Tap chi CO HOC, tap XIII, 1991, s5 1 {9 — 16)

TAN SO RIENG CUA DAY MANG KHOI LUGNG TAP TRUNG

NGUYEN VAN DINH

DAT VAN DE

Trong 1y thuyét dac ddng, ham Dirdc dwoc st dung dé bidu diEn cic yéu t8 tip trung (khdi
lrong, hwe dan h&i). Khi dé, dang dao ddng riéng cda hé dwgce khai tridh thanh chudi v6 han theo
cic dang dao dong ridng cda hé twomg ¥ng khéng yéu 8 tip trung va phuong trinh tin s riéng
dwge suy ra tir ditu kidn khéng ddng thoi t.rlet tiéu cda cac dal lwong thé hién di chuyén trong
dao ddng ridng cla cac diém tai 46 44t cde y&u t3 tap trung. Més thi du v& vin d% nay cé thé tim
thiy trong (1], trang 319 - 329. Tuy nhién, phwong trinh t3n s ridng 13p ra chi cho nhir ng tan s
riéng khéng triing véi tin s8 rleng cta hd twong wng khdng y&u t3 tip trung. Nhin xét ndy dwge
minh hoa dwéi diy qua thi du v& diy mang khéi lwong t8p trung.

1. HE PHUONG TRINH XAC DINH DANG DAO DONG RIENG

Khio s4t diy mBm OA = £, dbng chit, khdi lwong don vi dii g, cing theo fruc Oz nim

_ngang v&i stre cing k va mang N khai Iucmg m; tip trung trén diy tai cdc vi tri cé6 hoanh ds

z{t=1,2,...,N;0 < z; < £}. Phuong trinh vi phin dao him ridng mé t4 dao ddng riéng la:

3y
_ —z)=0 (L1
pat + Z 8t2 z ) ( )
véi cac didu kién bién:

8 y(z,t)

Yt mne = o =0 (12)

}I:O,ﬂ
trong d6: §(z — ;) ham Dirdc; y(=,t) di chuyén cta phin td cda diy cb hoanh d3 z.

Theo phuong phip phin ly bign (2], 45t y(z, ) = Y (2)T(¢) ching ta 1ip dwgc phuong trinh
vi phin thwéng xac dinh dang dao ddng riéng Y (z}:

kdg—y-i—w 2 -1—21?1,-5(1—:51-}])"’:0 (1.3)



véi cde didu kién:

d%Y (x)
Y = = { .
(z)]2=0.e N (1.4)
trong A6 : w - tin 88 riéng cin tim.
Dang dao dong riéng dwoc tim 6 dang chudi vé han:
. . e _
Y{z) = %2 Y(s)sin S%ra: véi Y(s)= f Y{(z)sin igzdz (1.5)
o= 0

Nhan hai v& cla (1.3) véi sin%mdz 751 thue hién tich phan tir 0 dén 4, ching ta dwoc hé vé
han phirong trinh xdc dinh cic hé s8 ¥(s) (s = 1,2,...)
. . ‘
[k(s—:—)E—pwg]?(s) :wﬁz Ry 8in Egzz.- Y (z0) (1.8)

=1

2. VE MOT PHUONG TRINH TAN 86 RIENG
Theo [1], ti¥ (1.6) ris ra:
Y() =gy ) Msin ig?’-’ Y(z:) (2.1)
: o k(T) TR = 7
Biéu thitc {1.5) clia dang dao dc‘_‘mgﬁﬁng trd thinh:
.. E 7 - w | - 8T N am .
Y(z) =~ ———————3gin—=zx- my sin ~——z; - Y(x;) (2.2)
£ = k(%)z _ W2 £ ; £

Lin lhrot thay x bédi z;{7 = 1,2,..., N}, hé thire (22) din dén N phwong trinh b&c nhit
ding cdp d6i véi Y(z;) '

. o
Y (A~ 8)Y (=) =0 (F=12...,N) (23)
i=1 . T :
trong d6:
A i 2 oma® i msin 5T (2.4)
ij = = —gm s 8L — %4 81N - & 7 .
=1 gk(fﬁ)g - nuwz £ £ ‘

Dé hé (2.3) c6 nghiém khéng tim thudmg, dinh thirc cda hé phdi triés tidu va cho ching ta
phuong trinh t3n 86:

[Ai; — 651 =0 (2.5)
D% ding nhén thiy phwong trinh (2.5) dwoc 14p ra véi gik thit:
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k(s—ﬂ"’i)?— wo? £0 (s=1,2,...) (2.6)

Nhitng gid tri w 13m trigt tidu vé trai cda mét trong céc hé thie (2.6) 1a nhitng tin s5 riéng
cla ddy tron (khéng khéi lwong tip trung). Vi viy, phwong tr‘mh.(Z.S) chi cho whitng tin s3 riéng
khéng tring v&i tin s riéng nho cha diy trom.

M3t khéc, phuong trinh (2. 5) dwoc’suy ra tir ditu kién khong dong thai triét tidu cla céc dai
lwemg Y (z:) (i = 1,2,..., N) nghia 13 t¥ difu kién cé khéi lwong tip trung tham gia dao déng.
Nhirng ciing chi vai gid thle& (2.6) thi didu kién dé méi twong dwong véi difu kisn dao dong ridng

Y{z) #£0. ‘

Thue vy, néu Y(z;) =0 (i = 1,2,..., N) theo (2.2), hién nhién Y (z) = 0. Nguwoe Iai, néu

Y(z) = 0, cng t¥r (2.2), v&i chd ¥ ring hé ham sin %:ﬁ tao thanh hé co s& thda min (1.4), 44,

trirc giao, suy ra hé vd han phuong trinh bic nhit ding cip d6i véi Y(z):

N
Z mysind; - Y(2) =0, 0<X = ﬂ;" <7 (2.7)

=1

Xét N phuong trinh d3u véi dinh thic - sai kém thira s3 hing

sin Ay sinAs ... sinAy
| sin2A;  sin2A; ... 8in2iy
A= . . . . (2.8)
siniNXdy sinNXh ... sinNiy

N&u A = 0 thi t3n tai hé thic bic nhit gitra cic ddng nghia I3 tdn tai him:

N
&) =) a,sinjé (2.9)
. X '1.:1
véi hg‘. s6 a;(7 = 1,2,..., N) khéng ddng thoi triét tiéu ma ¢ (N + 2) nghiém trong khoing [0, x}
10,2, =1,2,...,N),# Khidé, d2 ding thiy dac ham cip 4M cda him {2.9) nghfa 13 ham :

N
FEME) =37 a;(5)*M sin 5¢ (2.10)

J=1

ciing ¢4 tinh chit 36,
GiA thir ap sin p€ 13 58 hang c6 hé s8 ap # 0 v&i chi 88 p cao nhat. Khi M dd 16n thi:

p—1 .
lap(p)*™] > |5 a;(5)*M sing¢ (2.11)
j=t ‘
Vi vay, cfc nghitm cda him (¢ (£} phai thudc 1dn cin cic nghidm cda s8 hang a, (p)*™ sin pé
Mit khie, trong mdi Iin cin d6, néu so sinh tri tuyét d6i cda dao ham cia s8 hang cudi néi
trén vi cda téng cda (p - 1) 85 hang cdn lai, ching ta cling cé:

p—1

Jap() M comp] > |3 a;(7) 44+ cos e (2.12)
7=1
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Nhw thé, trong m3i Ian cin néi trén, néu ham FU™ (£) cé nghidm thi chi ¢é nghiém dom.

Nhung s8 hang a,(p)*M sinp¢ chi ¢é (p + 1) nghiém trong khoidng [0, 7] nén him FUMi(g)
khéng thé ¢é qui p+1 < N+1 < N+2 nghiém trong khodng d5. Mau thudn ndy ching té A # 0, hé
N phuong trinh d3u va do dé toin hé (2.7) chi ¢4 nghidm tim thwémg ¥{z;) = 0{i = 1,2,..., N).
D46 13 difu can chimg minh. :

3. DIEU KIEN TRUNG TAN 80

Nhirng nhin xét trén cho thiy cin xét trwdmg hop trung tin s8 gitta day ¢é khéi lrong tip
trung vi diy tron (khdng kh8i hwong tdp trung).
Gi st t3n s8 rigng thé s. cla diy tron nghia 13 gid tri w, xéc dinh bédi hé thic

k(s‘;;r)2 —wl=0 (3.1)

cling 12 tin 58 ridng cda diy mang khéi lwgng tip trung.
Tir (1.6) véi s = 5., w = w, suy ra:

Z m; - sin 22 Y(:El) = ?(-h) thy y | (3.2)

Vé&i nhitng gid tri khdc cda s, hé s8 Y(s) vAn ¢6 bifu thire (2.1) véi w = w,.
Dang dao déng riéng twong Gng tin 83 w, ¢4 bién thive:

2

2 | '
¥{z) = Yy sin —a: Z ™y sin — a:,Y(L,] + Y(s*) sin —“EEI (3.3)

e Z

Trén cling co s& di néu & cudi muc 2, dits kitn d€ Y(z) # 0 1a céc dai lugng Y(z)(s =
1,2,...,N), ?(s*) khong d5ng thisi tridt tidu. Cic dai lwong niy thda min hé (N +1) phwong trinh
bic nhat dang cip gdm N phwong trinh cé dwoc (3.3) khilin lwot thay 2 bdiz; (7 =1,2,..., N)
vi phwong trinh (3.2). -

N oo )
2
E [ E —?—sinﬂx,—sinﬂx,- ,J]Y(a:.}+—sm ; Y(s,)=0
£ LA gl w? £ £ £
= TR e
N o .
§ rrqsin—i—x.—-Y(:c,-)z() (7=12,...,N) (3.4)

i=1

ViY(z) (§=1,2,...,N), Y{s.) khéng ddng thri trigt 6iéu nén dinh théc cda hé (3.4) phii
triét tidu. Sau khi thay ws bdi bidu thirc cda né rit tir (3.1) va gidn wéc thiva s8 hing, ching ta
dwoe: )

AL — by sin
2my S (3.5)
. 87X
sin H 0 :
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trong dé:

2
‘ S L . 8%
A=) g | (5.6)
agay
Diy 13 phwong trinh xéc dinh nhung gid tri s, twomg dng tin =8 neng w. chung cho day
mang khéi lwgng tip trung v diy trom.

4. TRUONG HOP KHOI LUGNG TAP TRUNG TAI NUT

Xét trudng hop khi cidc hodnh &6 =; khi wéc véi chitu dai £ nghia 13 khi ¢ thd viét z; =
pif/qi(pi, ¢ € N, v5 wérc). Goi g 13 bdi s8 chung bé nhat cda c4c miu 58 g;, cb thé vide z; = kit/q.
Dé ding nhin thiy, & trwong hop nay, tit cd cdc khéi lwong tip trung d8a dit tai cdc ndt cda
che dao dong ridng tht rg (r=1,2,...) cda diy tron.

Hién nhién, phwong trinh (3.5) ¢b cdc nghiém s, = rq vi chc y&u t8 & ¢ft va dong cudi cda’
dinh théc & v& trai (3.5) dén bing khéng.

Mat khac, ching ta c6:

1 rq 1 1
* 2
Al =r%g 'E_l msm krsm lc = — .E_,, P s-l-rq) sin — kvrsm k o (4.1)
eyhrg . 87y '

Chi ¥ rdng hai s8 hang

L o Ykersin Thyr va : i SEH i 2T (4
s+rg _ (s +2rq) —rg :
d8i nhau nén trong t8ng v4 han & {4.1) chi con lai 2(rq - 1) 8 he_i.ng
_ 1 : 1.2, 2
Al = E{ smk smk + sin —k;wsin ~kjw+ -+
T 2U1-rg q 2-rg q g
L sin rq — 1k,-7rsi.n - 1k,-1r+
(rg—1)—rq q
+ 1 _sin 2F lk,-frsin gt 1k_,-1r+
(rg+1)—rg g .
T - rg+2 ., rg+2 o
) L Sy AT
+ (ra+2) < rq gin 7 R‘:,n'sm 7 P R
., 2rg-1 ., 2rg—1 '
. ki —km}- :
+ Gre=1) =72 sin ” 7sin Pl (4.3)

Nhitng &8 hang ndy ciing d8i mgt kb nhav nén A;; = 0 v dinh thirg & v& tréi (3.5) cé dang
don giin: '

-1 0 0 0
0 -1 0 0
S : (4.4)
0 0 -1 0
0 0 0 0
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Ditu nay ching t6 hé phwong trinh (3.4) chl ¢é ho nghiém:

Y(z)=0 (i=12..,N), V() tyy (4.5)

) . W ] l k N
vi do d6 dang dao ddng riéng twong dng tin s0 riéng w. = %‘n‘\/: la:
: "
25 . T
Y(z) = _EY(S*) sin ~- 7% {4.6)

tring véi dang dao déng ridng thir rg¢ cda day tron; cic khdi lvong tip trung ndm tai nit nén
khéng daoc ddng. ) '

Ngoai ra cdn ¢é thé cd céc nghiém. s, # rg nghia, 13 cdn ¢ thé cé nhitng tin s riéng khac
trung véi thn s3 riéng cia day tron; khi d6 ¢6 khéj lwong t4p trung tham gia dao déng riéng.

5. THI DU

Dé& minh hoa nhifng diu vira trink by, ching ta xét trwing hop ¢6 mét khdi lwong t3p trung
m dit tai trung difm cda diy z; = £/2
Phuong trinh (2.5) cho cdc tin s8 riéng khong tring véi $3n 3 riéng cla diy trom 1a:

oo .
2m w?

N Y 1=0 (5.1)
3T\ 2 ,
¢ a=1 k(?) - nu‘wz . .
Phwong trink (3.5) xdc dinh cic gid tri s. twong dng tring véi tin s8 rigng thi s. cia diy
tron 1a: ‘ ‘

S 2 5T ul . 84T
' —_——— gin
sm1 82 - 52 2  2m 2 . o BuT
e = ~gin? ~— =0 (5.2)
. ST 2
sin 4]
2

Rit ra s, = 2,4,6,... Nghia 1d c4c tin s8 riéng béc chin cia diy trom ciing 13 tin s8 riéng

cda diy mang khéi lwgng t4p trung. Khi d4, dinh thic ndm & v€ tréi (5.2) chi c6 mdt yéu t8 nim
& dong mot ¢t mét 1A khic khdng va bang: (—pf/2m). Viy

Y(ﬁ-x) = Y(é) =0 vi Y(z)=sin f—;—?m {chon %?(s*) =1) (5.3)

Trudng hop ¢6 hai khé: hegng t3p trung my = mg = m_di‘f tai cac vi t.r{'zl = 2/3, z; = 2£/3,
phwong trinh (2.5) 1a: ‘ o :

Apr—1 Aiﬁ
Az Azz— 1
trong dé
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o0
22 mw . o ST
A]_j_: ‘“—‘—Sﬂ-—_'-—"“-snl I

£
[= o)
2 muw? g 2sm ‘
A”:Z_ 372 sin” —— 5.4
p—r I k(?) __yw2 3 ( )
o 9
2 mw . smo, 2w
Am:A_ZI:ZEk(-ﬂ_’E)Qﬁ 2SIHEMSlnT
s=1
£
Phuwong trink (3.5) 1a
. pé - ST
Al - o Al, sin 3
£ 25,
AL A;z—: sin—="1 =0 (5.5)
. ST . 2s.m
sin 2In 0
. 3
trong 46
* . s S Sf 2 *
All—z 2 3251n?=232_32$n = Az
F=1 s=1
FETN #H e
b 52 8w . 2sw (5'6)
ATy = A3 Z 7 g3 S - sin o=
:#_ai )
Céc yéu t8 cia cdt va ddng cudi triét tiéu khi s, = 3,6,9,... nghia I3 céc tin s& riéng bic

béi ba cia day tron ciing 13 tin s3 rién cﬁa diy mang khéi hrgng tip trung; trong cic dang dao
2 g g Ing td "4

‘dgng riéng nay, cic khéi legng tdp trung ndm tai nit.

Phu'o'ng trinh (5 5) cdn ¢é thé c6 cic nghidm s, khic. Xét gid tris, = 1. Cac yeu t8 cila bt
vi ddng cudi déu bing 1/3/2 va:

1
Ap = A= s zwlsm‘z%?—
3 1 1 1 1
= = - — ) >0 '
it e oot 57
N N = 1 sm ., 2w ’
Al = A5, > g g s =
3 1 L SR ) <0
T4Y 221 421 521 77— :
Vi viy, véi g, £ cho trwde, o6 thé chon m dd nhd &
Bt . . nt
A’{l'"'g‘;:As_z:Am:A;z"‘z—a (5.8)

" Khi 84, hai dong d3un cla dinh thitc & v& trai {5.5) d0ng nhit nén phurong trinh (5.5) thda
méan. Nhw thé, thn 58 riéng thir nhit cda diy tron ciing 13 t3n s8 ridng cda diy mang khdi leong
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tip trung. Trong dang dao dng riéng nay, hai khdi lrong tip trung tham gia dao- dong, cung
bién 45 nhlmg nghich pha v trong khai trién cda da.ng dao ddng riéng khdng chira dcmbnic thi
nhit. Thn s8 riéng th& nhit nay cda diy trom 13 tin =8 riéng thé hai cda diy mang khéi lwong
" tip trung vi ¢6 mdt nit. :

KET LUAN

D& két luin, ching ta chd ¥ thém ring hién twong tring tin s8 x4y ra & nhidu hé khic v khi
diing him Diric dé bifu difn cdc y&u t8 tip trung, viéc thi€t 14p mét phwong trinh tin 88 riéng
duy nhit cho diy dd cdc tin 8 riéng cdn gip khé khin. '

Dia chi: Nhin ngéy 14/2/1990
Vién Co Vién KHVN '
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PE3IOME
COBCTBEHHBIE HACTOTEI CTPYHBI C COCPENOTOYIEHHBIMU MACCAMU

B pauHOll ¢TaThe, MO MPENIOKEHHOMY B [1] METOLY YCTAHOBIIEHO 4acTOTHOE yPaBHEHHe
CTPYHEL € COCPEAOTOHCHHLIMI MACCAMHE. 3aMeTuM, YTO IPH PellieNny BHINIEYKA3AMHOIG ypas-
HEHWA HeoIpefedeHE] Te YacTOTHl, KOTOPLIe AB/IAIOTCA OGIIAMHE B ofenX cayyasx: Bea Mace u
C COCpeTOYEHHBIMHA MACCAMY ¥ CTPYHEL
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