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DAO DONG THU DIEU HOA TRONG HE CAP MOT CO CHAM

NGUYEN DPONG ANH, NGUYEN TIEN KHIEM

Ti&p tuc nhivng nghién ciu hé cdp 1 cd chiam, trong bai ndy d& cip vin 48 dao ddng thi didu
haa. Bing phwong phdp tidm cin Kruldv-Bagsliubdv-Mitrdpslski & diy x3y dwng thuit todn tim
cic dao ddng thir digu hda trong hé:

X(ﬂ)+aX(t—A]:Psi:1ut+Qcosut+Ef(X,X), {0.1)

trong 4o -

sinad = |, cosad =0, {0.2)

Céc ding thic (0.2} ching td hé (0.1) khi = = P = Q = 0 ¢6 dao déng tuln hoin tin
58 a. Trong cong trinh trude di xét bite tranh dan ddug cda hé trén trong ving cdng huwdng
chinh (¥ ~ a) cdbn & diy nghién cfu trong mién xa cdng hwdng chinh - mién sién cong hudng
(v ~ na, n=>2)

Gid thidt:

v
¥ = — t 2a
n
khi dé hé (0.1} c6 t1:d viét thanh
X(t] + Z-J\'(t - A) = Psinvt 4+ Qeosvt + | f{X, X) -~ oXal (0.3)

1. XAY DUNG NGHIEM TIEM CAN
Ta tim nghidm phueng trinh {0.3) dudi dang:

X = Acosvt+ Bsinvt+acosd + euyfa, ¢} +... . - {1.1)

¢t +8; a=eA{a,f)+...; 9::531(@,9] + ... (1.2}
n ‘




-

A, B, Ay, B, u; Id cac him phii tim. Dao déng
Xo = acos$, ¢:£t+6,
n

trong 46 a, 4 thda min (1.2) goi 13 dao ddng thir didu hda cip n.
Trwéc hét, véi didu kién (0.2) ta cé:
sinvA =sinn{ad — e0A) = sinna — eonlA cosnal + e,

cosvA = cosn{ald — eoA) = cosnad + sonlsinnah + €2, ...

Vi phin (1.1} ta dwge:

viou,

X'=—uAsinvt+uBcosvt¥Easin¢+E{Alcos¢—aBisi11,¢+ ) + ...
: n , Tn

va twong tu nhu trong cdc bai trude:

Xa=X(t—A)=Acosvt+ Bsinvt +asing + e{—AA;sing — Ad{B| — o) cos p+
+ uy + nAgBoosnalcosvi — nAcAsin naAsinvt) + .., '
A = Acosnal — Bsinnad; B = AsinnaA + B cosnaA.

sé co
' Vo . v '
(v -smnaA)A-i— —cosnaA - B=F,
n n
K-:osno:A-A—i-(1/—z'sinncm&)B=Q,
n n
vA v ' X v, 8u .
[Al — Ta(Bl ﬁcr)] cos ¢ — [TAI +a(B) — cr)] sing + ;(-{—a—g— + ul) =
=a[C, cosng + S, sin ng| + fo(vt,a, ¢),
vai:

C, ={(rA — 1)sinnaA - A — cosnall - B|sinnf+
+ [cosnaA - A+ {An— 1) sinnad - B|cos nd;
S, =[(1 — nA)sinnal - 4 + cosnaA - B|cos nf+
+ [(A+nAB)cosnad ~ Bsinnal]sinnf;
fo(vt,a,¢) =f[Acosn(d —8) + Bsinn(¢ — 8) + acos ¢~

— vAsinn(¢ ~0) + vBcosn(p — ) — L usin ¢

- “ . " a
N&u khai trién ham ra chedi Fourie:

fo = fecosg+ fising + ho + Z (hrn cos me + g, sin me),

‘m=2

2

Thay (1.1), (1.5) va (1.6) vio (0.3}, khai trién v& phdi theo &, so sanh cic hé s8 ¢da £,

(1.3)

(L.4)

(1.5)

(1.6)

e ta

{1.7)

(1-8)




trong do

fe = 2{fo cos ¢); fo = 2(fosin ¢);
2m
b = 2focosma)s g = 2fosinmal; (1) = [ jas

phwong trinh (1.8} cho ta hé:

v v
Al—Ta(Bl—o)_: fe; TAl'*'ﬂ(B; —a) = f,

mFEl

Nhu viy ta ¢ hé (1.7) dé tim A, B, {1.9) - A, By, con (1.10) - u;.
Thit viy, hé (1.7) cho nghiém:

4" E{ﬁin nad —n) + Qcosna
I 14+ n? — 2nsinnad
=" Pcosnadd — QsinnaA — n)
% L+ n? - 2nsinnad
vi tir dé:
A2+82:M‘2: HQ(P2+Q3)

VH1 + n? - Insinnad)’

{1.9) cho ta:

Av=(1+ ”1?2)71[12- - —:—Af}
2

Bi=o- [a(1+ an‘g)}_i [%fmf,].

Néu tim u; & dang

uy = Vy + Z (Via cosmé + W, sin mg),

m=2
thi Vi, V,,,, W,, sé thda mian hé:

T

Voo + mW,, = ;hm; -mV,, +W,, = -Eg,,“ m#£ 1, n;
V., +nW, = S(hn +cC.); —-nV,+ W, = g(gu +a5,.).
Tém lai, dao déng thir didu hda cdp n cla hé {0.1) ¢6 dang:
X = acos (Et + 8},

trong d6 a, § thda min

— + ul) = g|C,cosng + S, sinng| + Z (R cos md + g, sin md).

(1.9)

(1.10)

(1.11)

(1.12)

{1.13)

(1.14)

(1.15)



n? n
o (1.16)
. veAT -1 vA
.9:0‘-—[0.(14- —n—?'"')] [f,.“f'—;f,.}.
Bién d5 va pha dirng sé& tim dwoc tir hé phreng trinh:
v
f' - "; f-' - 01 ‘
VAT vA (117)
(1(1'!"“’::2'“)17 _fu" —Jo =
Disu kién on dinh cda nghiém dirng khic khang theo tidu chuin Hurwitz <6 dang:
af. v 3f. 9. vA 3f.
% " m 08 % n da (1.18)
af. of. af. 3t af. v df.
dfe e  Gfe Tl o2& 0.
30 06  da 06 (36 % 5) > (£.19]
2. viDy .
Bay git ta xét hé Duffing:
X+aXa+pX+ BX°® = Psinvt + Qeoswt, o= £pu, A = gfu. (2.1
Sau nhirng tinh todn co bin theo thut todn trén ta cd
3 L 36
f. = —{#n + —%'-(a? +2M-) + —E—)G(Acos 34 — Bsin 39)}a;
3
f.= —-{f‘—lag(fi sin 30 + Bcos 34).
ing vl
3P 3Q . 9P+ QY ors
:3 A:—-—n B:—— ':_,_____,.,-:WL '
i ’ qv ' v’ M 1602 1602° (2.
. Prra vio cic ky hidu:
_ B 2 2
Hia) = p+ = (a® +2M7}
hé (1.16) Mc nay c6 dang:
. 2A2 - ' 3 A . AV .
a= ——(1 + v ) 1{aH(a) + *"fag [(A - %) cos 38 — (Eié-—A‘+ B) s'm391},
2
: v PEAT L1 (vA 38 vA v . (
f=a-— 3 + (1+ 5 ) {?H(a) + —Za{(TA—f- B) cos30 -+ (A —B—B) s1n.36]}.

4
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Bién d5 va pha dirng thda min:

H(a) + %a[(A - UT?B) cos 36 — (L—/SEA + B) sin3€} =0

)(a-3)+ Sl + %

vA vA . .
5 3 3 (a)+Ta[(—3~*A+B)COS3ﬁ+(A" —:,;-B) 511139] =0,

22
(1+V&

Khi 6 trong hé cui ta dwgc phwong trinh bién 43 - tin s&:

~ VIAZ vy 20A v a 818%r .
Wia,v) = {1+ ) =) (@~ g) + 3 H(a)(g o)+ H(a) - 25612

Né&u bd qua nhitng dai lwong nhd bic £ ta sé c&

IV 2 v 4 818%r})

- - - 2aAH{a)(= - H — =g =0 2.4
(1+a%A )(3 ) o {a)(3 a) + H*(a) T 0 {2.4)
Phwong trinh (2.4) ¢é nghidm d8i véi v néu thda min ditu kién

n 94% 2
Bu < (0®07 ~ 7)2560:;' (2.5)
Khi 44

_ 3ol 95°%ria® H{a) 2
u3a—1+Q2A2H(a):}:3\/ ( )

~ 9 a0 2.6
256a2(1 + a?A?) | \if olA (2.6)
P
B . "

i

it

’l

f

ll’
,f

d/z """""" S

Hinh 1

Phwong trinh (2.6) <6 dang nhir trong Hink { véi 1§ toa 46 (o2, v) Diku kiga &n dinh (1.18)
cho ta: £ > 0 tic 1a hre phi tuyén cé dic trung civng. Ditu kidn (1.19) cho thiy nd sé thda man
trén nhiing diém dng véi dudng lién cda do thi. Cing véi (2.5) ta thiy dao dang tha digu hoa
c¢ip 3 ndy tdn tai kbi g < O (lwe c¢dn am). Cde bidn dd 1n chit vi nhd nhit tinh theo cong thic:
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KET LUAN

Tém lai tir nhimg két qui trén ta cé thé rit ra nhirng k&t ludn sau:

1. Dao ddng thi didu hoa ¢ip n cda hé (0.1) ¢6 thé tim & dang (1.15) va (1.16).

2. Trong hé cip 1 ¢ chim Duffing dao déng thir difu hoa cfp 3 dang X = acos (¥t +4) tdn
tai khi lwe pht tuyén cé dic trung cirng, lyc cdn &m va thda man diéu kidn:

2
m= 5 < (%A2 MT)M%%.

B 256c?
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SUMMARY

SUBHARMONIC OSCILLATIONS IN FIRST ORDER SYSTEMS WITH DELAY

The subharmonic oscillations with frequency, which is n times smaller than that of exciting
periodic force, in first order systems with delay are studied. The averaging equations for the am-
plitude and phase of the response are constructed. A detailed research of third order subharmonic
oscillation in the Duffing system is given.



