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PHUONG PHAP GIAI TONG HQP CAC BAI TOAN 

DAO DQNG CUONG B1JC VA TV DO 
' ,f A ' ' ' 

CU A CAC CONG TRINH DUQ"C TRINH BAY 
.. ").., ' ,..., 

THEO PHUONG PHAP PHAN TU HUU HA-N 

LEVAN MAl 

Trang khi gilll bii toin dao d{jng ella m{jt ke't cii:u nio d6, ta thuCrng ticli ra thinh hai bai 
to in: 

- Bai toan dao dfmg rieng (t'! do) 
- Bai toin dao c19ng cu·&ng btl-c. 
Di~m qua cic cOng trlnh tir trU'&c t&i nay, ta th5y chrra c6 m9t tic gill nio &e dj.p de'n cich 

gilti d~ng thiri ca hai bai toan d6. 
Trang bai bio nay, tic gia xin tf\nh bay m9t plnrcrng phip t5ng hqp df giii dOng thCri hai ba.i 

to{m dao d9ng n6i tren drrtJc trlnh biy thea ngOn·· ngfr n\a phrrong phip ph?m ttl- hfru h~n. W 
m~t n9i dung, chl gi&i h~n & tnr(rng hqp dao d<}ng tuy~n tinh, bd qua lt.nh hu&ng ella l11c elm, l¥"c 
kfch thich tic d~ng len h~ la lof!i lvc thay dbi thea chu k)r. DOi v&i bai to<ln dao d9ng phi tuygn 
va nhfrng va:n ae khic cO lien quan, tac gil se c6 d!p trinh bay trong m?t sO biti bao khcic. 

"' ' ' , A 

L NQI DUNG CUA BAI TOAN DAO DQNG 

LL Bai toan dao d<:mg rieng 

Khi gihl bii to<in dao d9ng rieng, ta tlnrCrng g~p h~ phucmg trlnh: 

([K]-wf[MJ) {q;} =0 (1.1) 

trong d6 [ K] va [ M] Jan hrqt lit ma tr4n df? cli-ng va ma tr4n khOi hrqng ella h~ da cho, ne'u h~ 
cO n b~c t~ do thl dO 1:1. nhfrng rna tr~n vuOng di:p n. 

Wi va { qi} fan hrgt la tlill sO dao df?ng rieug tldr iva vecto- bien d9 dao di?ng rieng thfr i tlrang 
tl-ng ella h~ di cho. D~ xcic djnh ccl.c t'an s8 dao d9ng rieng, ta drra h~ (1.1) ve d~ng: 

(1.2) 

trong d6 
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{1.3) 

( 1.4) 

T\r h~ (1.2), ta c6 thg dUng m(?t g{j phtrang phip quen bi~t trong d~i sO tuye'n tinh d~ tlm . .\i, 
tir dO tinh drrqc Wi. 

1.2. Bai toim dao d{mg cu-&ng btrc 

Ta chi xet bai toan dao dt}ng kh6ng k~ de'n hrc ci.n va. h_rc kich thich Ia. h~ hyc thay dbi thea 
elm kY hay t<$ug cac h~ lvc thaY dffi thea c<lc chu ky· kh;ic nhau. Tru-Crng h9'P chi c6 m9t 'h~ llfc 
thay dbi theo chu kY r, ta cO phrrc.mg trlnh: 

( [K]- r 2 [MJ} {q} = {R} 

trong d6 
[K] va. [M] l'a.n lu-qt vin lima tr~n d9 ctl-ng va ma tr~n khOi hrgng ctia h~ da cho. 
r ~ tan siJ cUa h~ llfc kich thich tic d1,1ng len h~. 

{1.5) 

{q} va {R} ffi.nltrgt'Ia vecta bien d9 ella chuy~n vi nUt va cda h,rc k:kh thfch tiC dv.ng t{Li cic 
nUt ctla h~. 

M9t khi da biet r va {R}, gi!J.i h~ (1.5), ta se xac djnh dU"qc {q}, tir d6 xac djnh duyc n9i l'!c 
phit sinh ra trong ket diu dang xet. Cich lim nhlX v~y, ta khOng lgi dvng drrgc kgt qui tinh to<in 
cUa bai toan dao d9ng rieng. Ilan nita, mu6n bie't t'an sO r ella hrc klch 'thlch b vao kho!ng nao, 
tnr&c hay sau mien c9ng hubng, b~t bu9c ta phii giki bai toin da.o d9ng rieng. N goai ra, can hru 
y Mn m9t van de rat quan tr9ng "' khi i'!C kfch thich Ja til hqp cda nhih h~ l'!C kfch thfch thay 
d6i theo cic elm kY kh<ic nhau, thl vi~c_gilti nhi'eu lim h~ (1.5) la khQng dan gilm,·d_~c bi~t d8i.v&i 
h~ c6 s5 b~c tv do kha l&n. 

,._ ' , "' 
2. NQI DUNG CUA PHUONG PHAP TONG HQ'P 

Tnr&c tien ta bie'n d5i h~ (1.5) ve d~ng: 

(2.1) 

trong dO 
[A]- vfiu tinh theo (1.3) cOn {Ao} tlnh·theo bi~u thU:c: 

(2.2) 

rOi dUng phtrang phclp l~p: 

{q}m+l = (r2)'"[AJ"'{q}m +{Ao}, (m=0,1,2, ... ) (2.3) 

d~ l~p m«?t day vecta bien d(} chuy~n vi nUt: 

(2.4) 

trong d6 
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(2.5) 

Bay giQ-_ ta hay chtl-ng minh m9t s6 d!nh l:Y dg HLy d6 lim ca sO. cho vi~c xay d1p1g phuang 
plulp 

thi: 

2.1. Djnh ly 1 

Gilt srl-: 

W 1 < T < W2 ::;_ W3 ••. 

2 

lim {F} = lim ({z} - ~{Z} ) = 0 
rn---+oo no rn.___.= 171 wi rn-1 

(2.6) 

(2.7) 

trong d6 
wl, w2 va WJ lin hrqt Ia t'an sO dao d<)ng rH!ng thiT nha:t, thiT hai vi thli- ba cUa h~. 
COn 

Chtl-ng minh: 

{z}"' = {q}m- {q}m-1' 

{z}m-1 = {q}m-1- {q}m-2· 

Ap d~ng cac cong thrrc (2.3) va (2.8), ta se co: 

{Z} =(r2
)"'-

1 [A]"'-'rA} 
m-1 t 0 ' 

{z}"' = (r2
)"' [A]"' {Ao }. 

Phfin tfch { A0 } theo cic d~ng chinh n\a dao dQng, ta se c6: 

(2.8) 

(2.9) 

(2.10) 

trong d6 ai lit h~ng sO thfr i cOn { qt} Ia vee ta bien d9 tn.rc chu~n cUa d9-ng chlnh thlr i (i = 

1, 2, ... , n) 
Theo (1.2) va (1.4) thi: 

(2.10a) 

m = 1, 2,... ). 
Do d6: 

(2.11) 

. (~)-' Vl r/wi < 1 v&i i = 2,3, ... , n nfn khi m--oo thi 2 _ ~ 0. V~y: lim { F} = o. 
W m---+oo rn 

' 
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Djnh IY 1 da dtrgc chtrng minh xong. 

2.2 Dinh ly 2 

Day 

h9i t\1. 
Chtrng minh 

{q}m = {q}m- :: {q}m-1 = {q}o + [{q}1- {q}o- :: {qJo]+ 
1 1 

+ [{q}2- {q},- ~({q}1- {q}ol]+ 
. 2 . 

+ [{q},- {q}2- :.({q}2- {q}1)] +·· + 
1 

+ [{q}m- {q}m-1- ::({q}m-1- {q}m-2)] = 
I 

r2 - r2 
= {Z}0 + ({z},- 2 {Z}0) + ({Z}2- 2 {Z}1)+ 

wl wl 

T2 T2 

+({z},- wz{Z}z)+···+({Z}m-wz{Z}m-1) = 
I 1 

(2.12) 

= {F}0 + {F}1 + {F}2 + {F}3 + · · + {F}m. (2.13) 

Theo djnh ly 1 thl lim {F}m = 0, nen chu&i (2.13) h9i t\1. Ta se.chtrng minh chu&i do c6 
m-= 

t5ng 13. mQt vectcr {q} nao d6. Muc5n thg, ta l~p hi~u: 

Theo gil. thi<!t cda djnh ly 1 thl: 

,z 
w~ < 1 (i = 2, 3, ... , n) 
' 

(2.15) 

nen: 

(2.15a) 

do d6: 

(2.16) 
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M~t khac, theo (2.6) thl: 

lim { { q} - { q} ) = 0. 
m-..oo m 

Do d6, day bien d\> { q} = h\>i t11 d~n bien d(> { q}. 
Djnh ]y 2 dii. dU"qc chtl-ng minh xong. 

2.3. Djnh ly 3 

Bien d9 {q} cda h~ (1.5) ho~c (2.1) xac djnh theo bii!u thfrc: 

trong d6 { q} = tinh theo (2.12). 
Chfrng minh 

{q} = -
1

-2 lim {q} 
r m-oo rrt 

1-
w2 

1 

L~p bigu thll-c d9 l~ch bien d9 Am 

ilm = r2 [A ]-
1 

-2 { q} + { Ao} - -
1

-2 { q} . 
r r rn 

1---' 1--
wf wi 

Thay gia trj cda { q} m tinh theo (2.12) viw (2.20), ta c6: 

= 

Tlr d6 ta c6: 

nm 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 



Tlr (2.12) vii (2.19) taco: 

(2.23) 

Khi m d-U IOn ta se c6: 

(2.24) 

D~ ti~n tinh toin dOng then d. hai bit.i toin dao di?ng, ta se chuy~n cOng· thtfc (2.24) ve m9t 
d~ng khic. 'Ihr&c tiCn, ta bie-n d6i { q} m v-e d<,1ng 

{q}m={q}o+{q}1-{q}o+{q}2-{q},+ ·+{q}m·1-{q},_2+{q}m-1-{q}m= 
= {q}a + {Z}, + {Z}2 + + {Z}m_1 + {z}m. (2.25) 

Ne'u thay { q} 0 = {A } 0 va { Z} k = (r2 )k [A]{ Ao} v&i k = 1, 2, .... , m thl: 

{ q} m ={Ao} + r2 [A]{Ao} + (r2)2 [A] 2 {Ao} + · · ·+ 
+ (r2)'n-1[A]"'-1{A0 } + (r2 )"'[A]"'{Ao}. (2.26) 

Dva vao (2.25) va (2.26), ta c6 th~ vie"t cOng thU.c xac d!rih bien d9 {q_} ella h~ di cho khi m 
dn 16-n: 

ho4),c: 

. 1 
{ q} "" { Ao} + { z1}, + { z,} 2 + . . + { z,} m-1 + -r-z { z,} m 

1--
Wf 

{q},.{Ao}+rz{Z},+(rz)z{Z}-e+·· +(r2)"'-l{z}m-1+ lrz (r2)"'{Z}"' 
1--wi 

trong d6: 

{Z}k = [Aj'{A0}. 

Nhi~u tnrCrng hqp, ta n&n dUng cOng thli'c sau day dg tlnh { q} khi m d1l l&n: 

{q} P-~ foAl {Ao} 
trong d6: 

1 2 (rz)'n[A]'". 
r 

l--
w2 

' 1 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

(2.31) 

Cac cong thfrc (2.27), (2.28), (2.30) va (2.31) cling co th~ dung cho tnri:rng hqp r < Wt, d~c 
bi~t Ia khi r khi g5.n m, ve ben trii ho~c ben ph!t.i, dUng cic cOng thiTc tren rfi:t thu~n lqi. 

San khi d& trlnh bay xong ba d!nh lY va thiet -l~p m(}t s5 cOng thfrc c'an t.hie't, ta chuyfn sang 
ph~ thU:- tu· tinh toan. 

. 1) Tinh cac phfut ttl- cua ma tr~n di) cfrng [K] varna tr~n kh()i hrqng [M] 
2) Tinh ca~ phlin ttl- cua rna tr~n [A] theo cong thrrc (1.3). 
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3) Xac djnh fan hr<;rt cac vecta. { Z} m theo cong thrrc (2.29). 

4) Xic d!nh cic t:Y sO ella ~ac th~mh ph~n thll- i cUa hai vecto { Z} rn-l va { Z} m lien tie'p, 

de'n mt}t chi sO m nio d6 thl cic t:Y sO d6 g'an xap xi nhau, d"f!a vio c;ic tf sO d6, xic dinh t'an sO 
cct bin w1 theo cOng th&c 

(2.32) 

{2.33) 

2 r2 
5) Tfnh tY sO r 2 , sau d6 tlnh gii tri ella d~i IU'qng 1/(1- w2 ) 

w, 1 

6) Xac djnh vectcr bien d9 {q} theo cong thrrc (2.28). 

Nher cong thrrc (2.28), ta c6 thg xac djnh bien d9 {q} m9t each d~ dang trong tmirng hqp 
phii thay d5i nhi'eu 1lin gi<l. tr} ctla t'an s5 r ella llfc kich thich. TnrCrng hqp c'an thay d5i d5ng thCri 
t'an sO r va bien d9 { R} thl ta·nen dUng cOng tl~U:c (2.30). 

3. THI D{} 

M9t thanh ch!u dao dQng uOn do m{jt h~ l1Jc kich -thich d~t t<_ti hai di~m C vi D. Yeu c'au xic 
d!nh t'an sO dao d9ng CO' bin Wr va vectct bien d9 cUa chuy~n vi nUt. 

t
lsinrt jt.sinrt 

m, EJ 2m,zE:l _ m. EJ ~ 

"" 

'I /?2 A 
V&i h~ dii. cho, phtwng trlnh (1.5) c6 d~ng: 

( EJ [ ~ 
3 -6 6) [ 114 

38 27 

~~~]) UD = LU · 12 -6 4 _ 2mr2 31 12 13 
(3.1) 2 -6 -6 9 -3 105 27 13 117 

6 4 -3 12 -13 -6 -33 

Phu:crng trinh (2.1} li-ng v&i tnrirng hqp nay c6 d~ng: 
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[ 

0,445893 0,135897 
= 4mr2 0, 162875 0, 056891 

EJ 0, 369344 0, 121880 
-0, 195220 -0, 061205 

0,371787 
0,196227 
0,447259 

-0, 165678 

-0, 126001] { q, } 
~o, 063648 qz 

+ -0,141935 q3 
0,058257 q. 

{

" 0,86163533 } 
2 0,47169800 

+ EJ 0, 80503133 . 
-0,54771700 

(3.2) 

D~ cho dan gi!m, ta chc;m. kh5i hrc?'ng phan bO n1 .va d9 ctl-ng EJ cUa thanh sao cho: 

4m 
(3.3) EJ = 1. 

Ap dvng cOng thtl-c (2.29L tinh cic thJ.nh ph 'an Clla vect.cr { Z} k, kgt qui tinh to in du-qc ghi 
vito blmg 1. 

iJdng 1 

ohu EJ-1 EJZ2 E.JZ3 Erz' -· _, _, --· ~ ~ ~ ~ 
2ZK 2 K 2 K 2 K -· z~-~ 

_, -· trlnh ZK-1 ZK-1 Z K-1 

0 0,86163533 0,47169800 0,80503133 -0,54771700 

1 0,81654365 0,35906938 0,81345047 -0,36233119 0,94766733 0,76313527 1,01045815 0,66152993 

2 0,76109426 0,33615618 0,76070909 -0,33731676 0,93209236 0,93384660 0,93516338 0,93096253 

3 0,71037322 0,31382869 0,71018736 -0,31483908 0,93335774 0,93358001 0,93358600 0,93336329 

4 0,66310730 0,29295290 0,66290590 -0,29389094 0,933463"26 0,93348030 0,93348029 0,03.146398 

5 0,61899154 0,27346344 0,61884173 -0,274,'::3874 0,93347159 0,93347238 0,93347244 0,93.347124 

6 0,57781112 0,25527043 0,57767133 -0,25608747 0,93347176 0,93347187 0,93347184 0,9334717-1 

7 0,53937039 0,23828775 0,53923991 -0,23905043 0,93347181 0,93347181 0,93347182 0,73347179 

8 0,50348705 0,22243489 0,50336525 -0,22314684 0,93347180 0,93347178 0,93347180 0,93347182 

z' k 
::;;;;---- = o, 93347180. 
zk-1 

(3.4) 

Tir dO ta c6: 

w~ = · 
1 

= 1 07126964 
0, 93347180 , ' 

(3.5) 

1 
WI= 1,03502157-. 

sec 
(3.6) 

Bfi.y giCr ta tl! gin cho tin s5 r cUa l\}'c kkh thich.m9t gii tr! sao cho 
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r 2 0, 93347180 
w' 

0 5 = 1, 8669436. 
l , 

T'iin s5 r thOa man dieu ki~n (2.6). Tnrimg hqp nay h% (3.2) se c6 d~ng: 

{ 

q, } [ 0, 445893 0, 135897 
q, =2 0, 162875 0, 056891 
q3 o, 369344 0, 121880 
q, -0,195220 -0,061205 

{ 

0, 86163.533 } 
2 0, 47169800 

+ EJ o, 80505133 . 
. -0, 57717000 

0,371787 
0,196227 
0,447259 

-0, 165678 

-0, 12.6001] { q } 
-0, 063648 qqqo3~4 + 
-0,141935 

0,058257 

(3.7) 

( 3.8) 

Tir bing 1, t.a c6 th~ xic djnh cic thanh ph 'an qi(i = 1, 2, 3,4) cda vectcr bien d:9 {q} theo 
cong thu·c (2.28): 

trong d6: 

r' 
? = 1, 8669436; wr 

Sau khi tfnh tmin ta c6: 

1 
--, = -1,15347757. 

r 
1-

w' l 

(3.9) 

2 
{q} = EJ [- 1,01596819 -0,35974923 -1,07884083 0,28412823]'. (3.10) 

4. KET LU)...N 

.Ap dvng phrrcrng pha.p nay, ta c6 th~ giib d&ng .thCri hai bai toin clao d$ng. cac sO li~u va 
ke't qiUi tfnh toin ella bii to in dao d9ng ri€ng drrqc stl- dvng d~ tlm ra m9t c<Lch nhanh chOng lCri 
gi!U ella hili toin dao c19ng cu·&ng bU.-c. TnrCrng hq-p c'an thay d6i t'an sO r cda hrc kich thkh, kf cA 
bien 09 { R} crla hrc kich thich, ta khOng phii tfnh to in l~i tlr dau, rna c6 thg dUng cic cOng thli-c 
(2.30) d~ tlm ra m!)t each nhanh chong vecta chuy~n vj nut {q}. 

D"{a chl: 
TruCrng Dq,i hqc Xdy d'![ng 
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{xem tie"p trang S2} 


