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DAO DONG PHI TUYEN TRONG CAC 158D CAP MOT CO CHAM
II. HE: KHONG OTONOM

NGUYEN DONC ANH, NGUYEN TIEN KHIEM

Trong phin I ching t6i d3 nghién ctm cic ch& d3 dao ddng riéng, tw dao ddng cla hé cip .mé}t
¢é chim. Ph2n ti€p theo nay s& nghién ciu birc tranh dao ddng khi cé lwe ngodi tuin hoin téc
ddng. Hé dwoc xét ¢b dang:

X(t)+aX(t—A)=Psinut+Qcosut+ef(X,X), _ (01)

trong dé o, A > 0, € tham s3 bé, P, Q cic hdng s8. Trong phin trudc ching ta di bidt ring hé
trr do tuyén tinh (khie = P = @ = 0} ¢6 nghiém tuin hoin chu k¥ 27 /o néu théa min didu kién
sin @A = 1. Chiing ta ciing sé chi xét hé (0.1) trong trwdmg hop nay vi néu trong hé tuyén tinh
khéng cé nghiém tuin hoan thi hrc phi tuyén va lwc ngoii khéng giy ra nhirng hign twong gi djc
bigt.

1. HE TUYEN TINH CUONG BUC

Truwéc hét ta xét hé (0.1) khie=0

X(t) + aX(t — A) = Psinvt + Qcos vt, (1.1)

v&i didu kién

| sinaA =1 | (1.2)
Néu nghiém cia (1.1) tim & dang

X(t) = Acosvt + Bsinut, {1.3)
thi A, B s& thda méan phwong trinh:

(asinvA ~ v)A+ aBeosvA = P,
aAcosvA + (asinvA - p)B =Q
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va cb dang:

PlasinvA - v} +aQcosvA

A= 12 4+ a2 — 2avsin vA ’ (14)
B= aPcosvA — QasinvA — v) '
- 1% 4+ o? — 2avsinvA ’
‘néu D=v2+az“2aysinVA7éO
Khi dé
P2+Q2 RZ
+ B =R*= — 2 1.5
A%+ =5 (1.5)

1 R2 R2/(v? + o — 2avsinvA); 2 R?*=Ry/(a-v)%
3 Rszg/(a—}—v)z, ‘ 4 R2=R§/(y2+a2).

Duwimg cong biéu didn mdi lién hé tin s8 - bién d6 trong trwdng hop niy ¢é dang nbw trong
Hinh 1. D& dang nhin thiy ngay ring bidn d5 sé lén v6 cling khi v — «, ta goi diy 1a céng hudng
chinh. Ngoai ra bién d6 cdn dat cdc gid tri cwe dai tai cdc tin s0 khac niva, chiing hiru han (nhd)
v3 ta gol cic ché d6 twomg tng 13 sifu cdng hwdng. Ti€p theo, trong bai na._,r ta chl nghién odu ky
trudmg hop ¢éng hudng chinh.

2. HE PHI TUYEN - TRUONG HQP CONG HUONG CHINH

Theo dinh nghia ¢dng hwéng trén, ching ta s& ¢é ¢dng hwdng chinh néu sinvA ~ 1.
O day ching ta xét bu'c tranh dao d6ng trong mién cdng huwdng ; glé, thidt:
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a - v = ec. {2.1)

&

Khi dé
sinvA:l—sz...; cos A = oA — g2, . (2,2)
Hg {0.1) ¢6 thé dwa vé dang:
X(t) +vX(t — A) = Psinvt + Qcos vt + e[ f(X, X) — 0 X (£ — A)]. (2.3)

Khi e nhd nghiém cda (2.3) sé gn véi nghiém cda {1.1) v nhw vy trong min cdng hudng
chinh bién d§ dao ddng s& 1ém v6 ciing néu P, @ hitu han. Van d& chi cdn nghidn ctru tredmg hop
P, Q@ nhd: P =ePFy, Q = Qo, hay 13 Ry = erp. Trong trudmg hyp d6 hé {2.3) c6 thé viét lai nhwr
sau:

X(t)+ v X(t ~ A) = e{Pysinvt + Qoeos vt + f(X, X) ~ &X(t — A} (2.4)

Ta 28 tim nghiém cda (2.4) dwdi dang:

X =acos¢+euifa, @) +..., ¢=wvt+0, (2.5)

trong 46

6=ceA(a,8)+e*..; § =¢By{a,0) +&2... (2.6)

Twong tw nhu trong truedmg hop 6téném,lwea ¥ t61 (2.2) ta 6 thé tinh dwoc:

X = —avsing + e{A, cos¢——aBlsin¢+V%l}+sz... (2.7)

Xa=X{t—A)=asing +e{—-AA sing — (B, —0)Aa cos ¢ + w1}l + ... (2.8)

Ciing véi viéc bidu dign vé phéi cda (2.4) dwéi dang:

eF = eg{Mcos¢ + Nsing — casind + f{acos ¢, —vasin $)} + ... (2.9
trong d4
‘ M=Qpcosd — Pysinf, N = Pycosf + Qqgsind. (2.10)
hoic
M? 4+ N2 = P2+ Q2% =r2. (2.11)

'Thay {2.7) - (2.9) vio (2.4) so sdnh céc hé 58 clla £°, ¢! ta thu dvoc:

1—vAa(B, —o)— M| cos¢+[a{o’—Bl)—VAAI—N]sinq5+u(%%+u1) = flacos ¢, ~vasin ¢).

Khai trién ham s& f(acos ¢, —vasin ¢} ra chudi Fourier
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f= fola) + fecosd + f, Si:I}d’,'..l’Z (hnmanﬁl—i-g,,,sir%qﬁ}.
c n==2

27 : o . 7
- {J{ } -2 fia008¢,4f{a53n¢}{§?§i}d¢=2(f - {:fjjf}>
s 5§
va gih thiét u,(a, $) <6 dang: ) l

uy = Vo + Z (Vi cos ng + W, sin ng),
n=2
san nhirng tinh todn don gidn ta sé nhin duge cdc phwong trinh de xac dinh A,, Bi, V,, W,,,
‘n=12,3,... nhr san: ' \

A —vhaelBi-o)=M+f; vAA +a(B,—0)=—-N-f;

1 1 1 Z.12
Vo= —ho; Va+nW,= —ha; —-nVo+Wn=—g., n=23,... ( )
v v !
va .
o M-vAN <+ —vAf,
1— 1_}_ V2A2 ¥
B _ vOAMA+N+vAf, + 1§,
v “1 4 AR '
o 1
V,=(1+ nz}_l . -;(hn —ng.); .
1
W, = (1 + n2]—1 . ;(nhn + gn).
Nhwr viy ta di xdc dinh dwoce hoin todn gin ding bic nhit:
. X = acos ¢ + suy{a, ¢).
Viéc nghién citu ché 46 dirng dwoc tifn hanh nhur san:
Phwong trinh 48 tim bién d§ va pha dirng cé dang:
M - vAN = —f, +vAf, = H(a) - (.13
.13
vAM + N = —vAf, —f, + (1 + v*A%0a = G(a),
chil ¥ t&1 (2.10) cia M, N cé thé khir 4 trong {2.13):
2+ f2 - 20a(vAf. + f)+{1+ vEA%)o%a® = M2 + N? = 12
hay L
Wia,v) = f2+ fZ ~ 26&7(—';5}% + fa) + (-1 +12A%)0%a% — 45 = 0. {2.14)

Diy 1a phuwong trinh cla dudng cong ¢éng hudng (bién d5 - tin )
Ditu kién n dinh theo tidu chuin Routh - Hurwits st 13
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8 ' 3
EQ_O{GOH-(%}} = éég{a(){fa ~vAf} <0 (2.15)

3
— 2.16
aaOW[ag,y} >0, { }

trong 46 ap,fo Ja nghidm cda (2.13) hosc (2.14).

3. viDU
1. Hé Duffing:

Xt aXy=e{losinvt+ Qocosvt -+ pgX + B X0,
Trong trudng kop ndy

fom 05 fo=afpo t Fou’)

v do 46 phwong trinh {2.14) &€ ¢6 dang:
3 9 . 2 n TZ
[;.30(1‘ +po = vho] +o” - —a% =,

Dwa vio kv hidu: f = a8y, u = gug, ¥ = €79, @ — ¥ = €0,

|

Phy thudc vio diw cda 4, p ta ¢é phitng trwdng hop sau diy:

a) Khi m 2 0, ¢tec 13 §, p ching d4n, dwdng cong (v, A) chl ¢& mdt nhdnk it dudng thing
v o B{A + ) & mbt difm duy nhit vA cdch dBu dwdng thing 44 vE hai phid cda tryc v, néu
B, i cling dwong thi khong ¢é ché 43 dimg nao &n dinh. Trudng hop 8, ¢ cing &m dwdng cong
cSng hwdng cd dang trong Hink 2 véi nhivng gid tri khic nhaw cda J.

b} Méu m < 0: Phy thudc vao gid iri eda J ta b nhitng dang khic nhau cda dwdmg cong
edng hwdng, Néu J > —%ms dwimg cong cong hiednpg ¢ mdt nhinh don nhw trong truwdmg
hop m > 0. Khi J = ~2i,),m?’ dwimg cong ¢6 mét nhink tw it tai giao difm véi dwing thing
v = - f{4-+m) Troong hep J < -—54; m? ¢b hal nhanh r&1 nhaw, nhinh irén 1& duwdmg khép
kin. Trén Hink & W trodmg hop F 3> 0, g << 0 cdbn Hinh 4 twong vng véi 8 < 0, g > 0. DiBu kién

8n dinh thir nhit cho ta bit ddng thirc
28A+p <0

8€ toong dwong véi A < —P néu § > Uvavéi A > % khi f < 0. Digu kidn thid haicd dang

N(4,0) = (v = o)’ + 4B(v ~ a){d + ) + 8B(1+ ) (A+ m)(A + 2m) > 0.

AT




Trén céc hinh v& mifn gach chéo twong ¥mg véi cdc ché d6 khong n dinh. Con trén dwdng
cong cdng hwdng doan dét quing 13 khéng &n dinh.
2. Hé Van de Pol:
X+ aXA = g{FPosinvt + Gpcos vt + ,UOX' + ﬁoXQX}
' 1
Jo=0; fy=—valuo _Jrzﬂoﬂz)-

Puwtmg cong cdng hwdng trong trwdmg hop nay cb dang

W{e, v) = 2 4 20af, + (1+v20%)0%a% — 12 = 0.

m<a
B>7
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Sau khi bd qua cac dz_xi‘hfc_mg nhd bic cao ta ¢é

2
1
(1+0?A%) (v — o) + 2084 + p)lv — o) +o?(BA+p)? — L =0; A= Td.
Cﬁ:n.g dwa viao cic dai lwong
— af — I L r2
= = H == —; J = B
A 1+ a2A?’ s 1+ a2A? 8. 4cx2A2(1+a2L\2)52

phuong trinh cudi cho ta quan hé:

v=o—B(A+m)Ealf %~(A+m)2

D3 dang nhin thiy bitc tranh dao d3ng trong trudémg hop nay twong tw hé Duffing khi g < 0,
p >0 (Hink 4).

KET LUAN

" Trong mien cdng hwdng chinh :

1. Bién d6 dao dong cda hé tuyén tinh 1én v6 cing.

2. Nhung khi ¢6 lec phi tuyen bé Duffing thi bién a4 dao dong tr& nén htu han. Nhu viy
ﬁrong trwdmg hop nidy lwe phi tuyén déng vai trd cin. Birc tranh dao dong dwoe mé ta trén cic
 hinh vé.

3. So véi hé bic hai vi ba khdng ¢é chdm, lyc phi tuyén Duffing 43 1am thay ddi bire tranh
“dao dong 'Nhirng trong hé Van de Pol hiu nhw khéng c6 ditu gl méi.
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SUMMARY

NON-LINEAR. OSCILLATIONS IN FIRST ORDER SYSTEMS WITH DELAY
II. NON-AUTONOMOUS CASE

. ‘The influence of the periodic force on the nonlinear first order systems with delay is investigat-
~ed by the asymptotic method Crulov-Bogoliubov-Mitropolski. A detailed research of the response
-of Duffing and Van der Pol systems to external periodic force is given. The obtained results are
¢ompared with well-known ones in such second order systems without delay.
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