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PHI TUYEN THANH TRANG CHJU NEN DUNG TAM 

. " 
DO QUOC QUANG 

Theo IY thuye't tuye'n tinh, khi thanh th~ng ch~u nen dUng tim de'n ll;YC t&i h<;tn (m.it bn d!nh 
ki:u Ole), chuy~n v! cUa thanh li m(_)t hn~mg chu·a xic d!nh [1] vii. de xet chuy€n v! thl!c cda thanh 
sau m~t 6n d!nh c'an xE!t biti tocin phi tuye'n. V6-i vi~c x€t thanh th.:ing ch~u n€n dUng t3.m, bai bio 
nay se de c.}p m9t sO van de: 1- Ph it bi~u bJ.i toin dOi ng1lu; 2- Xic d!nh di~m re nhtinh nghi~m 
ella phucmg trlnh din bltng thanh (di~m b£t d'au xrly ra mfft 5n d!nh); 3- Tim sO nghi~m re nhinh; 
4- xac djnh dan-g di~u nghi~m tq,i lin c~n di~m re nhilnh; 5- Chlmg minh Slf tOn tg,i cda ngh·i~m 
khOng· t'am_ thtrCrug b vUng :x;a di~m re nhinh. Vi~c nghi€n ctfu ding cti~u nghi~m t~i vimg xa di€m 
re nh3.nh ·cling 13. mqt v3rt de r3t c6 }r nghia nhung trong khuOn khb bii b<io nay chUng tOi chua 
de c~p d~n. c 

1. D~T BAI TOAN 

(J 

Hinh 1 

p Xet thanh dan hOi ch~u nen dUng tam bbi ll!c 
P, thanh c6 tie't di~n dOi xli·ng thay d5i theo quy lu~t 
b5:y kY dqc tq1c, c6 tlnh d€n trqng hrgng b&n th5.n, 
thanh duyc ngim t~i gOc va tl!' do t~i dlnh. Gilt thiet 
thanh-bie'n d~ng trong m~t ph~ng x10x3, m~t phing 
nay vuong g6c v&i m~t clat (Hinh 1). 
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& tr<?-ng thii chrra bie'n d1-ng phuang trln~ tnJ-c thanh 1;1 

Xl = 0; (1.1) 

va sau khl bie'n d<?-ng 

x;=r;(~); i = 1, 3. (1.2) 

Theo ga thiet thanh khong dan cua Kiech8p-Klebs [2J, neu ky hi~u 'P la g6c gii'ra tiep tuyen 
ella tr\]-c thanh t<?-i di~m E v&i tr~c X3 thl 

( 1. 3) 

khi d6 m~t d9 n9i nang c6 d?-ng 

(1.4) 

G' diy E- modun din hOi ella v~t li~u; I(E) - momen q11in tlnh ctia tie't di~n t~i di~m /2. C6 th~ 
thiet l%p phiem ham rr3.ng hrgng: 

L 

W =! [~EI(()'P~ + pogS(~h(E)]dO Prs(L), (1.5) 
0 

b day L -chi'eu d3.i thanh, Po - m~.t d9 khbi hr9'Jlg thanh, g - gia t&c trqng tru-Crng, S (E).- di~n tich 
ti€t di$,n thanh t~i digm ~- Ti'r (1.3) nh~n drrqc 

~ 

r 3 = J cos<p{T)d-r, the' v~w (1.5) v3. d~t 
0 

va nh6m lc~,i ta c6: 

L 

~ 

q(O = J poS(r)dr 
0 

w = ! 0 E I (EM + [ ,\ - q( E) J cos 'P} d~, 
0 

lay tich phil.n tirng phlin 

( 1. 6) 

/y day q( () - trong lu-qng ph "an thanh tinh tir g5c t&i digm E, ,\ = P + q( L) 
Theo nguyen ly dU-ng' ning hrqng, phie'm him W[;p] d{Lt gi<i tr} dirng t{Li hlm <p Ung v6-i vi 

tri can b~ng clia tr1,1-c thanh va th6a min cti"eu ki~n bien r.p(O) = 0. 

Theo nguyen lY tren, tir (1.6) d~ ding tim drr<;Jc phrrO'ng trlnh can b[ng cUa tr~c thanh va. 
di~u ki~n bien: 

(EI(E)'Pc),+ (-\-q(E)]sinp= o, (1.7) 

<p(O) = 0; ( 1. 8) 

Ph11ang trlnh cin b~ng cUa tr\lc thanh & d~ng tr€n kh<ic v&i mQt sO tic gilt & ch6 cho phep 
xem xet d8ng thCti hai ye'u t5 ':-r9ng hrqng va. Sl.!' thay d6i tie<t di~n thanh. Ngoii ra, sO h~ng 
[). - q( €)] sin 'P trong phrrO'ng trlnh th~ hi~n hi~u U:ng r€ nhinh nghi~m rO r~t t~i lin c~n di5m rEi 
nhinh nen rat thu~n l?'i khi khM sit Sl.! r€ nh<inh nghi~m cUa bai toin rna ta se xem xet dU'&i diy. 
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2. NGUYEN L Y BIEN PHAN DOl NGAU 

D~t W = infW, bai toin tlm ctrc tifu ctia phie'm ham (1.6) c6 th~ phit bi~u du·&i d~ng: 

L 

W= inf l{max[p<p0 - P
2

1 ]+[}.-q(~)]cos<p}d( IPE(l-G) P 2E (2.1) 
0 

v\ 

[ 
p2 l 1 max P'Pe-- = -EI<p; 

P · 2EI 2 

vi maximum d<;tt diTqc khi p = EI<pe. Drra max ra kh6i dJ:u tich ph in va gilt thie't c6 th~ d6i thU· 
tv- tay inf va sup [4] (dieu nay se dU'qc ki~m tra du·&i diiy), ta c6: 

L 

i~f I {P'Pe + [).- q(~)jcos<p}d~ = -oo 
0 

ne'u m{)t trong hai di'eu ki~n sau diy khOng thOa min 

Pe + [). -q(C)[sin<p= 0, 

p(L) = 0. 

Ne'u hai dieu ki~n tren thda min, ta c6: 

L L 

(2.2) 

(2.3) 

(24) 

i~f I {P'Pe + [).- q(C}[cos<p}d~ = 1[),- q(E)j(cosi>+ rpsinrp)dE, (2.5) 
0 0 

& day, rp thea man (2.3), nghia Ia 

- . [ Pe ] <p=arcsm- },-q(E). 

Tll- (2.3), (2.4), (2.5) bai toan bign phiin d5i ngh dm;rc phat bi~u nhrr sau 

L 

W= sup J v&i }=I{- PE
2

/+[}.-q(E)](cosrp+rpsinrp)}d~. (2.6) 
pE(2-4) 2 

0 

D~ ki~m tra tlnh dUng din crl.a {2.6L Ia:y bie'n phiin phie'm hJ.m J 

L 

51= I {-~;.+[}.-q(Ej[rpcosrp5rp}dE, 
0 

chU y, tlr dieu ki~n (2.3) c6 th~ vie't: 
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, - - op, 
cos <po<p = - ~ _ q( O, (2.8) 

the' (2.8) vao (2. 7) ta drrc;rc 

L L 

oJ =I (- ~; -poP<)d€= I (- ~~ +p,op)d€- pop\~, (2.9) 
0 0 

v&i cac op hat ky, oi Mng o khi 

p(O) = 0, (2.10) 

tlr (2.10) ta c6 p 0 = (Elp 0) 
0

, dllng thai thea (2.3) ta c6: 

P0 = -[~- q(O]sin<p nen c6 thi1 vigt 

(EI(E)P<), = -[>,- q(O] sin p, (2.11) 

(2.11), (2.10), (2.4) trrang du:ang vcfi phrrang trinh din bhg c>la trvc thanh va dih ki~n bien 
(1.7), (1.8). Bai toan (2.6) dii duyc chirng minh. 

Ph 'an tie'p sau diy se xem xet Cl._l th~ bai toin tOn t<}i va re nhinh nghi~m cU.a phucrng trinh 
ciin blng trvc thanh. N ghi~m gan dung 'P( E) tim duyc tlr phrrang trinh ciin b~ng trvc thanh con 
cho phep xac dinh danhgia tren nang lrrqng toan phan cda h~ thOng thong qua phie'm ham (1.6). 
Rieng vi~c tim gii tr~ p g'an dUng phvc Vlf dinh gii dmSoi nang hrgng cda h~ thO"ng qua phie'm ham 
(2.6) va sai s5 nghi~m la m9t bii toin phfrc t~p c'an drrqc xem xet rieng. 

.... ' - ~ " ' ' .... 
3. TON T~I VA RE NHANH NGHI~M CUA PHUONG TRINH CAN 

• BANG 

T&i diy chUng ta se nghien cli-u bii to<in digm re nhinh, sO nghWm re nh<inh va S'! tOn t~i 
nghi~m t~i lin c~n cligm re nhinh ella phrrang trinh (1.7) vi d.c di~u ki~n bien (1.8), chling trrang 
drrang v&i bii to<in bien sau day [3J 

(A(E)'P,), + f('f', €, ~) = O; 6 < E < 6, 

'P(6) = 0; 'Pd€2) = 0. 

(3.1) 

(3.2) 

Gia thie't 'Po(E, ~) 13. nghi~m c>la (3.1), (3.2), g9i <PIa d.c nhih nh6 lan c~n <p0 , bai toan 
tuygn tinh h6a d.a (3.1) va (3.2) c6 d~ng 

(3.3) 

<1>(6) = o; <PdE2l = o. (3.4) 

Ta cling gia thie't bli toin c6 nghi~m kh6ng t'am thrr(mg t1;1i). = >.0 , & d§.y ..\0 1a. gii tri rieng 
b~t ky c>la bai toan (3.3), (3.4), c6 thi1 ch9n dih ki~n chuin <Pde1) = 1 va d~t <P(O = u(O ta c6: 

(3.5) 
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ChUng ta muOn chUTtg minh rang phrrong trlnh re nhcinh 13. c6 th~ gilll drrgc, m~c dU khi 
cp = "Po va A= .\0 bii toin suy bie'n, vOi. mvc dich nay, c6 th~ tlm nghi~m cO.a (3.1), (3.2) du·&i 
d~ng: 

~?(E) =~?o(E,-')+av(E,a,-\), (3.6) 

b day a- h~ng so (bien d\) cda nhi~u) va v- ham iln m&i. The (3.6) vao (3.1) va (3.2) ta nh~n 
drrqc: 

(3. 7) 

v(Et) = 0; ve(E,) = 1, (3.8) 

dih ki~n vdEI) = 1 b day do ta ch9n. 
Bai toin COsy (3.7), (3.8) v6i. a kh<ic 0 va v&i m9i A c6 duy nhilt nghi~m, cOn cti~u ki~n bien 

t~i 6 cda (3.2) du.,rc viet du·&i d~ng 

b(a,>.) = vd6,a,-\) = 0, (3.9) 

(3.9) ch!nh Ia phuO'ng trlnh re nhanh, neu (3.9) th<la man thl p = Po+av se thoa man (3.1), (3.2) 
Den day, bai toan bien (3.1), (3.2) dii dU"qc dU'a v~ bai toan Cosy (3.7), {3.8) va plmcmg trlnh re 
nhanh (3.9). C6 th<i thily ngay ding a= 0, >. = ,\0 !a m(it nghi%m ella (3.9). Khi a~ 0 vil .\ ~ .\0 

tir (3.7), (3.8) ta duvc plnwng trlnh: 

(A(E)ve) e + 1~ (po, (, -\)v = 0, (3.10) 

v(Et) = 0; ve(E,) = 1. (3.11) 

Bai toan (3.10), (3.11) c6 nghi~m kh6ng t~m thU"cmg v(E,O, -\0 ) thda man dih ki~n ve (6) = 0 
. Vl (3.10), (3.11) trung v&i (3.3), (3.4), (3.5) nen c6 thg viet 

v(E, 0, -'o) ""u(O .. (3.12) 

Nghienc&u phmmg trlnh re nhanh (3.9) t~i ian c~n (a,-\)= (0, .l.o) khai tri<in Taylo (3.9) ta 
du-qc: 

1 2 
b( a,-\) = b,.(O, Ao}a + b, (0, Ao)(-' - Ao) + 2b,.,. (0, .\o)a + 

+~bu (0, .lo)(-'- -\ 0 )a2 + ... , ( 3.13) 

c6 thg tim cac h~ sob,, b,, b"'" bu, ... cda (3.13) blDg each d~o ham (3.7), (3.8) theo a va ,\, D~ 
dang kii1m tra khi (3.1) , (3.2) c6 d~ng (1.7), (1.8) thl b,(o, >.0 ) 'I 0. Khi d6 tir (3.13) suy ra 

,\ _ Ao = -~ baa(O,-\o) az+ O(a3) 
2 b,(O,-\o) ' 

(3.14) 

sau khi bien dOi c6 th~ nh~n dtrqc 
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,, 
), (O) = _ baa(O,>.o) = 

aa b,(o,>.o) 

I !.,.,.,('Po,~. >.)u6d~ ,, ,, 
I J.,,(<po,~,>.)u6d~ ,, 

lr day uo !a. nghi~m ella (3.10), (3.11) va drrqe xie d)nh theo h% thfre 

uo(O = v(~, >.o) 

>.- >.o = Aaa(O)a2 + O(a3
). 

Xet dau ella >.aa(O), d~ dang nh~n thay v&i f = [>.- q(()[sin<p; 'Po= 0 ta e6: 

V~y (3.15) e6 th€ viet du·&i d~ng sau: 

L 

f[>.- q(~)]u6 d~ 
Aaa ( 0) = "-0 ~-,L~~-

3 I u6 d~ 
0 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

M[u sO cUa (3.18) luOn drrctng va ta chl c'an xet da:u td- s5. ChU Y ding trong b3.i toin cv th~ 
nay phu:ang tr\nh tuyen tinh h6a (3.10), (3.11) la phrrang trinh Stuoc-Liuvin d~ng cil di€n: 

(EI(()ue) e + [>.- g(e)]u = o, (3.19) 

u(O) = 0; ue(L) = 0, (3.20) 

tlr (3.19) e6 th€ vie't [-I- g( ~)]u = - (EI( e)ue) e, nhan hai ve v&i u3 va liiy tich ph an, sau khi 

bien d&i ta drr9"c: 

L L J [-I- g(()]u4 de= 3 J EI(E)u~ · u~ d~ > o, (3.21) 

0 0 

suy ra Aaa(O) luon drrang, tir (3.17) c6 th€ nh~n drrqc 

vai (3.22) 

nhtr v~y, v&i ). > Ao, c6 hai nghi~m re nhinh khOi po. NhUng k~t qui cda ph1in 3. c6 tht1 vie't 
dtr&i dc.mg m9t nh~n xet va bfrc tranh re nhinh drrgc th~ hi~n td~n Hinh 2. 

Nh4n xit: Gilt sti- A(E), q(() du:ang, khit vi lien t'!c trong kho!tng ~ 1 <~<Eo, xet bai toin: 

(A( ~)'Pe) e + ( >. - q( ()] sin 10 = O, '1'(6)=0; 

setOn t(}i m{>t sO de'm drrqc cic difm re nh<inh ).1; ).2, ... I An, ... ttrO'Ilg U:ng v&i cic tri rieng An 
cda bai toan tuye'n tinh h6a (3.19), (3.20). Khi >. > >.a trong mi)t lan c~n du be, ngoai nghi%m 
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cpo = 0 cOn tOn t~i hai nghi~m khcic nhau va khcic cp0 , re nhinh tir <po. Khi ..\ < .l.n trong mQt lin 
c~n dd be se khOng tOn t~i cic nghi~m r€ nhcinh tir cp0 . 

Hinh £ 

..... A A ..... ' ' ,.., - , 

4. TON T~I NGHI~M KHONG TAM TRUONG 0" XA DIEM RE NHANH 

ChUng ta se chtrng minh ding v&i m9i .\ > .\1 ( .\1 Ia gii tr! rifng nhd nh5:t n\a bai to<in 
tuye'n tinh h6aL tOn t<?-i nghi~m rp -1- 0 cda bZti toin (1.7), (1.8) Hun cho phie'm hh.m nilng hrqng 
d~t qrc ti~u. Nh%n xet nay dl!a tren tinh chilt sau: M9t phie'm him nll-a lien t\(c du·&i ye'u c6 lfnh 
chiit khing tang (coercive) xic d!nh trong khOng gian Hinbe d<?-t c~n du&i dUng trong khOng gian 
d6[5, 6]. 

Sd- dvng cic tinh chiit di drrqc chll-ng minh trong [5 1 6] d~ ding nh~n th5y phiem ham nilng 
hrqng W[cpj c6 tinh ch5t m}a lien t\(C drr&i yeu vi kh<lng Ling, xic d~nh trong khOng gian XOb&Iep 

w~ 11 (o, L). 
Nhrr v~y, tOn t?.i h~un p IG.m cho phie'm ham W[~J d;;tt qrc ti~u. 

Sd- d1:1ng cic tinh chflt di chll-ng minh trong [7], de dJ.ng nh~n th5y P lien t~c kh3. vi va Ia 
nghi~m c~ dign cda bai t.oin (!.7), {1.8). Chung ta con phii chfrng minh rlng v&i). > >. 1 , <P cjc 0, 
ttl-c Ia. nghi~m (f?o = 0 khOng cho phie"m hJ.m W[cp] gii tr! n.rc ti~u. 

Th~t v~y, xet bien ph5.n b~c hai ella W[rp] t~i cp0 = 0: 

I. 

a'wl~ .. ~o = j { EI(~)(o'Pe)'- [>.- q(EJ](o'P)'} de, ( 4.1) 

0 

c'an phlll chU·ng minh ring 02 WI<pn=o khOng xic d!nh du·ang t~i lfin c~n <,an = o. Ne"u ch9n 

Op = eu1 (v&i u1 lfl hfun ri€ng ella bii toin Stu6c-Liuvin (3.19), (3.20) U:ng v&i gii tri rieng .\ 1 ) 

thl: 

L 

5
2
W l,,,~o = £

2 J (>.1 - >.)ui dE < 0, 

0 

nhU' v~y, Po = 0 khOng th~ Ia di~m qrc tr! ella bai to<in (1.6L Nh%n xft du·qc chli-ng minh. 
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KET LU~N 

cac kttt qui trlnh bay trong bai bio nay cho phep xic d!nh diJm re nhinh, sO nghi~m ciing 
nhrr d<l.ng di~u nghi~m t~i lin c~n di~m re nhinh ella bai toin phi tuye'n thanh ch~u nen. Ngoii ra 
ciing-cho thcfy ph6 nghi~m cU. a bii to an li t~p cic gi<i trj rieng cU. a bii-toin. tuyen tfnh trrcmg trng. 

ChUng tOi chan thimh cAm em Ts. Le Khinh Chiu di hu;Crng d[n vi thio lu~n v'e n9i dung 
b3.i b3.o nay. ' 
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PE3IOME 

TIOTEP5! YCTOWlliBOCTH H BETBJ!EH11EPE!llEHl15! 
HEmiHEY!HOB 3A,L\A 'ill 0 1..\EHTP AJ!hHO-C}KATOM TIP 5IMOM. CTEP}KHE 

p 3CCM0TpeHa HeJIHHefiHa51 33)1,3'43 0 IJ,eHTp3JibHO-C)K3TOM llpHMOM CTepJ>KHe ITep"eMeHHOro 

·orrepet.JHoro cei.JeHH.R c yYeTOM Macchi cTepJKHH. PerneHhi cne)l,y:EOIIJ,Iie npo6neMhi: 

1) <t>opMynHpoBKa ,rr,BottcTaeHHhiX aapHaiJ,HOHHhiX npHHD,HIIOB. 

2) .AHaJIH3 BeTB.l1eHH.H peiiieHHR 6JIH3KH TOI.JeK 6n<PypK3IJ,HH. 

3) .LJ.oK333TeJibC'rBO cyiiJ,eCTBOBaHli.H HeTplfBH3JihH.()r6 pellleHH.H ·p,aneKO OT TOLfeK 6H<PYPK3IJ,HH. 
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