~ (1.1) drrqc xay d\ffig ~hrr sau: 

h = h0 , v = vo, </> = <Po t~i ~ > 0, 

h = ho + eh,(t) + ~e'h2(t) + ... 

v = v0 + ~v,(t) + ~e'v2 (t) +... t~i ~ < o, 
1 2 

¢>=<Po+ ~</>,(t) + 2e </>2(t) + ... 

--- j l'((X,t) 

¢rx,t) 

X 

Hinh 1. SO' ilo dong chdy 

(1.3) 

The (1.3) vito (1.1) va t\m nghi~m xap xi theo c:ic b~c Cllj1 ~ (&day gia thi€t ~ Ia nhd ). Xap 
xi b~c khOng theo E cho h~ phrrcrng trlnh: 

-Ch1 + voh, + hov, = 0, 

-Cv1 + VoVt + g' · h1 + l · ¢1 = 0, 

-C¢, + f3qoh · h, + f3qov · v, = 0. 

trong d6 

fJq I. 
qoh = fJh ; 

h=ho, v=vo 

fJql Qov =-
av h=ho, v=vo 

Di'eu ki~n d~ cho h~ (1.4) c6 nghi~m kh6ng t'am thuCrng Ia: 

-C + vo 
g' 

f3qoh 

ho 
··-C+ vo 

f3qov 

0 
g' =0 

-C 

H% ( 1.5) dU"a v~ phrrcrng trlnh b\tc 3 thvc dili v&i C: 

(1:4) 

(1.5) 

C 3
- 2voC2 + C · (v5- g'ho- {3g'qov)- f3(g'hoqoh- g'voqov) = 0. (1.6) 

PhiTcrng tr\nh th~·c b~c 3 (1.6) c6 3 nghi~m thvc kh:ic nhau (trrcrng 1!ng v&i 3 du-<'mg d~c 
tnrng khac nhau), n€u thda man di~u ki~n (2.3) trong [7]. 

Cac vecta rieng tnii f va phii r c6 d~ng: 

- ( C · (C- vo) C- vo ) 
l = a2 1, , , 

g' · (C + f3qoh) C + f3qoh 
(1. 7) 
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T= 
( 

C_l:vo l 
(~- vo)2 

-l+ g'ho 

(1.8) 

trong do a 1 , a2 Ja d.c siJ th'!c Mt ky. lrng veri 3 gia tri th\fc crl.a nghi~m cda phrrung trlnh (1.6) 
sf c6 3 vecta rieng trii vi-phii tu-O'Ilg Ung. 

Nghi~m xil:p xl b~c e cda (1.1) cho h~ phuang trlnh: 

( -C + vo)h2 + hov2 + h, + 2v,h, = 0, 

1 ( ) _, • 2 2g'Sv, g'Sh, 
g h2 + -C + vo v2 + y </>2 + v, + v1 + -- - -h- = 0, 

vo o 
(1.9) 

. 2 2 
/3qoh · h2 + f3qo, · v, - C</>2 + </>1 + f3qohh · h, + 2f3qohv · v,h, + f3qovv · v1 = 0. 

Cac ham v 2 , h2 , </> 2 se duqc lo~i bhg each nhiin phuang trlnh {1.9) v&i vectcr rieng trai (1.7) 
cda rna tr%n {1.5), ktft qui chota phucrng trlnh (dgu ( ·) chi d~o ham theo t): 

· C-(C-vo) (· 2 2g'·Sv, g'Sh,) 
(h, + 2v,h,) + g'(C + f3qoh) . v, + v, + Vo - T + 

( C- vo ) ( · 2 2) + C + f3qoh · </>1 + f3qoh · h1 + 2{3v,h, + f3qo, · v1 = 0. {1.10) 

Tir (1.4), {1.5) co th€ bi€u dih v1 , 4> 1 qua h1 nhu sau: 

( 
(C :-- vo) 2

) 
</>,"" -1+ g'ho h,. {1.11) 

Th€ {1.11) vito {1.10), ta thu duqc phucrng tr\nh cho h1 : 

. 2 
ah1 + bh1 + dh, = 0, {1.12) 

trong d6 a, b, d 1a. cic h!ng s5 c6 d~ng: . 

(1.13) 

Tir ( 1.4j c6 th€ nh~n th~y r~ng khi 4> = qh = q, = 0 ta c6 

~ 3(C-vo) · 28 ( 3v0 ) 
C=v0 ±yqn0 , a=2, b= ho , d=(C-vo)Voho · C-2. 

Phrrcrng trlnh (1.12) duqc drra ve d~ng phucrng trlnh do Whitham thu nh~n diG v&i song co 
day crrng, phil.ng (xem [3[ trang 135) Nghi~m crl.a phrrcrng trinh (1.12) c6 d~ng: 
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1 
h,(t) = . (1.14) 

e~'(l+bh1 (0)) _ ~ 
dh1 (0) d 

Ch-li:ng ta tim di€u ki~n di cho lh1l ---~> oo khi t ---.. t* < oo. M.iu sO ctla vt. phii (1.14) bing 

khong khi: 

di€:u niy chi thOa min ne'u: 

A) 

B) 

, d bh,(O) 
t =t =-In----> 0 

a d+bh 1 (0) 

d 
- > 0; 
a 

d 
- < 0; 
a 

bh1 (0) 
d + bh,(o) > 1

' 

bh,(O) 
0 < < 1. 

d + bh 1 (o) 

(1.15) 

Tir phU'cmg trlnh (1.12) ne'u bd qua inh hu&ng phi tuy€n thl h 1 ·~ e-~t, v~y d/a > 0 li-ng v&i 
tnr(mg hqp On dtnh tuy€n tinh, cOn d/a < 0 li-ng v&i mat bn dtnh tuyifn tinh. Tru:Cmg hqp A chi 
thOa min ne'u: 

Al) a> 0, d > 0, b > 0, h.1 (0) < 0, jh 1 (0)j > ~' 
A2) a> 0, d > o, b < 0, 

d 
h,(O) > - 6, 
. d 

A3) a< 0, d < 0, b > 0, h 1 (o\ > --. b' 

A4) a< 0, d < 0, b < 0, h,(o) < o, d 
jh 1 (0)[ > [;· 

TnrCmg hqp B chi th6a min ne'u: 

Bl) a> 0, d < o, b > 0, \lh1 (0) < 0, 

B2) a> 0, d < 0, b < o, Vh,(O) > 0, 
B3) a< 0, d > 0, b > 0, \lh1 (0) > 0, 

B4) a< 0, d-> 0, b < 0, \lh1 (0) < 0. 

Trong tru·Crng hi?J) sOng c6 diy c&ng, ph~ng, d.Oi v&i s6ng truyen thea chi'eu dOng chb.y, ta thu 
drrqc kgt quit da bie't ella Whitham [3[ ti-ng v&i cac tnrerng hqp Al (neu F < 2) va Bl (ne'u F > 2). 

DOi v&i s6ng truyen ngm;c chieu dOng chiy, ta thu drrqc b~·t qui nb Whitham [3] ITng v&i 
tnrirng hqp A2. 

2. NGHLEM TIEM CAN THEO fJ . . . 

Gii thie't {3 « 1, nghi~m cda phw:mg tr\nh (1.6) c6 d;mg: 
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trong d6: 

c+ = ct + f3Ci + o(/32
), 

c- = c;; + f3C1 + o(f32
), 

C' = C~ + f3Cf + 0(/32
), 

c;i = vo + ..,fi"ho, C0 = vo - .../i"ho, 
c+ - g' qou + qoh ,J?FL;; 

1 
- 2(vo + ,J?TL;;) ' 

c-- -g'qov + qoh,J?FL;; 
1 - 2(-vo +RhO) ' 

{2.1) 

c~ =O, 

c•- r/hoqoh- rfvoqou 
1 - vfi-g'ho' 

Tlr (1.13) ta th3:y: dOi v&i sOng truy'en theo chi-eu dOng chiy s~· c6 ID~t cda bUn cit khi {3 << 1 
khOng anh hu&ng Mn diiu cda a va b (a > o, b > o). Tuy nhien, s'! c6 m~t cda bun cat se imh 
hu&ng Mn diiu cda d. Th~t v~y: 

d- 2S(C;i-vo)CQ'" ( 1- Vo +{3 C{ ).../i"ho+0(/32 ) 

- (C(i + f3qoh)voho 2,J?TL;; ,J?TL;; 

ta thiy, ne'u C{ > 0 ( < 0) S'! c6 m~t ctla bUn cit se lim t3.ng (ho~c gichn ) tinh 6n d~nh cU. a s6ng, 
khi d6 sOng se mat 6n dinh tuyern tinh khi: 

DOi v&i s6ng truy'Cn ngrrqc chieu dOng chiy Sl!' c6 m~t ella bUn cat se khOng inh hrrbng de'n 
aa:u ella a, b, d. 

Xet chuy&n d9ng cUa s6ng cit, tlr (2.1) ta nh~n thiy ne'u: 

qov · vo - qoh · ho > 0 

dOi v&i dOng chiy em ( vo < Rho) s6ng cit chuygn d9ng sang r)hii, d5i v&i dOng chiy xi~t 
( v0 > ,J?TL;;), s6ng cit chuyfn dQng sang trii. 

Cac ke't qu!t thv-c nghi~m cho thiy dOi v&i dOng chiy em, s6ng cit chuy~n d9ng xuOi theo 
dOng chiy, dOi v6i dOng chiy xigt s6ng cat chuygn d9ng ngm!c chi'eu dOng chlty, v~y di~u· ki%n 
Qov · vo ~ qoh · ho > 0 c6 th€ drrqc srl: d~n.g d€ ki€m tra tinh h<fP lY ella cic cOng thtl-c ban th11c 
nghi%m. 

Ta khio sit tnrCmg hqp dOng chb.y xig't: 
Tir (1.3) 

1 vo(v~-g'ho) () 
a=-- +01 

f3 g'ho (Cf + qoh) ' 

b __ 2va _ v~ Ct _ vo ( _ v0 ) 

. - ho g'ho(Gl + qoh) Cl + qoh qohh 2%hu ho + qouv + 0({3), (2.2) 

d = ( ~vase; + O(f3). 
C 1 + qoh ho 

Ngu bel qua imh hu&ng phi tuygn, tir (1.13), (2.2) ta c6: 

(2.3) 
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V~y d5i V6i dOng chiy xig~, s6ng <tit chuy~n d{lng tli' phii. sang trcl.i, ngrrgc chi~u dOng chiy 
v3. luOn 5n d~nh tuyen tinh. Ngo3.i ra, dOi v6i dOng chiy khOng nam II lin c~n gii tr~ t6i h<;tn 
(v5- g1ho 7 0(1}}, Sl! bie'n thien Ctla bttn cat !a ch~m b~C (3 theo th(ri gian. 

Anh htr&ng cda hi~u rrng phi tuye'n se d[n de'n khi nang s6ng dil sau m{>t thai gian hii-u h~n. 
C6 nhii-ug kh:l. nang sau (xem 2.2). 

Cf + qoh > 0 ne'u b > 0( < 0} ta c6 cac trtrerng hqp A3, (A4). 
q + qoh < 0 ne'u b > 0(< 0} ta c6 d.c tmerng hqp A1, {A2). 

A. ,o(' A. I • I " 

3, MQT SO CONG THUC BAN THTJC NGHI~M 

Trong tru-erng hqp f3 -«: 1, •¥' c6 m~t cda bUn cat lam tang {ho~c gihn) •'! iln d!nh cda s6ng 
Iii, tuy thu{>c viw: C{ > 0 {ho~c C{ < 0). 

) Xet m9t sc> cOng thll-c bin thv·c nghi~m da. du-qc ip dvng trong thl!c te' (xem [SL trang 80) 
Cong thrrc PoliacSp {1940}. 

q = Kv4 

v v~D. t6c trung blnh, K h~ s5 ty I~ (K > 0} ta thily 

Cong thrrc G<rvelexianhi {1950} 

dU0 ( v
3 

) ( v ) q = 12,95 12D + d U2 - 1 [I - 1 , 
lg( . d ) 2 0 0 

trong d6 
d: dtrang kinh cda h~t cat day. 
D: dtrang kinh l&:n nhllt cda bun cat chuy~n d{>ng . 
v: v~ t& trung blnh cda dong.chiy. 
v0 : v~ tile Mt d~u chuy~n d~ng cda h~t cat day 
ta thily: 

QOh = 0, QOv > 0, ta c6 : ct > 0, QovVQ - Qohho > 0. 

Cong th rrc Samop: 

q = K(-v-) 3 
· (v- UoH) · (~) 114 

UoH h 

K: h~ s5 ty I~ , K = 1, 5 {/J52 + 3 {/J52, UoH tSc d{> gi&i h~n dtr6i cda bUn d.t {bun d.t chi 
chuy~n d{>ng khi v > UoH) 

d: dtrang kinh h~t cat, h d{> sau trung blnh 
UoH = 3, 7d1i 3 · h116, d~ tHy r~ng: qou > 0, qoh < 0 
Ta c6 C{ > 0 ne'u 

va Qov · Vo - Qoh · ho > 0. 
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~ ' 
4. KET LU~N 

B~ng phrrO'llg phip khai trien g'an m~t s6ng cUa Whitham da. thu nh~n phu'O'ng trinh mO ti 
srr bie'n thi€n ella di} siu, v~ tOe vi diy phia sau m~t s6ng. Di li~t k€ cic tru·Cmg hqp s6ng d& 
s~u m\)t thai gian hrru h~n. Khi fJ ~ 1 dii drra ra cac liri gi!U ti~m c~n theo fJ. Da cht ra anh 
hrrbng ella· b-ie'n d~ng diy dOi v&i Sl! 5n dinh cUa s6ng Iii. D&i v&i dOng chiy sau t&i h?-n, di xet 
triTCmg hqp s6ng c!t chuyen di}ng ngrrqc chieu dOng chiy va luOn 5n dinh tuye'n tinh. Di li~t ke 
cic tnrC:rng hqp s6ng d.t d5 sau mi}t th&i gian hlru h~n. DOi v&i-sOng c6 diy cli-ng, phiilg di thu 
nh%n drrqc cic ke't qui di bie't. ella Whitham. 

Tic gii chan thinh cam O'n G,S.T.S. Nguy~n Van Di~p di quan tim, ling hi} va d6ng g6p 
nhi~u nh%n xet c6 gii tr! khoa hqc cho cOng trlnh n3y 
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SUMMARY 

WHITHAM METHOD OF THE EXPANSION NEAR THE WAVE FRONT 
PROPAGATING ON THE RIVER WITH BEDLOAD TRANSPORT 

In this paper the non linear differential equation describing the behaviour of water surface 
behind the wave front is obtained by Whitham method. It is shown that the bed load transport 
could influence significantly on the stability of the flood wave. In the supercritical flow 1 the bedload 
wave will propagate upstream and will linearly stabilize. The different situations when the wave 
could topple over are analysed. In the flow without the bedload transport, the results of Whitham 
have been r~obtained as a special case. 
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