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VE VI~C GIAI PHUONG TRINH CHUYEN DQNG 

' ' ~ VA TINH LlJC TRONG GO CAU 

X ' ' 
DO SANH, PHAN BUJ KHOJ 

' ' 1. M0 DAU 

D~ xic d!nh chuy~n d9ng va tlnh lvc trong CO' ca:u, ngu·Cti ta thuCmg sti: d\mg phrrOTig trlnh 
Lagrange II, plnrcrng trlnh Lagrange v&i cic nhan t-d-, nguyenl:Y d 7 Alembert, nguyen l:Y d' Alembert 
Lagrange [1, 2, 3], ... Trong [5] dii SlY dvng nguyen ly phu hqp va phep bign dC:i bign d~ xay d\fng 
phrrang trlnh chuygn d9ng va phuang tr\nh xic d!nh phlm lvc lien kgt. 

Trong bai bio nay ke't hqp stY d~ng phmmg phap trong [4, s] ct~ thZmh I~p plnrang trlnh va 
Ung dvng plnrang phip s6 gili cic plnrO'ng trlnh nay. 

2. DJ!..T BAI TOAN 

Khio sit ca c5u v&i k t9a d{> suy r9ng ch'1 (q1, ... , qk): r tqa dO phv (c6 dtr) dg xic ci!nh phlm 
h!c lien ke't theo phrrO'ng trrang li-ng (B 1' ... ,'Br) vas t'?a d9 c6 du· bt, ... l J..,). KY hi~u: 

ta c6 ccic p1nrang trlnh W~n ke't: 

B=O; 

{(q, e,"i) = o. 

3. THANH L~P PHUONG TRINH 

(2.1) 

(2.2) 

Gil> str tir (2.2) ta rut ra drrqc: 1 = "i(<i, B). Bifu thrrc d(\ng nang cua h~ khi d6 c6 d~ng: 

(3.1) 

Nlnr trong [4] d~ng t5ng qu<it crl.a phrrO'ng trinh chuy~n d{mg drrqc· vifft: 

(3.2) 

26 



b day A= A(<f, &), v&i cac phttang trinh lien kift (2.1). 

Khi lien k~t du-qc tlnyc hi~n, {2.1} drrqc thOa man vi theo nguyen·ly phil hqp ta c6 .ii1 = 0; 
'I/Ji,1 , 1/J;"o drrqc tinh:· 

k 

,P;q.B = L (l, m; i)<ie<im (3.3) 
e.n~=l 

v&i 

(l .. ) _ 1 ( 3a,, Bam, Baem) ,m,l --- --+---~-
2 a f3m 3(3, 3(3, 

(3.4) 

13. kY hi~u Christoffello~ 3 chi s5 ella ma·tr~n qu<in tinh A. Phuong trlnh (3.2) du-gc vi~t l~i nhrr 
sau: 

[ A,/'1 A,~e] [1]· = [q'] + [{:'] + [~'.] 
Ao.1 Aoe e Qo .Po Re 

(~.5) 

Tlr (3.5) chUng ·.';a c6 phuang trlnh chuy:n d9ng vi phrrang trlnh xic d!nh phcin lv-c lien ket 
trong d~ng tach riri nhau ]5]: 

A,/'/ if= Q, + {:,, 
Ro =A., [A;,' ( Q, + ;f,)] - Qo- ;f •. 

(3.6) 

(3. 7) 

Trong khi gi!ll h~ (3.6), (3.7) ta chU y (2.1). Kh6 khan khi gi!ll h~ (3.6), (3.7) Ja tinh A, c6 khi 
khOng tinh dtrqc bigu thli-c cUa cic ph'an ttl- cda A, do d6 ciing kh&~g tinh dU'qc ;f. Ta vie't bi~u 
thrrc di)ng nang dtt&i d~ng: 

1. T • 
T= -x A. x. 2 -

6 ao g u vee ta cac thJ.nh ph'an v~n t5c trong chuy~n d<}ng t~nh tie'n cda kh5i tam va chuY~n 
d{mg quay quanh khOi tim crl.a cac khiu cUa C(f diu. A- rna tr~n hang. 

Thv-c hi~n phep d5i bien 

(3.8) 

v&i 

khi d6: 

Ta c6 h~ kh!.o sat v&i bil!u thrrc di)ng nang d~ng (3.1), trong d6: 
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A= g_T J g_. (3.9) 

Co th~ s~ d\lng phmmg trlnh (3.6), (3.7). Tlr do: 

(3:10) 

Nlnr v~y vi~c tinh ;f qun. A dm!C clniy~n qua. t.fnh ve phii (3.10) va nho- (3.3), (3.4) tinh dl.l"gc ;f. 

4. vi DV 

Ca cau hlnh 1 [3], khau 4 Ia gia 
cO d:inh, khiiu 1 li khiiu dln nOi v&i 
gia cO dinh b~ng 10 xo (1 b~c tv- do), 
khiiu 2 dim hl3i (1 b~c t\[· do), khiiu 
3 n5i v&i .gia' d) d!nh. 

a. Ci<; t9a d9 suy r{mg drrgc 
kh!w sat h\ : 

qlJ qz, qs - d.c t9a d9 suy r{mg 
dil; e 1 - t<?a d9 phv. d~ x<ic dinh phlm 
l\fc lien ke't theo plnrang n!im ngang 
t~i kh&p (4, 1); cic t9a d9 c6 dlX 11, 
12· cac phrrang trlnh lien ke't c6 
d~ng: 

81 =0 (0,=0, if,=O) 

Hinh 1 

h =81 +1\cosql + (ez +qz)cos11 -£scOSJz -£4, 

h = q3 + e, sin q, + ( tz + qz) sin 11 - e3 sin 12· 

D9ng ning ella h~ dliqc tinh theo A va X v&i 

l = [ Jo, Jo2 0 ] 

0 Js 

Jo =los+ ms(€-32 + ry;); 

mi, J 01· - khOi hrgng va mO men qu.in tinh dOi ·v&:i khOi tam cU. a khiu thli- i. 
Dg gi!U h~ (3.6), (3. 7) ta tinh A theo (3.9) nhir phep bign d5i (3.8) v&i: 

Ta c6: 
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g_= 

x1 = 01+6cosq1; 

Y1 = qs + e1 sinq1; 

Tir (4.2), (4.3) ta tinh du-qc Q 

.Xz = Ot + elcosql + 6cOS")'ti 

Yz = Qs + li sin Ql + .;2 sin lz· 

1 
f.t ~iuh~ -v l ,, 
e1 ~in(11 -•It) ---d,--
-El sin q1 

- f.t ~iu •HILl- e1 siu(,z -•H) 6 sin 1' 1 
d, 

6 cos ql 
el <:Oll. 'lldl + €2f.1 t;Q~ i 1 sin( i'l -11) 

d, 

0 
c·o~(Jt-'"t~) 

d, 
1 

d, 
0 

-e2sin·11 cosht-'r:d 
d, 
0 

~l cos '"11 cos( 1' 1 -"J'z) 
d, 

0 
~ 

d, 
:~in 11 

d, 
0 

-ezsin1tsillJz 
d, 
1 

d, +€z cos 'Yl sin ]l 
d, 

d, = (£2 + qz) sin(-y, -12), dz = £3 sin(11 -1z). 

0 
~ 

d, 

.££!..2!. 
d, 
1 

(4.3) 

dt-€,sinJtCOSJ:l 
d, 
0 

{,CO!! ]1 COl! Jj! 
d, 

Vl O.ij (t = 1, 7, j = 1,4) chtl-a ccl.c t9a d9 thira 11, 12 nen trrr&c m6i brr&c tlnh ta x<lc d!nh 
11, 12 nha (4.2), sau do tinh (ffhx<, tinh A theo (3.9), tinh vii phii (3.10) vii. nha (3.3), {3.4) tinh 
du·7c ;j 

Cic bi,~u thii-c li!C suy r(}ng; 

[ 
£, sin(12- q,)] 

Q1,1 =Mt-- m1g6 cos ql- m2g £1 cosq1 + Ez cos 11 -
dl 

(1;3cos1z- ry3 sin1z)t,sin(11 -1z) 
- m'Jg dz ; 

Q 
. 6 COS11 cos(11 -12) (3 COS12- ~3 sin12 

Zq =- mzg - m3g - qzcz; 
d, dz 

Q 
d1 -e2 cos11 sin12 Escos1z-'73 sin12 . 

3,1 =- m1g- mzg d
1 

- m3g dz Slll')'t- q3cy41; 

Q 
6 cos 11 coSJz 6 cos 12- '73 sin I 

18 =- mzg dt - msg dz . 

Sd· d\lng plnrang ph<lp Runge--Kutta b~c 4 de gilti (3.6), thay cac gia tr! tlm drrqc vao (3.7) 
ta tfnh drr\]cphan h.r~ lien kift theo phtrang e, t~i kh&p {4, 1). 

b. Ke't qult tinh b!lng s5: Cic gii tr! cho tru·&c: 

£1 = 5,50cm; 

£2 = 25, OOcm; 

£s = 201 OOcm; 

6 = 2, 25cm; '71 = Ocm; m1 = 21 02kg; 

6 = 111 30cm; T/2 = Ocm; m2 = 1, 42kg; 

6 = 11 1 50cm; T/3 :::;:: -2, 65cm; ms = 11 84kg; 

Jot =50.15kgcm2; Jo2 = 126, 10kgcm2; Jo3 = 182, 80kgcm2; 

Cz =30Kpfcm; cy., = 45Kpfcm; 

M1 =M10 (1- 4/~ b); M10 =_30Kpcm; <iub = 420vlmg/phut. 
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Di~u ki~n d'au, t = 0: 

q1o = 0, 1854rad; q2o = Ocm; 

qso = Ocm; 
em 

<i3o = o~· e, = o; e, = O; s , 

. em 
q2o = O~· s , 

Tre~ hinh 2, 3, 4, 5 m6 ti chuygn d{)ng theo cac t9a d{) ql, q2, qs. va phh l\fC W!u kgt t~i kh&p 
(4, 1) theo_phtrang e, (n!i.m ngang). 

Ne'u th¥-·c hi~n gilti ph6ng lien ke't t~i cic kh&p kh<lc va du·a them c<ic t9a d{) phv 8
2

, 8
3

). 

vao ta. se tlnh dlrqc ph!m Iv-c lien ke't t.~i c<ic khclp niy. 
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5. KET LU~N 

Trong hi>.i bao dii dung nguyen ly phu h<!Jl va phep bign dili h~ tqa d(i khiw sat d~ xay dvng 
plnrang trlnh chuy~n d9ng va phrrang trinh x<ic dinh ph<in l\fC m~n ke't. NhCr d6 vi~c gilU c<lc 
plnrang trlnh nay c6 th~ d~ db.ng thv-c hi~n btlng p_huang pld,p sO. Cic ph in 11!c lien ke't. t(!.i bS:t 
k:Y kh&p nfw crl.a ca dfu deu c6 thg xic d!nh va c6 thg tlnh clOng thCri. Kgt quA tinh tm\n cho 1 vl 
d'! phu hqp v&i kgt quA troug [3]. 

Dia chi: Nhgn ngay 1/12/1990 
Tndrng D~i hqc Bach khoa HN 
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PE3IOME 

0 PEWEHl1!1 YP ABHEHI1YI L(Bl1:lKEHl15ll1 PAC'-lliTE Cl1HB MEXAH113Iv\AX 

H3JIO)J{eHo rrpnMeHeHHe rrpnHII,MIIa corrrarneHHJI n rrpeo6pa)l<eHH.S:r' CHCTeMpi Koop,u.nHaT ,D,J1.H 

ITOCTpOeHH.SI ypaBHeHlffi ,[I.BYDKeHIHI 11 ypaBHCHHfi, orrpe,U.CJU!lOUI,llX CI1Jlbi peaKil.HH CB.S13et1 Mex-

8HH3Ma. Cne,~J,oBaTeJihHO, peUieHHe 3THX ypaaHeHntl MO)KHO BhiTIOJIHeHo Y.HCJICHHhiM MeTO.II.OM. 

CHJihi PeaKII)iH CB.si3efi BC.RKHX rnapHHpoB MexaHH3Ma MO:>KHO orrpep,eneHbi 11 O)J,HOBpeMeHHo 

pacc"YHTaHbi. 
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PHUONG PHAP GIAI TONG HOP CAC BAI TOAN 
(tiep trang 2i) 
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METHODE SYNTHETIQUE DE RESOLUTION DES PROBLEMES 
D'OSCILLATION LIBRE ET FORCE DES STRUCTURES 
EN UTILISANT LA METHODE DES ELEMENTS FINIS 

Dans cet article, !'auteur a soutenu une nouvelle m€thode pom: resoudre simultan€ment tous 
les deux problemes d'oscillation d'un systemes de structure a plusieurs degr€s de Iibert€: 

- Oscillation libre 
~ Oscillation forcee 
En· se basant sur trois th€"oremes presentees, on peut trouver une met.hode synth€tique per­

mettant de determiner parallelement les valeurs des grandeurs suivantes: 
- Fr€quence foudamentale et amplitude d'oscillation propre correspondante. 
- Amplitude d'o_scillation forcee par des forces periodiques de frequence r ·donne. 
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