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' ..... 0 ' ' ........ 
VA CHA-M CUA VA-T RAN VAO THANH DAN HOI 

c6 KE DEN L~rc CAN DAN NHOT a MAT BEN 

NGUYEN THUC AN, NGUYEN DlNH TRIEU 

Nghien c&u ve va ch<_tm d<fC ctla v~t r!n V~LO thanh din h&i m~t ben tv- do dl dtrqc nhi'€u tic 
gilt quan tim [1, 2, 3] ... Dg mO hinh ba.i toin ca h9c sit v&i m6 hlnh b?ti toin thv-c te', trong [4] 
aa xet de'n bii toin v& SlY va cham doc cti.a vat r~n vao thanh din hOi c6 k~ de'n siTe dtn &·mat 
ben ella thanh li cin nh&t. Tro~g bai bela n?t~ tic gii xet de'n trmJ-ng -hqp sU·c d.n m~t ben cda 
tha.nh 13. dan nh&t. V&i phep bie'n d5i Laplace va phrrO'llg trlnh Volter tic gia tim nghi~m ella bii 
to3.n v&i trU'Cmg hqp thanh tv-a tren nen cli-ng. 

' ,., " ; ' / "' " 
L PHUaNG TRINH CHUYEN DQNG CUA THANH VA CAC DIEU KI~N 

' ' ' CUA BAI TOAN 

Ta xet m9t pharr t6 ella th-1nh v&i gill thi~t ll!c rna sit & m~t ben Clia thanh Ia din hOi nh&t 
vi coi g'an dUng nhrr h~·c khOi. V%r h;rc rna sit tic dl;lng len m9t dctn v! th~ tlch ella thanh Ia 

( K, u + .\1 ~~) ~. Trong d6 k11 ..\ 1 la. h~ sO l\]'c chOng d~m hOi va nh&t & m~t ben; r va F I a chu vi 

vi di~n tich thie't di~n ngang. 
Ap d\lng nguyen lY Da lam -be cho phin tO cUa thanh 1 rUt g9n ta c6 phu:ong trlnh chuy~n 

dQng c1ia thanh 

{1.1) 

Trong d6: a = VJfTP- v~n t5c truy~n song dan h5i ella thanh; K = K 1 r/ F, ). = ). 1 r / F, u li\ 
dtch chuygn thie't di~n ngang cda thanh. 

Di€u ki~n d'au ella bai toin: Cr t<_~..i thOi di4m t = 0 thl 

u = o, 

Di'eu ki~n bi2n ctia bii toin 

au 
cTx = E- = -J(t) ax 

1 

t;;ti d'au thanh x = 0, 

t~i d'iiu thanh x = e. 

{1.2) 

{1.3) 



~ ' 
2. STJ TRUYEN SONG TRONG THANH 

Tlm ham dich chuygn u(x, t) ta dung phep. bign deli Laplace 

= 
uo(p, x) = J u(t, x)e-P'dt. 

0 . 

Khi d6 bai toin tr&n se din de'n bai toin sau 

Di~u ki~n bien ctl.a b~ti toin 
duo 1 ( ) , . - = -~fop VO'l X= 0, 
dx E 

uo(p,x)=O t~ix=t. 

Nghi~m tilng quat cda (2.1) li 

( ) -C -ax+C ax uo p1 x - 1e ze . 

Trong d6 · 1v A2 ). 2 

a=- (p+-) +(K--). 
a 2 4 

Cic hang s5 Cb 0 2 dm7c xic d}nh tlr dfeu ki~n bi&n (2.2) ta c6 

fo(p)e2•l c- . 1
- aE(1 + e2"')' 

C
2 

= _ fo(P) 
aE( 1 + e2•') · 

Thay vio (2.3) ta c6 

u ( x) = fo(p) [e•(2l-x)- e"']. 
oP, aE(1 + e2•<) 

1 -2cd 00 -a[2(n+I)e-x] 
-~- e _'\'(-1te . 
1 + ezo:e - 1 + e-zae - L a 

n=O 

nhrr v~y (2.3) drr7c vigt 

Hay 

1 { 00 e-a{x+Zne) 00 e-o:[2(n+I)e-x] 
uo(p,x) = E fo(P) L (-lt a - L (-1)" " }. 

n:::;:O n=O 

1 = = 
uo(p, x) = E fo(p) [ L ( -1t Vn(P, x)- L (-1)" Wn(P, x) ]. 

n=O n=O 

Him dich chuygn u(x,t) drr7c xac dinh khi bigt ham goc cda Vn(p,x) va Wn(p,x) 
Ham 

/( A)2 ).2 - 4k x + 2nf 
.-•(x+2nl) e -y P+ 2 - ( 4 ) ( a ) ). 

Vn(p,x)= =a v · =aHn(P+-,x). 
a ( A)2 A2 -4k 2 

p+z ---a-

2 

(2.1) 

(2.2) 

(2.3) 

(2.3a) 

(2.3b) 

(2.4) 



Theo [1] 

[v>-2
- 4kV 2 (x + zne)2] ( x + 2ne) = Io t - ry t- . 

2 a a 

Ne'u ).2 - 4k < 0 thl 

[
v>-2 - 4k 

hn{t, x) = Jo 
2 

2 (x+2nl)2 ( x+2nl) t- ryt- . 
a a 

-""- lr,;>..2-4k 
Vn(p,x) + ae '' Jo 

2 

Trong d6 ,\2 = y>.2 - 4k 
Ly lu%n t=ng tv ta co 

( ) ""-t ["2 t2-(2(n+l)l-x)2 ~(t- 2(n+l)l-x). Wn p, x + ae- ' Io -
2 

., 
a a 

Ne'u >. 2 -4k<Othi 

W ( ) . -""-t J [>.2f (2(n+ 1)£- x)2 n p, x ..... ae ' o - t -
2 . a 

( 
Z(n+l)l-x) 

ry t- . 
a 

Ap d'.'ng iljnh ly ham nhan ta c6 

(2.4b) 

(2.5a) 

(2.5b) 

t 

a f. x + 2nl ! _"-"., [>.2 ./ (x + 2nl)2] 
uo(p, x) + ~(t,x) = E L..,(-lt!j(t- a ) f(t- r)e ' Io zV r2

- a dr-
n~O z±Z~t . 

a f.( )n ( 2(n+l)£-x) !t f( ) _"-'.,v 2 (2(n+l)£-x)zd - - L -1 rJ t- t- r e z r - r. 
E a a 

n=O 2(n.'f-lH-,. 

{2.6) 

. 
Ne'u & tilng t.h<r hai cua (2.6) '-a d~t {n+ 1) = k va gqi phlin nguyen II "'2~" II = n1 va II "'21" II = n2 

thl (2.6) dU"\"C viet . 
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n, 
u(x, t) =; { L(-1)n 

n=O 

t 

f "'-r [A2 . I . ( 2nl + x 2] f(t- r)e- ' lo 2V r 2
- a ) dr-

:.~nt+"' . 

Trll'IYng hqp J. 2 ~ 4k < 0 thl djch chuy€n u(t, x) Ia 

n, 

u(t, x) =; { L(_:.1)n 
' n=O 

t 

f ""- [;.2 I (2nl+x)2] f(t- r)e- ' 7 Jo 2V r2
- a dr-

(2.6a), (2.6b) chfnh Ja nghi~m cua bai toan (1.1) va (1.2), (1.3) 

' A ~ '\, ' 

3. VA CH4M DQC CUA V4'l' RAN VAO THANH 

(2.6b) 

Theo ke't qua d.a [4] khi xet bai toan va ch'.'m cua v~t rh vao thanh co k€ de'n b\i ph~n gi!tm 
ch.l:n, ta drra v'e bii toin xic d!nh Iv-c f(t) nhrr sau: 

Tim f ( t) th<la man phrrcrng tdnh 

va th6a m[n di~u ki~n d'au 

.. k k 
f(t) + M f(t) + J'i.(t, 0) = 0 

f.(O) = 0, 

i(o) = k;o. 

(3.1) 

(3.2) 

(3.3) 

Trong d6 K li d9 cli-~g cU-a 4~m, Vo hl v~ t5c ban d'au cda v~t rln khi va ch;.tm vao thanh. 

Trong (3.1) ham u(O, t) con ph.'! thw}c vao f(t), nen ta phai thvc hi~n cac btr&c sau: 

Tir (2.6a) ta c6 
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n t ~-------

u(t,O)=i;{2:~)-lt J f(t-r)e-~'Io[-'22 )r2- (
2:l) 2]dr-

n=O l..!ll. · 
• 

n t 

~ kf· "'-• [-'zj (2kl)z]} - L..,(-1) f(t- r)e- ' Io 2 r2 - ~ , 
k=l lli . 

t . . 

u(t,O) = ;{j f(t- r)e-~' Io(~r)dr+ 
0 

+2t(-lt i f(t~r)e-';'Io[~2 Jr2 - (
2:l) 2]dr}. 

n=l 1..!!1. . 
Trong d6 N = n1 = n2 t<}oi-thigt di~n x = 0 
Thvc hi~n d~o ham (3.3) hai fan theo thlri gian ta co 

t N 

iio (t, o) =~ { /(t) - ~ f(t) + J.~E f g(t- ~)! ( E)dU 2 L (-lt [•.- '';' j( t - Znl) + 
E 2 4 

0 
n=l a 

+ J.2 (J.2nt_ 1)t(t- 2nt) + -'z t-~':'gn(t- ~)/(EW]}. 
2 2a a 2 

0 

Trong d6 

[ . (-'2 ) (-'2 ) (-'2 l] "'-g(y) = h -y -21. -·y +Io -y .- '" 
2 2 2 

Thay ke't qu"lt nay vao (3.1) va rut g9n taco 

t 

·· ka · ( k ka-'z) · kaJ.2 f f(t) + EFf(t) + M- 2EF f(t) + 4F g(t- ~)f(~)d~+ 
0 

(3.4) 

N t 

+ 2EaFk LHt'l•-'';'j(t- 2nl) + -'z(J.2nl_l)f(t- 2nl) + -'2/gn(t- ~)f(E)dE] =0. 
n=l a- 2 2a a 2 

0 
( 3.5) 

Diy Ht. phtr011g trlnh vi tich ph5.n c6 de} ch%m, ta c6 thg giai n6 trong tU·ng khoing thCri gian. 
Khi 0 < t < 2l/ a thl N = 0,. (3.5) co d~ng 

• ka · k kaJ. kaJ.211 

f(t) = EFJ(t) + (M- 2E;)f(t) + 4/ g(t- W(E)dE = 0. (3.6) 
0 
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'I 
I 

I 

Theo [4] phu;ang trlnh (3.6) tu·ang dtrang v&i phtrang trlnh Volter 
t . 

f(t) +I Ko(t, r)f(r)dr = ~Vot. 
0 

Trong d6 
. ' t 0 

K = ~ I [!!:_- ka).2) I ka>.~ (<- r)d<]de. 0 EF + M. 2EF + 4E g' ' 
a r 

(3.7) 

Gilti phtrang trlnh (3; 7) c6 nhih phll<mg phap nhrr l~p nghi~m, l~p nhan hay bi~u di~n nghi%m 
qua ham cho phep ... & day ta tlm nghi~m dU"&i d\illg gll.n dung lien Wl'p: 

Khi d6 Un(t)} ~ f(t) 

k 
fo (t) = F;Vot, 

t 

J,(t) = ~Vo(t)- I Ko(t, r)fo(r)dr. 
0 

t 

fn(t) = ~Vot- I Ko(t,r)fn-l(r)dr. 
0 

Ly lt1~n tU"<Yng tv c6 th~ tlm nghi~m f(t) da (3.7) & d.c kholmg lien tie'p sau v&i 2jtfa < t < 
2(i + l)lja khi d6 j = N va phtr<Yng trlnh (3.7) c6 d~ng 

t 

·· ka · k kaA2 ka).2 I 
f(t) + EFf(t) + (M- 2EF)f(t) + 

4
/ g(t- E)f(E)dE+m;(t) = o. (3.8) 

2ji.Ja 

Trong d6 

0 

13. hAm s5 da bie't cda th<ri gian, t. 
Theo [4] phrrang trlnh tfch phan nay se t=g drrang v&i ph=ng trlnh Volter 

t ' 

f(t) + I Ko(t, r)f(r)dr = X;(t) + J( 2~l) + {i( 2~l) + ;~!_(2~l) J (t _ 2~l). (3.9) 
2jlfa 

Trong d6 t • 

X;(t) = I de I m;(E)d€. 
2jlfa 2jefci 
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Tim nghi~m cda (3.9) dtr&i d~ng gfut dung lien tigp ta c6 

fo(t) = >i(t), 
t 

j,(t) = s",(t)- I Ko(t,r)fo(r)dr, 

2fi./a 

t 

fn(t) = \"j(t)- I Ko(t, r)fn-dr)dr. 

2fl/a 

Trong d6 
. 2jl [. 2j£ kq 2jl)] ( 2j£) 
>J(r)=X1(t)+f(-;;-)+ /(---;;-)+ EFf(-;;- t--;;- · 

Sau khi tim dtrqc ham f(t) thay vao (2.6a); (2.6b) ta xic djnh dtrqc djch chuy~n u(t, x) U:ng 
suit va. v~n t5c t~i m5i thie't di~n cUa thanh. M~t khic xic d~nh dtrqc h3.m f(t) thl ta tlm drrqc 
thCri gian va ch~m cUa v¥ r£n vao thanh. 

" ' 4. KET LU4N 

Biti toin d~t ra dtrqc giii quye't tn:m v~n, day 13. mO hlnh bai toin t5ng qucl.t han so v&i cac 
b3.i toin (2, 3, 4] va n6 sat vOi. .mO hlnh b3.i toan S\1' va ch<;tm cUa bUa roi t¥" do vio eye dan h'oi c6 
d~m ch!u slfc can dim nh&t a m~t ben va g~p nen cli-ng. 

Dia chi: Nh4n ngay 25/5/1990 
Trv:irng D~i hqc Th.Jy Lqi 
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SUMMARY 

SHOCK BETWEEN ABSOLUTELY SOLID BODY AND ELASTIC BAR 

WITH THE ELASTIC VISCOUS FRICTIONAL RESISTANCE AT THE SIDE 

The problem was solved completely in this paper. 
In the technical point of view this is model of the problem about shock between hammer and. 

pile. 
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