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MOT SO BAI TOAN XAC DINH 
D~NG vd TRON xoA Y KHONG CHJU u6N 

NGO HU'ONG NHU 

VO trOn xoay kh&ng chju uOn c6 nhi~u u·u the' va dll'qc srl: d1;1ng nhieu trong th\).·c te'. V1 vfy 
vi~c thie't ke' lo<;ti vO nay la rn9t van ae du·qc nhi'eu nha khoa h~c MYr Lien xO dii vi dang quan 
tim de'n. Tuy nhien lo{ti v6 Hun tlr v~t li~u cEm hOi phi tuye'n c6 d9 day thay d6i cOn chu·a 4W9'C 
xet Mn [lj. 

B3.i nay nh~m xiy d1p1g mO hlnh to4.n hq<: x<ic d!nh d~ng vQ khOng ch}u uOn c6 d§ day thay 
d.Si lam tir v~t li~u dan hOi phi tuye'n drr&i tic d~mg ella tili trqng cho tnr&c va tnrCrng nhi~t 49 
vOi gii thie't cic tic d1,1ng nay khOng gfiy nen U·ng suftt u5n trong vQ. Trang khuOn kh5Iy thuye't 
v6 phi tuye'n v~t lYr tuye'n tinh hlnh h9c 1 bJ.i bio du·a ra du-qc nhU·ng phll'O'ng trlnh x4c d}nh d~pg 
dtrCtng sinh va quy lu~t bie'n d6i ella d9 day v6 trOn xoay. Giii cic phrrcmg trinh nay b~ng phrrap.~ 
phip tharn sb be v&i m9t sO tnrC:mg hqp t.ii trc;mg m&i 1 nh~n du·qc nghi~m g'an dUng drr&i d~n~ 
giiU tich. 

- ' ' ..... "' ' 
1. NHU"NG PHUONG TRINH VA LIEN H~ CO BAN 

Lien h~ giii-a li-ng sutlt vi bie'n d~ng ella v~t li~u phi tuyen v~t lY c6 d~ng [3J: 

e, = ZG{l ~ v)h• { (T;- vT;J + 
2~~;2~:;, [T;' + (T;- r;) 3

J + C(~ + v)T}, 

1 { ( • ') 2(1 + v)g, [T'3 (T' ')3J . ( )T} 
""' = 2G(l + v)h• T"' - vT, + 27G2h•2 "' + "' - T, . + C 1 + v , 

(1.1) 

Ta* I r; -n9i h.rc xac d~nh tlr h~ phu-ang trlnh din b3.ng. Ne'u k:Y hi~u T} =sec B, B - gQc giii·a tigp 
t'uye'n v&i dU'Cmg sinh cO. avO vi tr\}c quay, nghi~m eli a h~ phuang trlnh din bii.ng cUa v6 trOn xoay 
ch!u tii trc.mg khOng giy uOn vi xoln li: 
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r; = r~ [ J r· ( z• + ~) dr• + c] ~. 
c; 

,• 

r· = r· z· + l 1 r· (z· + x· ) dr· + cJ dry_ " ~ R-=-1 dr 
c; 

{1.2) 

Theo l:f thuye't vO tuye'n tinh hlnh hgc, tir di~u ki~n khOng c6 Ung suat uOn trong vO ta c6 
o\c d~i hrqng bii!u thi ''! thay dBi ban kfnh cong cda v6 X, = X2 = 0. Tlr day suy ra dieu ki~n 
kh8ng u8n drr&i d~ng bie'n d<tng li: 

_dd {e:.,r•) = e,. 
r• 

{1.3) 

' " " ' . ' ' 2. BAI TOAN XAC D~NH D~NG DUO"NG SINH CUA VO KHI CHO 
" ~ "' ' "' ~ ,., ' 

TRUO"C NGO~I L1[C, TRUO"NG NHI~T VA QUY LU~T BIEN DOl CUA 
DQ DAY h = h(r). 

Tir {1.1), (1.2), {1.3) nh%n du:qc phu:ang tr\nh vi tfch phan du-6-i d;;ng khong thrr nguyen xac 
d!nh d<}ng drrCrng sinh:.cda vO: 

( 
I) dry (1 + v)H [( dry)3 (Iry)s (· dry Iry)3 

(1 + v)ry rZ-;: (1 + v)I dr +A h2 r~Z +I dr - -; + 2 r~Z +I dr --; -

rh' ( dry viry)] 3HA(1+v)h'r [( d~)3 ( dry Iry)3] -- rryZ+I~-- - rryZ+I~ + rryZ+I~-~ + 
h dr r h3 dr dr r 

{ 
3r,\{1+v)H[( dry Iry)2 ( dry)2J} [d didry d2~] 

+ r + h2 rryZ +I dr---; + rryZ +I dr dr(rryZ) + dr dr +I dr2 -

-[vr+ 3Ar{1+v)H_(r~Z+Idry _ Iry)2]cl_(Iry) +rdT _ rh'T=O, 
h2 dr r dr r dr h 

>. = 2g2 /27 p. Ia d<;i lu:qng be th€ hi~n mrrc d{> phi tuygn v%t ly cda v~t li~u, T tnrirug nhi~t d\>. 
Tim rr dl.l'&i dctng chu6i theo tham sO be: 

ry(r) = 'lo + >.ry, + >,2~2 + 0(>.3) 

Khi h thay dBi theo quy lu~t hh = ( !._ r, vo bign d;;ng b&i tai tr9ng d9C trl).C c # 0 va tii tr9ng 
o ro 

d;;ng 

X=O, {2.1) 
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phrrcmg trinh vi tfch phin "'tren drra drrgc v'e drr6i d1-ng h~ phrrO'llg tdnh vi ph5.n b~c hai d~ng 
Ph&c 

m 

+ (2- n) L qkrk+ 2 + (vn- 1)Io] ry; = F;, i = o;2 
k=-1 

& day 

+C, 

F1 , F2 - 13. nhirng bigu th-6-c hi~n ChUa nghi~m da nh~n du·qc tlr phll'ong trlnh trmYc lien d6. 
Nghi~m cas& dm7c tlm drr&i d1-ng: 

= 
n* - rP 1 ~ C·ri 
'11- ~ t I 

i=O 

= 
TJ; = rPJ L Ctri I 

i=O 

khi p1 - pz kh&ng nguyen, trong d6 P1, pz ta nghi~m ella phuang trlnh d~c tnrng 

1 
P1,2 = 2[n± .jn2 -4(nv -1)] 

(2.2) 

(2.3) 

f)~t (2.3) vao phrrang trlnh d'au ella hf (2.2), so sinh h~ sO cling b~c r v&i 0 ta tlm du·qc bi~u 
thiTc ti.nh ci sau: 

Co= 1, 

~ ( qi-2 qi-3 q-1 )/ ,J, = Co~.-+ c~-.- + · · + c,_1- D, 
' '- 1 1 

1 :0 i :0 m + 2, 

C (c qm C qm-1 q 1 
m.+i = i-2~- + i-1~- + · · + Cm+i-1 ~/D, 

m+2 m+1 1 
m 

D= L 
k=-1 

k+2 ro 
qk-- -C. 

k+2 

V&i cic h~ s5 tren chu8i (2.3) h9i tJ.! ve m9t ham x<l.c d!nh d~ng: 

. - q~r] 

i ~ 3, 

{2.4) 

Bigt cic nghi~m ca scY '7i, TJ2, nghi~m t5ng quat cUa h~ phuang trlnh (2.2) drrgc viet drr&i 
d~ng: 

i = 0,2, 
(2.5) 

w '( ')' '( ')' = 'h '12 - 'YJz rh , k, = F;(r)/M, 
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Bie't drrgc 17, d9-ng vO xic d!Jlh bang tich ph3.n phl.l'ang trlnh 

dr=~ 
dz 

6 day r, z Ia d~i hrqng khOng thfr nguyen bigu th~ kholmg cich tir mQt digm tren drrCrng sinh cte'n 
tn,1c quay ella vO va t9a d9 z cUa di~m d6. 

TrrrCrng hqp q_ 1 = 0, m = 0 tu-ang li-ng v&i Z = qo = const, bi~U th{rc (2.4) trUng v&i kgt 
qti.a di c6 trong [3] va cic du·Cmg sinh c6 d4ng sau (Hinh 1): 

Khi m = 0 

Khi m = 1 

~ k q_1 q1r2 qor2 q_ir 
Z= L- q~or =-r-+qo+<)tr~S=1/(1- SD-

2
D -D). 

k=-1 

Bie't s d~ ding tlm dm?'C 17~) T)~ va f). 

Trrang tv c6 th~ vie't cic nghi~m 17 qt th~ trong tU:ng tru·Crng hqp d~t tii rieng d4ng (2.1). 
Bie't ry, tich phin {2.6) nh%n drrqc d4ng dmYng sinh cUa vO . Bai to<Ln nhu v~y da dtrqc giii tn;m 
v~n. 

/Jl 

t!,8 

[!,5 

!J,4 

tl,2 

z/r.c, 

2 

r 1,2 1,1 

Hinh1 

D~ng d!Idng sinh cda vO Jam tir v~t li~u dOng nh&m g2 = o, 04.106
, v = o, 33 v6i cac cneU ki~n 

hJnh hqc va. l!Jc kh<Lc nhau: 

1. ryA = 2; n = 0.5; 6 = 0.0003; Z = 0,0001( ryA = lryl,~eo), 
2. ryA = 4; n = 2; 6 = 0,0005; Z = 0,0001, 

3. ryA = 1, 5; n = 0, 5; 6 = 0, 0003; Z = 0, 0001, 
4. ryA = 2; n = 4; 6 = 0,0003; Z = 0,0001 

0 day X= 0, 6, Z !a d.c d~i lm;mg khOng thll- nguyen da cic l'!c X, C, Z. 
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'~., ... ~ ,.J;,,' '' 

3. BAI TOAN XAC D~NH QUI LU~T BIEN DOl DQ DAY CUA VO TRON 
~ ~ ' ... ... ' ' 

XOAY KHI BIET TRUUC TAl TRQNG, NHI~T DQ VA D~NG DUaNG SINH 
' ' CUA VO 

Ne'u. d~ng dmJ-ng sinh cho trrr&c c6 nghia la. TJ = sec B li ham xic djnh ella r. Khi d6 d~ng 
khOng uOn cda v6 c6 th~ drrqc nh~n do qui lu~t bie'n d6i df? day. 

D~ng kh6ng thrr nguyen cda phrrang trlnh xac dinh d9 di'Y "' 

dh [ 1 r ) 3H ( 3 3)] dr - h 2(1 + v) (T~- vT, - 2h3 )..r T<> + (T<>- T.) + 

)..H d [ (. 3 )3)] )..H [ 3 ( 3] + 2h2 dr r T~ + (T~- T. - 2h2 T, + T,- T<>) = 

1 1 d 
= ( ) (T .• - vT<>)- ( ) d-[r(T<>- vT,)l. 21+v 21+v r ' 

GilU phu-cmg trlnh nay bhg phtrang phap tham so be h = ho + )..h1 + ,\ 2 h2 + 0().. 3) nh~n dtrqc 
nghi~m g'an dUng: 

r IT'P- vT~ I { Jr T.~ -vT'P 
h(r) =ho ro T3 - vT.~ exp - '" r(T<> - vT .• ) dr+ 

+ Aexp(- / a(r)dr) U h(r) exp(/ a(r)dr)dr] + 

+)..2 exp(- / a(r)dr) U j,(r)exp(/ a(r)dr)dr]} +0().. 3
). 

& day ho, r:;, T';- gia tri h, T<>, T. viri r = ro, a(r), h(r), h(r)- cac ham co d~ng hi<in. 
Thi d~ C\1 thii du-qc xet v&i ban cliu h<'r ban kinh R( ry = r / R) tren bien r = R tac dvng Ivc 

phin·bO d'eu song song v&i tr~c quay. Khi d6: 

_ ).. 9(T~) 2 R4 
( 1 1 ). ;.. 2 H2 2(T.?)' R4 

h(r) - ho + H 0 4 - 4 + h3 h r R 0 
(

1 1 2 2) 3 - - - - - +- + 0().. ). 
r4 R4 rB RB 

m 

Doi v&i t.l.i tr9ng d~ng Z = L qkrk, X = 0. theo ciing thrrc tren co thg tinh du-qc d9 day 
k:::::~l 

vo. Chu y trong th\l·c tf phii kii!m tra di~u kien doi v&i YO mong h(r)/r ~ 1/20. 

" A KET LU~N 

Cic phrrang trlnh vi ph in va vi tfch phin xic djnh d{l day vi d~ng du-Crng sinh ella vO trOn 
xoay kh&ng ch~u uOn lam tiT v~t li~u din hC:.i phi tuyen da drrqc thie't l~p. Bang phuong ph:ip 
tham sO be v&i m9t sO d~ng tii trqng, phrrang trinh vi tkh ph&n dua dugc v'e h~ phU'ang trlnh 
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vi ph§.n b~c 2 d~ng Ph&c vi nh~n drrqc nghi~m giii tich, trrang U·ng v&i ham ry c6 lien quan agn 
d~ng dU'Crng sinh ella v6. Cic bai to<in Chrqc minh h9a. bang thl dt~ cl! tht1. 

ilia chi: Nhqn ngay 21/7/1981 
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PE310ME 

HEKOTOPbm 3A,I1A 'll1 OTIPE,I1EJJEHM.H C!>OP M 

OBOJIO'iEK BP AIUEHM.H, P ABOTA.IOILTUX BE3 H3fMBA 

Bbi:Be,[J.eHhi II perneHt.I MeTOJI.OM Manoro -rrapa.MeTpa HHTerpo-)l,H4JtPepeHrr,IIanDHoe ypaBHe­

HHe .IJ.JHI orrpep,eneHn.sr ¢YHKlJ.Hli, xapaKTepH3YIOI.U,efi Mepu.u.naHa H ypaBH€HMe .D.IIJI orrpe.n.eneHHJI 

~ aKOH3 H3M€H€HHH TOJilli,HHhl 6e3:blrH6HhiX 060JIO'-I€K Bpalll,eHH.H, BbliiOJIH€HHhiX H3 H€JIHH€tt­

~TipyrHX M3T€pll3JIOB TIO,[I, p,efiCTBH€M H€KOTOphiX TMllOB HarpJ30K. 

' A X 

DAO DQNG THONG H~ PHI TUYEN 
(Tiep trang 5} 
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SUMMARY 

OSCILLATIONS IN THE FIRST ORDER NON-LINEAR SYSTEMS WITH DELAY. 
L AUTONOMOUS SYSTEMS 

Contrary to the systems without delay, in the first order systems with delay may be an 
mdamped oscillation, which is constructed in this paper by means of the asymptotic method. The 

1elf-----excited oscillations in the Duffing and Van-De-Pol systems are considered. 
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