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Tap chi CO HOC, t4p XIII, 1991, 8 3 {13 — 21)

PHUONG PHAP GIAI TONG HOP CAC BAI TOAN
DAO DONG CUONG BUC VA TU DO
CUA CAC CONG TRINH DUGC TRINH BAY
THEO PHUONG PHAP PHAN TU HUU HAN

LE VAN MAI

Trong khi gidi bij todn dac déug clia mét kft ciu nao d6, ta thuatmg tack ra thinh hai bai
toin:

- Bai todn dac ddng riéng {tw do)

- Bai todn dao déng cwdng birc.

Didm qua cde cdng trinh ti trwde tol nay, ta thiy chwa ¢ mot tdc gid ndo 48 cip dén cich
gihi ddng thei cd hai bai todn dd. o

Trong bai bae niy, tic gid xin trinh bay mdt phwong phip t8ng hop d8 giki ddng thoi hai bai
toin dao déng néi trén dwoe trinh by theo ngdn' ngk ¢da phwong phip phin t& hia han. V&
mit ndi dung, chl gidi han & tredmg hop dao déng tuyén tink, bé qua dnh hudng cda lre cdn, lyc
kich thich tic dung }én hé 13 loai lwc thay d6i theo chu ky. D&i véi bii todn dao ddng phi tuyén
va nhitng van d2 khdc ¢4 lién quan, tdc gid sé cd dip trinh bay trong mét s3 bai bdo khac.

1. NOI DUNG CUA BAI TOAN DAO DONG

1.1. Bai toan dao dong riéng

Khi gi4i bai todn dao ddng riéng, ta thudng gip hé phuong trinh:

(18] - w2 [M]) tat =0 (L1)

trong dé [K] v [M] 1an lwot 13 ma trin d6 cimg vd ma trin khéi lwgng cia hé di cho, néu hé
¢d n bic tw do thi dé 14 nhitng ma trin vudng cip n. '

Wy va {q,-} Iin lwot 13 thn 88 dao dong riéng thé i v vecte bién d8 dao ddng riéng thi i twong
dng clda hé di cho. D& xic dinh cdc tin s8 dao ddng ridng, ta dwa hé {1.1) vé dang:

(4] {a:} = A {a} (1.2)

trong 46
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A= (KM, o aw)

(1.4)

@4 -

Tir hé {1.2), ta c6 thé ding int 8 phu'ong pha.p quen bidt trong c’ta,l 88 t‘.uyen tinh d2 tim )\
tir 36 tinh dwoc w;. . ‘ :

1.2. Bai toan dao dong cuo'ng bire.

Ta chi x4t bl toin dao ddng ]-:hong ké d4én lyc cdn va e kich t}uch 13 hé lye thay d01 theo
chu ky hay téng céc hé lyc thay déi theo cdc chu ki khdc nhan. Trwdmg hop chi ¢6 mdt hé lyc
thay d6i theo chu ky r, ta ¢é phwong trmh

(1x) - []){q} {R) (1.5)

trong dé : .
[K] va [M] Yin lwot vAn 13 ma tran d3 cimg v ma trin khdi lweong cia hé di cho.

r - tin s3 cda hé lwe kich thich tdc dung lén hé.

{q} va {R} Iin lrgt 1d vecto bién d3 clda chuyén vi ntt vi cda lwe kich thich tac dung tai cic
nitt cila hé.

Mat khi da bigt r va {R}, giki hé (1.5}, ta s& xdc dinh dwoe {g}, tir 46 x4c dinh dwoc ndi lu‘(:
phit sinh ra trong két cin dang xét. Cdch lam nhw viy, ta khéng loi dung dwee k8t qud tinh todn
clia bii toin dao ddng riéng. Hon nira, mudn bidt tin s8 r ciia lue kich thich & vio khoé,ng nio,
trréc hay sau mién cong hudng, bt budc ta phii gidi bai toan dao dong riéng. Ngodi ra, cin lru
¥ &&n mst vin dé rit quan trong la khi lwe kich thich 1 t3 hop cda nhidu hé lwc kich thich thay
d5i theo cic chu ky khéc nhau, tlu vidc gidi nhigu lin hé (1.5) 13 khong don gh’m dic bigt ddi véi
hé cé s8 bac ty do khi lém.

2. NOI DUNG CUA PHUGNG PHAP TONG HQP
Trwéce tién ta bién d6i hé (1.5) vé dang:

{a} = r*[4] {a} + {40} S (2.1
trong dé -
[A] - vin tinh theo (1.3) con {A[)} tinh theo bifu thive:

{40} = [K]"{R) . (2.2)
181 diing phwong phdp Hp: L . : ‘
- {q}rra+l : (rz)ru{ ]'n{ }m, +{A0} (m=0, 1!2!';‘)- . : B " (23)
d2 1ap mdt diy vecto bién dé chuyén vi nit: ' o

{a}y oo {2y . (2.4)

trong dé
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o}y = {4} | (2.5)

Biy gidr ta hiy chéng minh mét s6 dinh Iy d€ ldy d6 1am co s& cho viéc xiy dung phwong
phip

2.1. Dinh ¥ 1

Gih s
w <r<w; <wy... ‘ (2.8)
thi: -
mh—rwnoo {F}’“ m—+00 ({Z}m‘ f{z}m’fl) =0 : (27)
trong dé
Wy, we va.wy IAn lwot 14 tin 56 dac d riéng thi nhat, thir hai va thé ba cda hé.
Con

{Z}m {Q}m {G’}m v 28
{z},...=1{da},.1 {Q}m_ _ )

Chimg minh:
Ap dung cde cong thie (2.3) va (2. 8) ta sé cd

(2}, = 7T 1A ),

Zym {2.9)
{2}, = ()" [4]" {40}
Phin tich {Ao} theo cic dang chinh cda dao déng, ta sé cé:
{40} = ex{ar} +ag{az} + -+ an{an} (2.10)

trong dé a; 13 hing s8 thiv i cdn {g;} 12 véc to bign d3 truc chudn cla dang chinh thir i (i =
1,2,...,n)
Theo (1.2) va {1.4) thi:

(4] {a:} = (u%)m{q,-} S {2.10a)

{i%l,z,g,_..,n; m=1,2... ]
Do dé: ,
{2}, = (") 4] {40} = |
2 ”m 2 mn rz L3
- (5?) Gl{?l}‘f‘ (:jg) 02{92}4‘.‘.(;}7’{) an{gn},
r‘? 7-2 7-2 m—1 )
(B =2 (G- ) (G) wla 2.1)
’ 2\ -
Virfw; < 1véid=2,3,...,n nén khim — oo thi (;:-5) 1——?0. Viy - 1111 iF}m
1
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Dinh 1y 1 d3 dwoc chirng minh xong.

2.2 Dinh Iy 2

- Day
i 2
IRl U e 2 () S
héi ty.
Chirng minh

B T S I (R TR

+[{ahs - o), - Sllah, - @]+

+[{aha {aha = Hliata = (ah)] + -+
+[{ahn = {abos = Speds = 0] =

~ (2o + ({2}, - 51200 + ({2) = {2+

F({Zle- S{EL) 4+ (B~ {2}, -

= (Flg+ {FY, + {F), + (P}, 4+ {F),,.

(2.12)

(2.13)

Theo dinh ly 1 thi mli‘mm {F}m = 0, nén chudi (2.13) héi tu. Ta s& ching minh chudi d6 c¢é

tong 13 mét vecty {3} nio d6. Mudn thé, ta 13p hiéu:

(3} - {2}, = {Flps + {Fha {L‘{F}M T
r? 2 r? 2. w3 2

(TG S D S () )

W w

=2

Wy - K

Theo gid thidt cda dinh Iy 1 ¢hl:

2
— <1 (=237
nén; 2 2
: r ré 2 1
1+;—;,—+(;?)+ =—
L] 1___2
i
do dé:
| - ﬁm+1 1 r r? Wk me1
(@} -{3}.=(3) ;lﬁﬁ(;?—wf)(g) :
7

(2.14)

(2.15)

(2.15a)

(2.16)
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Mit khie, theo (2.6) thi:
2 s 2
r Wy

Jg <1 va E <1 (217)
nén
dim ({7} -{7},)) =0 (2.18)

Do d6, day bién 45 {7} _ hdi tu dén bién 45 {7 }.
Pinh ly 2 d& dugc ching minh xong.

2.3. Dinh ly 3
Bién d5 {q} cda hé (1.5) hojc (2.1) xdc dinh theo bifu thirc:

1 . _ ‘
{g} = — lm {3}, (2.19)
1--3
Wi

trong dé {6 }m tinh theo (2.12).
Ching minh
Lip biéu thirc 45 léch bién 46 A,,

A= [4)—— {7} + {4} - {3}, (2.20)
) 1*"—— 1*——2

Thay gid tri oda {6_}'“ tinh theo (2.12) vio {2.20), ta cé:

B ==y P Al((a),. - S abs) + (o} - — (0}~ Tl -

1-— 1—~ =
) 2
wy Wy

- [P, - P E A e + (- )0} - (), + Sla), ] =

= [{ah s = (0} = G llab = (o) + (1= ) (0}~ (0}, + S5lad, ) =

- [~ (o - Slab, ~ (0,20] -

-— ,.;({Z}m;l—j;g{zxn)= L Pl (2.21)

Tir 46 ta cé:

- . 1 ., '
ﬂl&“"ﬂ 7 Jim (P} =0. - (229)
E

x ri,,# (5 1R
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Tir (2.12) va {2.19) ta cd:

Z
{q} :"rnli—l’vllm ({Q}"L - L_Ut?-{g}mgl)' {223)
Khi m dd 1én ta s& c6: ; |
; ;

Dé tién tinh todn dBng therd ci hai bai todn dao déng, ta sé chuyén cdng thivc (2.24) vé mdt
dang khic. Trwdc tién, ta bifn déi {q}m vé dang

{a}). ={a},+{a}, ~ {a}, + {a}, ~{a}, ++{a},_, —{a},, ,+{a}, _, —{a}, =

= {q}u + {Z}1 + {Z}z +oe {Z}m,—l + {Z}m.' (2'25)
Néu thay {g}, = {A}, v& {Z}, = (*)*[4]{4o} véik =12, ...,m thi
{a}, ={40}+7°[a]{A0} + () [A]* (Ao} + -+
() TA T 40} + ()" (4] {40 ). (2.26)

) Dua vao (2.25) vi (2.26), ta cb thé vigt cbng thirc xdc dinh bién d3 {¢} cda hé dd cho khi m
dd 16n:

{a} m{ao} +{2}, +{a}, v+ {a),_ + —%,;{Zl}m : (2.27)
T
hojec: '
(@~ {a} +72{Z}, + () {2}t + (P {7}, v 1,,2 ()"{Z}, (228)
-3 ‘
trong dé:

(7}, = [4]* {40}. (2.29)

NhiZu truwdmg hop, ta nén ding cdug thire san ddy 48 tinh {¢} khi m dd lén:

{o} » foai{do} o (230)

trong dé:
g 1

r

loa] = (1] + (PY°[A] +- + ()" AT 4 = ()" 4] (2.31)
' 1

T
Ciéc cbng thire (2.27), (2.28}, (2.30) va (2.31) ciling 6 thé ding cho trudmg hop r < w,, dic
bigt 1a khi r khd g&n m, vE bén trdi hojc bén phii, diing céc cdng thirc trén rit thuin loi.
Sau khi d3 trinh bay xong ba dinh If va thiét 14p mdt s8 cdng thirc cin thiét, ta chuyén sang
phin thi ty tinh toin. ' _
' 1) Tinh c4c phin té cia ma tran 4 cémg [K| va ma trin khdi leeng [M]
2) Tinh cic phin ti cda ma trin [A4] theo cdng thic (1.3).
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3) Xic dinh [in lwot céc vecto {Z }m theo cdng thirc {2.29).
4) X4c dinh cac t¥ s8 cda cac thanh phin thé i cda hai vecto {? }m_l vi {E }m hén tidp,

d€n mot chi s3 m nio-dé thi cdc t s6 d6 gan xap xi nhavy, dwa vio cdc t§ s§ 46, xdc dinh tin 88
co bin w; theo cong thic

2 _ “m-1
wl - Z:'" (2.32)
hoidc:
(2.33)
. -2 .2
5) Tinh ty s6 —;, sau d4 tinh gi4 tri cda dai lwgng 1/(1 - ;5)
D we i

I
6) X4c dinh vecto bién d5 {q} theo cdng thie (2.28).
Nh& ¢dng thire (2.28), ta c¢6 thé x4c dinh bién d {q} mét cich d& ding trong trudmg hop
phai thay &8 nhidu 15n gis tri cda tin s3 r cda lye kich thich. Trwomg hop cin thay dé&i dBng thi
tan sd r va bién dd {R} thl ta nén dung céng thic (2.30).

3. THI DU

M5t thanh chin dao ddng udn do mét hé hrc kich thich d3t tai hai didm C vd D, Yéu ciu xidc
dinh t3n s§ dao ddng co bin w; v vecto bién 9 cda chuyén vi ndt.

15inrt sxinrt

| m, £ T 2mIET m. EJ b

N4 /c /a &N
famnrt 25inrt

1L-—-—- 4 + a P

| 1 ‘

i, ]% - g &=2m

[

AR

Vé&i hé di cho, phwong trinh {1.5) ¢6 dang:

9 3 -6 6 114 38. 27 -137 q1

1
EJ{ 3 12 -6 4 2mr’| 31 12 13 -6 g2l _J) 1 41
2 |-6 -6 9 -3 105 27 13 117 -33 gz [ 1 (3.1)
6 4 -3 12 -3 -6 33 12 Q4 —~2

Phwong trinh (2.1) tmg véi tredmg hop nay 6 dang:
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@ 0,445893  0,135897  0,371787  —0,1260017 ( ¢
g | _4mr® | 0,162875  0,056891  0,196227  -0,063648 | ) gz |
g [ T EJ | 0,360344  0,121880  0,447250  —0,141935 | | ¢
g4 —0, 195220 —0, 061205 —(, 165678 0,058257 qs
' 0, 86163533 ‘
2 | 0,47169800
—— 3.
T E7 ) 0,80503133 (3-2)
—0, 54771700
D& cho don gidn, ta chon khéi lrgng phin b8 m vi d§ cimg EJ cda thanh sao cho:
4m

Ap dung cbng thic (2.29), tinh cic thinh phlin cda vecto { Z }k’ k&t qud tinh todn duyc ghi
vao bing 1.

{idng 1

=1 =1 -3 =i

chu 2y Zg Zx

EJ !
tinh 2

EJ7%2
TZK

Bl
s

Bt
% LK

=1
ZK—I.

=]
ZK—I.

it
ZK—I

0,86163533
0,81654365
0,76100426
0,71037322
0,66310730
0,61800154
0,57781112
0,53937039
0,50348705

@ a3 D N e W R = O

0,47169800

0,35996938 -

0,33615618
0,31382869
0,29295290
0,27346344
0,26527043
0,23828T75
0,22243489

0,80503133
0,B1345047
0,76070909
1,71018735
0,66200590
0,51884173
0,67767133
0,53923901
,50336525

-0,54771700
-6,36233110
-0,33731676
-0,31483908
~0,29380004
-0,27433874
-0,25608747
-0,23905043
-0,22314684

0,04766733
0,95200236
0,93335774
0,93346326
0,93347159
3,93347176
0,93347181

0,93347180.

0,76313527
0,03384660
0,93358001
0,93348430
0,93347238

0,93347187

0,93347181
0,93347178

1,01045815
0,93515388
0,53358600
0,03348020
0,93347244
0,03347184
0,08347182
0,03847180

0,66152993
0,93096253
0,93336329
0,93346398
095347124
0,93347174
0,73347179
0,03347182

1

Z,

-k —0,93347180.

b=

Zy_y

1

. ,
= = = 1 07126964
“17 0 93347180 ’

(3.5)

1
wy = 1,03502157 —.

voe (3.6)

Bay gi¥ ta tw gan cho tin s3 r cia hre kich thich mét gid tri sao cho
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[0y

r® _ 0,93347180

Al v 1,8669436. (3.7}

Tin 58 r thda man didu kién (2.6). Trudmg hop ndy hé (3.2) s& cé dang:

o 0,445803  0,135897  0,371787  —0,1260017 ( g,
g | _,| 0162875 0056891  0,106227 —0,063648| | go |
¢ 0,369344  0,121880  0,447250  —0,141935| ) ¢4
24 ~0,195220 —0,061205  —0,165678  0,058257) \ q,
0,86163533
2 0, 47189800
TE7) o80505133 (- (3.8)
| -0, 57717000

Tir bang 1, ta ¢6 thé xdc dinh cic thinh phin ¢,(» = 1,2,3,4) cla vecto bién dé {g} theo
céng thic (2.28):

{ad m{an}+2{Z}, +22{Z},+ 22}, + 2 {2}, + {2 ]+

— - i _
Az} {72} {2, (3.9)
| L
wy
trong dé:
2
1
L = 1,8660436; = —1,15347757.
Wy 1— r
wi

Sau khi tinh todn ta cd:

2
{¢} = “E"J[' 1,01596819 — 0,35974923 - 1,07884083 0,28412823]". (3.10)

4. KET LUAN

Ap dyng phwomg phap ndy, ta cé thé gidi dong th¥i hai bai todn dao déng. Céc 58 lidu vi
k&t qua tinh todn cia bii todn dao déng riéng dwoge st dung d€ tim ra mdt cdch nhanh chéng I
gihi cia bii todn dao ddng cwdng birc. Trudmg hop cin thay d&i tin s8 r cda lwe kich thich, k€ ca
bién 4 {R} céia hre kich thich, ta khéng phai tinh todn lai tir d3u, md ¢6 thé ding cic cdng thic
(2.30) d& tim ra mét céch nhanh chéng vecto chuyén vi nit {g}.

Dia chi: : Nhin ngdy 1/7/1990
Triéng Dot hoe Xdy dung (zem tiép trang 82)
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