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PHUONG PHAP WHITHAM KHAT TRIEN GAN MAT SONG
DOI V&1 DONG CHAY TREN SONG CO DAY BIEN DOI

PHAM HUNG

Trong bai ndy, chiing t6i st dung phwong phip Whitham khai trién gin mit séng d8i véi
déng chidy trén séng ¢é ddy bién @6 Trong truwdmg hop chung, 43 thu nhin phwong trinh mé 3
sy bién thién cda 46 siu, van t8c vi ddy phfa sau mit séng. D3 chira inh hu'é'ng cla bln cét lén
céc song truyen cung chifu va ngwoc chiéu dong chdy. Ngodi ra, da chi ra ring sw bién thién cda
séng cit 13 bidn d8i chim. Trong trudmg hop song c6 day cirng, phing, di thu nhin cdc két qui
d3 bigt cdia Whitham.

1. TRUONG HQP CHUNG

‘Dong chdy cida chit idng nhét, khéng nén dwoe, co tinh d8n 46 nghidng cda ddy vi Anbh
hwdng cda lire trong trwdng trén sdng cb thiét dién hinh chir nhis, day bién ddi, dwoc mé t4 bdi
" hé phuong trinh sau {xem [1], (2], 3]).

he +vhe + by, =0,
2

v+ ﬁvx +gh+dla=g 5 Cf%, (1.1)
‘ ¢'t +ﬂqh 'hm‘i‘ﬂ% s =0,

trong dé h dd siu, v vin t8c trung binh theo thiét dién, ¢’ = ¢ - cosa, ¢ gia t8c trong trudng, o
géc nghifng giira truc Oz vd phwong ndm ngang (xem Hinh 1).

§ = tga, C; h& s8 khéng thir nguyén dic trung cho ma sit ddy, ¢ mit ddy séng, g = g(v, h)
leu heong ban cdt d4y, gid thift 13 mét ham 43 bi€t cda v va k, B 13- tham s8 khéng thi nguyén,
Hé (1.1) dwoc vi€t dudi dang thir nguyén, d2 tién so sanh véi két qud d3 bigt cia Whitham [3].

Hé {1.1) c6 nghiém dimng:

gShy
cp

h=hg=const, w=uvy=

qS = ¢0 = 0. (1.2)
Ta dwa vio bié€n £ = z — Ct, C cin phéi xic dinh, nhur vay E = 0 dng v&i cdc dwong dic
trung. Gik st rang cidc dao ham bic nhat theo =z va ¢ cﬁa cdc an 86 cda {1.1} ¢4 gidn doan t.rong

khi ban thin cdc 4n s8 niy la cdc him hlidn tuc theo £.
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Nghiém cda hé (1.1) dwge x3y dymg nhw sau:
h=hy, v=vs, $=¢g tai £>0,
h=hg + £hy(t) + %Eghz(t) +.
u:uo+§ul(t)+%£2v2(t)+... tai £ <0,

b= dot Ea(t) + L€+

Hinh 1. So d6 dong chdy

Thi {1.3) vae (1.1) vA tim nghiém xdp xi theo cdc bic cia & (& diy gid thiét £ 1A nhd ). Xdp
xi bic khdng theo £ cho hé phwong trinh:

: ‘*Chl -+ U()h]_ +h0'f)1 = D,
—Cuy +uvy + g hi+4d d =0, (1:4)
=C¢1+ Bgon - b1 + Bgow -1 = 0.

troeng 46

_ Gap- - _ 9
%h*ah 7 QOU“‘B‘U

h=hg, v=vg h=hgy, v=ug

Didu kidn d2 cho hé (1.4) 6 nghidm khéng tim thudmg 1A
- + vg h() . 0

g  —C+w ¢ |=0 (1.5)
Baoh Baov ~C

Hé (1.5) dwa v& phwong trinh bac 3 thyc d&i véi C:

0% = 200C% + C - {v§ — ¢'ho — By q00) — B hogon ~ ¢'vogo,) = 0. (1.6}

Phurong trinh thwe bic 3 (1.6) ¢6 3 nghiém thwe khdc nhaun (twong dng voi 3 dwdng dic
trung khic nhau), néu thda man didu kién (2.3) trong [7].
Céc vecto riéng trdi [ va phdi 7 cé dang:

i C(C—‘Uo) C—"U{) )
b= (1’ 9" - {C + fgok)’ C + Bgoh /' : ) (7
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C - Yo
= ho - (1.8)
(C - ‘Uo)2
7 ho
trong d6 a1, o 13 cdc s8 thue bit ki, Ung véi 3 gis tri thire cia nghidm cda phwong trinh {1.6)
s& ¢6 3 vecto ridng trdi vd phdi twong dng.
Nghigm x3p xi bic £ cda (1.1) cho hé phuwong trinh:

—-1+

(—C -+ v{))hz + hgug + f:kl + 2uihy =0,

1
2g STJ']_ _ fSh]_ FOI 7 {19)

g ha + (—C +wo)vz + ¢'d2 + 0y + 0% +
Yo ho

Baon - ha + Paow - v2 — Cdz + d1 + Bgonk - hZ + 284ony - vihy + Bgopw - 2 = 0.

Céc ham vy, hg, ¢5 58 dwgc loai bing cdch nhin phiwrong trinh (1.9) véi vecto riéng tréi (1.7)
cta ma trin (1.5), két qué cho ta phwong trinh (d&u (") chi dao him theo t):

] C - (C —w) ) o 29 -Sv; dSha
hy + 2vihy) + e 0L - :
(h1 + 2v1hy) 7(C T Paoh) (U1+Ul + v ho )+
C—w ; L2 2y _
(o pam) (814 Baon K+ 26uih + aows - f) =0, (110)

Tir (1.4}, (1.5) c6 thé biéu di&n vy, ¢; qua hy nhu sau:

o = (C’]:OUO) hi, b1 = ( - 1+(£g_,ﬁli) hi. -. {1.11)

Thé (1.11) vio (1.10), ta thu dwgc phwong trinh cho hy:

ahy + bh? + dhy = 0, (1.12)

trong d6 a, b, d 13 cic hing 58 b dang:

C-(C— ) C— ‘(_'1 (C—~vo)2),

a=1-+
g'ho{C + Bgon)  C -+ Baon g'ho
2(0 - ’Uo) C(C - 00)3 C - o C - Ug
b= . + 2q0ny - o ), 1.13
ho g'h3(C + Bgon) C + Bqon (QOhh om  { ho ) + a0, ) (1.13)
1S (0ow)C (T
(C + Bgon)vaho 2/

Tir {1.4) cé thé nhin thiy ring khi ¢ = gn = qu =0 ta c6

3(0—00) | 28 300
C=vot/gho, a=2, b=20T% 4 _(o_ o B
vo+Vgho, a=2, b 2 d=(C-w) o (c 2).

Phwong trinh (1.12) dwoc duwa vE dang phuong trinh do Whitham thu nhin d8i véi séng cé
day ciimg, phing (xem [3] trang 135) Nghiém cda phwong trinh (1.12) ¢6 dang:
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() "

ha(t) = (1.14)

~

Ching ta tim didu kién d€ cho |hy| — oo khit — t* < co. Miu 58 cda v& phai (1.14) bing
khéng khi: :

. 4 bhy(0)
b=v = alnd+bh1(0)
digu nay chi thda min néu:
d bha(0)
— > 3; ——f s ]
A} —>95 It bha(e) L
B 5i<0- < bhHO} " 1 (49)
) a ’ d+ bhy (O)

Tir phwong trinh (3.12) néu bd qua 4nh hwéng phi toyén thi Ay ~ e~ Bvay dia > 0 dng véi
yrwdmg hop n dinh tuyén tinb, cdn d/a < 0 ¢ng véi mat &n dinh tuyEn tinh. Trudmg hop A chi
thda min nén:

A an0, d>0, b>0, k() <0, [m{0)> S
' d
AZ) a>8, d>0, b<0, h1{0]>m5,
' d
AS) a<0, d(O‘ b}O, fbl(o)\/"‘g,
d
Ad) a<0, d<«<@, b<0, k0] <6, [h1(0)5>3.

Trwmg hop B chi théda min néu:

Bl a>0, d<0, b>0, Vi(0}<o
B2) a>0, d<0, b<0, Vhi{0)
B3) e<0, d>»0, h>0, Vh(0}>0
B4) a<0, d>0, b<0, Yhi(0)

Trong trwdrmng hop song ¢b 8y céng, phing, 431 v4i séng trayEn theo chi®y dong chiy, ta thu
duge k&t qui da bi€t cda Whitham [3] tmg véi cdc trvdmg hop Al (néu F < 2) va Bl (nén F > 2).

D6t véi séng truyén ngwee chidu déng chiy, ta thu dwye k8t qui cha Whitham (3] dng véi
truwdng hop AZ.

2. NGHIEM TIEM CAN THEO g
Gid thit 8 < 1, nghifm cda phuong trinh {1.6) ¢5 dang:
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Cct=Cy + Bt +0(8%),
C~ =Cg +pCT +0(8%), : (2.1)
C* = Cj + BCE + 0(8%),

trong dé: )
OS-:UO‘F\/QJ}LO: GO—ZUU_Vg‘hOs GSZO,
oF - 7'q0y + qony/ T ho - — —¢'goy + qon/ g ho o = 7 hogon — g'Voqox
7= A GRS LA Bk dmAin s A

2(vo + v/g'ho) L 2(—v + ko) vt v§ — g'ko '

Tir (1.13) ta thiy: d8i véiséng truyen theo chitu dong chdy sy ¢6 mit cha bin cdt khi 8 <« 1
khéng dnh hudng d8n diu cda a va b (e > 0, b > 0). Tuy nhién, s ¢6 mit cda bin cdt s€ dnh
hwdng d&n didu cda d. Théit viy: :

_ 28(Ct — w)Cyf (1_ v ny ct
(CF + Baon)uvoho 2v/¢' ko Vg ho

ta thiy, néu C§ > 0 (< 0} swr ¢6 m¥t cda biin cdt s& lim ting (hodc gidm ) tinh &n dinh cla séng,
khi d6 séng sé mit on dinh tuyén tinh khi: '

)\@hTw 0(8%)

Yo i Cf_ )
V' ho V¢ ho
Déi véi séng truyen ngugc chifu ddng chiy sw ¢é mit cla bun cat s€ khdng 4nh hudng dén
diu cda a, b, d.
Xét chuyén dong clia séng cdt, tir (2.1) ta nhin thiy néu:

>2(1+

gow ' Yo — Qon ~ho >0

d8 véi dong chdy ém (uvg < /g ho) séng cat chuyén ddng sang phdi, d8i véi dong chiy xict
(vo > /g ho), séng cat chuyén ddng sang trai.

Céac két qud thwe nghiém cho thiy d8i véi dong chdy ém, séng cit chuyén déng xudi theo
dong chdy, d&i véi dong chiy xiét séng cat chuyén ddng ngwye chidu déng chiy, viy didu kién
Qov - Yo — ok - ho > 0 cd thé dwoc si dung d€ kiém tra tinh hop I§ cia cic cdng thite ban thue
nghiém.

Ta khio sat trwomg hop dong chiy xiét:

Tir (1.3)

i ”0(”3 - g'hg)

@ = ———————"— 4 0f1],
B g'ho (C; + qon) (1)
2up B} vo v

b= T - ( — 290hs T + Gows ) + 0(8), 2.2
ho  ghol{C} +qon}  Cf+ qon F0hk — <0k ho 9o } (8) (2.2)
3‘(}056;

4= (C? + qon) ko + 0(8).

Néu bé qua dnh hwdng phi tuyén, tir (1.13), (2.2) ta cé:

3 '.. N
Ay SCy

By o e Ti T . (2.3)
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Viy d6i v6i dong chdy xiét, séng <4t chuyén ddng ti phii sang tréi, ngwoc chidu dong chiy
vi luén &n dinh tuyén tinh. Ngoadira, d8i véi ddng chiy khdng nim & lin cin gid ¢ri téi han
(vZ — g'ho = 0(1)), sw bién thién clda bin cit 13 chim bic § theo thdi gian.
h hwrdng cda higu Gng phi tuyén s& din dén khi ning séng d3 sau mét thei gian hitu han.
C6 nhirng khd ning sau (xem 2.2). _
Ci+4gmn>0 néu b > 0(< 0) ta cé cic trrdmg hop A3, (A4).
Ci{+gon <0 méu  b>0(<0)tacé cic tredmg hop Al, (A2).

3. MOT SO CONG THUC BAN THUC NGHIEM

Trong truwdmg hop # < 1, s c6 mit cda bin cét Bm ting (hoic gidm) sw én dinh cta séng
13, tly thudc vio: Cf > 0 (hodc CF < 0).

Xét mét s8 cong thirc ban thyc nghiém di dwoc ép dung trong thyc t&€ (xem [5], trang 80)

Oéng thic Péliacdp (1940).

i

g = Kuv*

v vin t8¢c trung binh, K hé 28 t} 18 (K > 0) ta thiy

Gor =0, g, =4Kv} >0, tacd: Ci'" >0, goyvy — gonhg > 0.

Céng thirc Govélexianhi {1950)

dUo . 03 v .
9= 12,95 5 h T4 z(fﬁ _1) (FO - 1)’
le(—3—)"

trong dé

d: dwong kinh cla hat cat ddy.

D: dwdmng kinh 1ém nhit cia bin cit chuyén déng .

v: vin t8c trung binh cla ddng.chiy.

vg: vin t3c bit diu chuyén ddng cla hat cat diy

ta thiy:

gon=0, gou>0, ta b Cf >0, gouto — gorho > 0.

Céng thirc Samép:
v \3 dy1/4
q Ut (‘uI UH) (]1.)

K: hés8ty 18, K = 1,5¥D2% + 3Y/D?, Uy t3c 46 gisi han dwéi cha bin ¢4t {bin cat chi
chuyén déng khi v > Upy) , .

d: dudmg kinh hat cdt, = dd siu trung binh

Usg = 3,7dY3 . R/, 4% thiy ring:  goy > 0, qon <O

Ta ¢6 Cf > 0 néu
qov
< .
| qo| 7he \/E

Vi oo ¥ — Qon - ho > 0.
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4. KET LUAN

Bing phwong phép khai trién gin mit sdng cda Whitham d4 thu nhin phwong trinh mé ti
s bién thién cla d3 siu, van t3c vi ddy phia sau mit séng. Da liét ké céc trwdmg hop séng a3
sau mot thivi gian hitu han. Khi A < 1 di dwa ra cdc i gidi tiém cin theo f. D& chi ra 4nh
hudng clia bién dang ddy ddi véi sy én dinh cia séng li. Dai v6i dong chdy sau téi han, di xét
trwdng hop séng ¢it chuyén ddng ngwoc chidu déng chiy va ludn &n dinh tuy€n tinh. D3 liét ké
cdc trudmg hop séng cdt 43 sau mét théi gian hira han. D&i véi séng 6 ddy cing, phdng di thu
nhin dwge cic két qui da bigt cda Whitham.

"T4c gid chin thanh cdm on G.8.T.5. Nguyén Vin Diép di quan tim, dng h§ va déng gép
‘nhigu nhin xét ¢6 gid tri khoa hoc cho cbng trinh nay.
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SUMMARY

WHITHAM METHOD OF THE EXPANSION NEAR THE WAVE FRONT |
PROPAGATING ON THE RIVER WITH BEDLOAD TRANSPORT

In this paper the non linear differential equation describing the behaviour of water surface
behind the wave front is obtained by Whitham method. It is shown that the bed load transport
could influence significantly on the stability of the flood wave. In the supercritical fiow,the bedload
wave will propagate upstream and will linearly stabilize. The different situations when the wave
could topple over are analysed. In the flow without the bedload transport the results of Whitham
have been reobtained as a special case.
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