Tap chi CO HQC, tip XII, 1990, s§ 2 (25 — 32)

MAT ON DINH VA RE NIANI NGHIEM CUA BAI TOAN
PHI TUYEN THANH THANG CHIU NEN DUNG TAM

p0 QUOC QUANG

Theo 1y thuy&t tuyén tinh, khi thanh thing chiu nén ddng tdm dén fwc téi han (mit 8n dinh
kigu Ole), chuyén vi cda thanh 13 mét lwgng chura xdc dinh [1] v d& xét chuy@n vi thuwe cda thanh
sau mit 3n dinh cin xét bai toin phi tuyén. Véi viée xét thanh thing chiv nén ding tam, bai béo
nay sé dé cip médt s§ vin dé: 1- Phat bidu bii todn d&i ngiu; 2- Xdc dinh diém ré nhinh nghidm
cla phwong trinh cin bing thanh (di€m bt diu xdy ra mit &n dinh}; 3- Tim s nghidm ré nhanh;

4- X4c dinh ding diéu nghiém tai lin cin diém ré nhinh; 5- Chimg minh sy t3n tai cda ngh'iém
khéng tim thwémg & viing xa diém ré nhinh. Viéc nghién ciu déng difu nghiém tai ving xa didm
ré nhénh ciing 13 mét vin d2 rit ¢é ¥ nghia nhung trong khuén khé bii bao nay ching t8i chwa
ds ¢ip dén. el :

1. DAT BAI TOAN

z; P Xét thanh dan hdi chin nén ding tim béi e
P, thanh ¢ tiét dién d8i xing thay d3i theo quy luft
bay k¥ doc truc, ¢é tinh dén trong lweng ban thin,
thanh dwoe ngam tai gdc vi tr do tai dinh. Gia thidt
thanh bién dang trong mit phing z;Ozs, mit phing
niy vudng géc vdi mit dat (Hinh 1).

Hinh 1
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& trang thai chwa bi€n dang phwong trinh tryc thanh 13
z1=0; za=¢ {t.1)
vi sau khi bi€n dang

wo =l 1=13 - {1.2)

Theo gik thi€t thanh khdng din cla Kidchép-Kiebs [2], n€u k¥ hidu o 13 gbc giira tifp tuyén
clda truc thanh tai diém € véi truc =3 thi

z;¢ = (sinp,cos@);  Tiee = [cosp, —sin )i, {1.3)
khi 46 mit 46 ndi ning cd dang
1 2
$ = gEI(E)‘PE: (1'4)

¢ diy E- modun dan hoi cha vat Lidw; 7{£) - momen quén tinh cda ti€t didn tai diém &. C the
thiét 14p phifm ham ning lwong:

L
W=/
J 0
& day L -chidu dii thanh, po - m3t d6 khai lwong thanh, g - gla t8c trong trwdmg, S{£} - dién. tich
ti6t dién thanh tai diém & T (1.3) nhén dwogc

bi!r—-*

EI{€)0E + pogS()raf )] de + Pro(L), (13)

§ . £
= [ cosir}dr, thé vio {1L.5) vd dit q(¢) = f poS(r)dr 1y tich phanp tirng phin
0

)
va nhom lai ta ¢d:

W= [L{ EI 5);_:5 +[» = q(8)] coszp} dg, (1.6)

& day g{€) - trong lugng phin thanh tinh tir gfc t61 diém £, A = P+ ¢(L) .
Theo nguyén 1§ dimg ning lwgng, phifm him Wip| dat gid tri dirng tai him ¢ tng véi vi
tri cin bing cda truc thanh va théda min digv kién bién (0} = 0.
Theo nguyén 1y trén, tir (1.6} d& dang tim dwoe phwong trinh cin bing cda truc thanh vi
digu kign bién: ‘

{BI(&)ee), + [A —af€)]sinp = 0, ' (1.7)

©(0)=0;  ps(L) =0. (1.8)

Phwong trinh cin bing cda truc thanh & dang trén khic véi moée s8 tic gid & chd cho phép
xem xét ddng thoi hai y&€u t8 trong lwong va sy thay déi tids dién thanh. Ngoai ra, s& hang
[}\ — q(£)] sin  trong phwong trink thé hign higu Gng r& nhanh nghiém rd rék tai 1an cin didm ré
nhinh nén rit thuin loi khi khao sat sw € nhdnh nghiém cia bii todn ma ta & xem xét dwdi day.
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9. NGUYEN LY BIEN PHAN DOI NGAU

D3t W = inf W, bai todn tim cue tifu cia phiém ham (1.6) ¢6 thé phat bidu duéi dang:

L
2
P
= weﬂf o / {max ﬁ:‘ + [)\ - q(f)} cos go} de. {2.1)
0
vi -
_— ) = = 2
max [poe = 55| = 5 E1¢%

vi maximum dat dwoc khi p = Elpe. Dwa max ra khéi d4u tich phin vi gid thidt cé thé 44} the
tw 1ay inf v sup [4] (difu ndy sé dwoce kiém tra dudi diy), ta cé:

L L
W = sup (igfof{p@e+ [A_Q(E)]Cosso}df—ﬂf%df) (2.2)

ta thiy ring
inf/ {psoe + (A —g(€)]cos (p}dg = o0
[*-]
4]

néu mét trong hai digu kién sau ddy khéng thda min

pe+ A~ q(é)]sinp = 0, | (2.3)
p(L)=0. (2.4)

Néu hai diu kién trén thda main, ta cé:

L L
igff {ptpg +[A = g(£)]cos dE / {cos @ + @sin p)dE, (2.5)
o 0

& 84y,  thda mzn (2.3}, nghia Ja

p = srcen = 5 o
¥ = arcsmm —

A —g{g} ]

Tir (2.3), (2.4), (2.5) bai ton bi€n phin d8i nghu dwge phat biu nhir san

2 .
E: SHUp J vé J:f{ + 3 - 505~+~Sin~}d_ 26
pE(2—4} J 2E] (A —q(&)}{cos @ + Bsin ) ¢ dé (2.6)

DE kiém tra tinh ding din cda (2.6), 14y bién phan phifm ham J

L . '
pbp L .
57~ [ {524 0- a(@)pcor oo} de, (27)
0
chd ¥, tir digu kién (2.3) c6 thé viét:
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cos PP = — —— =, 2.8
Ty (2.8)
thé (2.8) vio (2.7) ta dwoc
. L
5 = [ - cpépe d¢ = f + 9055}9) dé — @oply {2.9)
a
véi cac bp bat ki, £ bing 0 khi
Pe = %; 3(0) =0, (2.10)
tir (2.10) ta ¢6 = (Ele),, dong thui theo (2.3) ta &
Pe=—[d—gql¢ ]smcp nén cé thé vide
(EI(E)@E) = —[A — q(€))sin B, (2.11)

{2.11), (2.10), {2.4) tvong dwong vdi phwong trinh cén bang ¢la true thanh va dign kién bién
(1.7), (1.8). Bai todn (2.6) da dwoe chu‘ng minh.

Phin ti€p sau diy s€ xem xét cu thé bii todn tdn tai va ré nhanh nghiém cta phuwong trinh
cin bing truc thanh. Nghiém gan ding ¢{¢) tim dwoc tir phuong trinh cin bing truc thanh con
cho phép x4c dinh ddnh gid trén ning lwong todn phin cla hé théng théng qua phi€m ham (1.6).
Riéng vigc tim gid iri p gin dding phuc vy danh gid duwéi ning lugng cda hé théng qua phifém ham
(2.6) va sai s8 nghiém 13 mat bai todn phic tap cin dwoe xem xét riéng.

3. TON TAI VA RE NHANH NGHIEM CUA PHUONG TRINH CAN
BANG

Té&i diy ching ta sé nghidn céu bai todn di€m ré nhanh, s& nghiém r& nhénh v sy tdn tai
nghi¢m tailin cin diém ré nhénh cda phuong trinh (1.7) va cdc didu kign bién (1.8}, ching twong
dwong vdi bai todn bién sau day [3]

(Al)pe) + (0, 8N} =0, €1 <E< 8y (3.1)

(€)= 0; pe(ga) =0. : o (32

Gii thift po(€, A) 13 nghitm cda {3.1), (3.2), goi @ 12 c4c nhife nhé 1in cin @y, bl todn
tuyén tinh héa cda (3.1) va (3.2) ¢ dang

(Al€)@e) + fo (0, £, )6 = 0, (3.3)

&€} =0; pelé2) =0. (3.4)

Ta cling gid thiét bai todn ¢é nghidm khéng tim thwdng tai A = Ao, & diy Ay 14 gid tri riéng
bt ky cda bai todn (3.3), (3.4), cé thé chon digu kién chusn @¢(£;) = 1 va @t H(€) = u(€) ta cb:

uel€) =1. . (3.5)

28




-

Chiing ta mudn chimg minh ring phuong trinh ré rhénh 13 c6 thé gidl dwoe, mic du khi
@ = pp v2 A = Xy bai todn suy bién, véi myc dich ndy, c6 thé tim nghiém cda (3.1), (3.2) dudi
dang:

o(€) = po(£,2) + av(&, a, ), | (3.6)

& diy a - hing s& (bién d cda nhifu) va v - him 3n mé&i. Thé (3.6) vio (3.1) va (3.2} ta nhin
dwrgc: ‘

(A(g)ve)  + E[f(@o +av,€,2) = fleo, €,4)], | (3.7)

v(ér) =0; we(éy) =1, (3.8)

 didu kién ve(&;) = 1 & didy do ta chen.

Bai todn Césy (3.7), (3.8) v&i a khdc 0 va véi moi A ¢ duy nhit nghiém, con didu kién bign
tai £z cla (3.2) duwoc viét dudi dang '

. bla,)) = vg(€2,a,A) =0, - (3.9)
{3.9) chinh 1d phirong trinh ré nhanh, néu (3.9) thda man thl ¢ = o+ av & thda man (3.1}, (3.2).
Dén diy, bai todn bién (3.1), (3.2) 43 dwoc dwa vE bai todn Cdey (3.7), (3.8) va phwong trinh ré
nhanh (3.9). €6 thé thiy ngay ring a = 0, A = Ap 13 mét nghidm cda (3.9). Khia — 0 va A — Xg
tir (3.7), (3.8) ta duge phirong trinh:

. (A(s)ug)f'i'fw(@o,f,)\)b‘:o, (3.10)

vf{&) =0; wve€)) =1 | {3.11)

Bai toan (3.10), (3.11) ¢6 nghiém khdng tim thudmg v(£, 0, As) thda man didu kign ve (&2) = 0
. Vi (3.10), (3.11) tring véi (3.3), (3.4) , (3.5) nén c6 thé viét

v(£,0,20) E_g(g). L ' (3.12)

k Nghién céu phieng trinh ré nhinh (3.9) tai lan cin {a, A) = (0, Xo) khai trién Taylo {3.9) ta
dwge: o o .

. X ' : 1 .
b{a, ) = ba(0, Ao)a + 85 (0, 20} (A — Xo] + Zbaa (0, AoJa®+

1
+56AA(0,A0)(A—/\D)a2+..., , - (3.13)

c6 thé tim cdc hé s3 by, ba, baa, banr,. .- cla (3.13) bing cach dao ham (3.7), (3.8) theo a v A. D@
ding kiém tra khi (3.1) , (3.2) 6 dang (1.7}, (1.8) thi 5, (0, Ao) # 0. Khi dé tir (3.13) suy ra

1 b(m.(o; ’\0) 2

A= o = —--2ethdo)
0 Zbg[O,Ao)a'

+ 0{a?), {3.14)
sau khi bién d&i ¢4 thé nhin dwoc
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€3
I foee (0, § Ayugdé
AGG(O] _ Abaa(o,,)\o) b {3.15)

Bi0e) L (por & A uBie
¢

& diy ug 13 nghi¢m cia (3.10), {3.11) va dwece xdc dinh theo hé thire

uo(€) = v(£, X) (3.16)
va (3.14) c6 thé vide dwdi dang:
X = Ao = Aga(0)a® +0{a®). (3.17)
Xét diu clda Aa(0), d& dang nhin thiy véi f = (X — ¢(£)]sinp; o = 0 ta cb:

Foeel0) = —[A —q(€)] v& faa{0)=1

Viy (3.15) ¢ thé vidt dwéi dang sau:

1 - (el e
Daa(0) = oo (3.18)

L
3 fufde
0

MAu s8 cda (3.18) luén dwong vi ta chi ciin xét dfu b s8. Chit ¥ ring trong bai todn cu thé
ndy phwong trinh tuyén tinh héa (3.10), {3.11} 13 phwrong trinh Studc-Liuvin dang ¢4 dién:

(EI{g)ue), + 12— al€)]u =0, (3.19)

u0) = 0; . ug(l) =0, (3.20)
tw (3.19) c6 the vidt (A —gq(é)lu= r—(EI(E)ué)E, nhén hai v€ véi u® va 14y tich phan, sau khi

bign d4&i ta dwoc:

L L
f (A q(€)iu® d¢ = 3[ EI(&)u} - uf d€ > 0, (3.21)
0 ' 4
suy ra Ago{0) luén duwong, ti (3.17) cé thé nhin dwoc
i
. A—Ag |2
véi 05 a [%Aau(o):l . (3.22)

nhwr viy, v&i A > Ag, 6 hai nghiém ré nhdnh khdi po. Nhirng két qui cda phin 3. ¢é thé vidt
dwéi dang mot nhin xét va bire tranh ré nhinh dwge thé hién trén Hink 2.
Nhin zét: Gik st A(€), ¢(£) dwong, khd vi lign tuc trong khodng &; < £ < £, xét bai todn:

(Al&)pe) + A —a(@)]sine =0,  o(&)=0;  pe(é) =0,

sé ton tai mot 8 dém dwoc céc difm r& nhanh Ay Az, ..., An, ... twong Ung véi cdc trf riéng A,
cla bai todn tuyén tinh héa (3.19), (3.20). Khi X > X, trong mdt 1in cdn &4 bé, ngoai nghitm
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o = 0 con tdn tai hai nghiém khic nhau va khic @q, ré nhanh tir po. Khi A < A, trong mét lin
¢hn dd bé sé khéng tdn tai cdc nghiém ré nhanh tir .

43

Hinh 2

4. TON TAINGHIEM KHONG TAM THUONG O XA DIEM R, NHANH

Chiing ta sé chirng minh riéng véi moi A > A, { A; 13 gid tri ri€ng nhd nhat cda bii todn
tuyén tinh héa), ton tai nghiém o # 0 cda bii todn {1.7), {1.8) lam cho phi€m him ning lweng
dat cyc tidu. Nhan xét niy dya trén tinh chit sau: Mét phi€m hiam nira lién tuc dwéi yéu cé tinh
chit khéng ting (coercive) xdc dinh trong khéng gian Hinbe dat cin dwéi ding trong khéng gian
dé {3, 6.

St dung cic tinh chit di dwoc chitng minh trong [5, 6] d& ding nhin thiy phiém him ning
lwong W} ¢6 tinh chit mba lidn tuc dwéi y&u va khing ting, xdc dinh trong khong gian Xobélép
will(o, L).

Nhu viy, ton tai ham & lim cho phiém ham W] dat cue ticu.

St dung cdc tinh chit di chirng minh trong (7], d& ding nhin thiy & lién tuc khi vi va Ia
nghiém c8 dién cda bai todn (1.7), (1.8). Ching ta con phdi chirng minh ring véi A > A, @ # 0,
tic 1d nghiém @y = 0 khéng cho phiém ham W] gid tri cuc tidu.

Thit viy, xét bién phin bac hai cda W] tai g, = 0:

L

2 2
EW| = / {Ef(f)(59°e) - [x = q(&)] (¢} } d¢, (4.1)
0
cin phii ching minh ring 62W!W=0 khong xdc dinh dwong tai 1in cdn @, = 0. Né&u chon

§p = €u; (véi uy 14 ham riéng cla bii todn Stude-Liuvin (3.19), (3.20) fing véi gid tri rieng ;)
thi:

izl

L
Wy g == [ (= M d <0, (4.2)
Q

nhw vy, po = 0 khéng thé 1a didm cwc tri cda bai todn (1.6), Nhin xét dwoc chiéng minh.
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KET LUAN

Céc két qué trinh biy trong bii bdo ndy cho phép xic dinh difm ré nhénh, 8 nghiém ciing
nhr ding ditu nghidm tai lin cin digm ré nhinh cida bii todn phi tuyén thanh chin nén. Ngodira
ciing cho thdy phd nghidm cia bii todn 14 tp cdc gid tri riéng cda biitodn tuyén tinh twong Gng.

Ching t5i chan thinh cdm om Ts. Lé Khianh Chiu 44 hwémg din va thdo luin v8 ndi dung
bai bio nay. ‘

Dia chi: ‘ Nhin ngay 10/10/1989
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PE3IOME

MOTEPA YCTOMHIUBOCTH W BETBJIEHVE PEIIIEHUS
HEMMHEHRHOV 3AJAYA O UEHTPAIBHO-CXKATOM ITPSAMOM CTEPXKHE

PaccMoTpena HennHepHad 3afa4a O NeHTPANLHO-CXKATOM IPAMOM CTEPHCHE e PEMEHHOTO
1 OlIepeYHOro CeMeHNA C YYeTOM MACCHI CTEePXKHHA, Pemwenn: cregyruiue RPOGJIEMLI:

1) ®opMynHpoBKa IBOKCTBEHHEIX BaPHANHOHHbIX NIPHHIHUIOB.

2) AHATINZ BeTBJIeHHA pellleHUA GIMBKH To4ek GHypKamuu.

3) JoxaaaTensCTRO CY1ECTBOBAHUA HETPUBHATLHOIO PElIeHNS AJIEKO OT TOUeK Budypramuy.
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