
T~p chi CO HQC, t~p XIII, 1991, s5 1 (9- 16) 

"lo. N ..... ' A ..t A 

TAN SO RIENG CUA DAY MANG KHOI LUQ'NG TJ\P TRUNG 

X v ' 

NGUYEN VAN DINH 

v " " D~T VAN DE 

Trong l:Y thuye't dao d9ng, h3.m Dir~c d1.rqc sll- dvng de bieu di~n cic ye'u tO t%p trung (khOi 
hrqng, lv-c dan hOi). Khi d6, d~ng dao d9ng rieng c1.b h~ dU"qc khai trifn th~mh chubi vO h~n theo 
cic d<;~.ng dao d?ng rieng ctla h~ trrang tffig khOng ye'u tO' t~p trung vi phucrng trinh t'an sO ri€ng 
drrqc suy ra tlr dieu ki~n khOng d'Ong thCri tri~t tieu cUa cic d~i h.r9llg the hifn di chuyen trong 
dao d9ng rieng cila d.c diem t~i d6 d~t cic y~u tO t~p trung. M9t thi dv v'e va:n de niy c6 the tlm 
thiy trong [1], trang 319- 329. Tuy nhien, phrrang trlnh t'&n sO rieng l~p ra chi cho nhG:ng t'an sO 
rieng kh&ng trllng v&i t'a.n sO rieng ella h~ tU'ctng li-ng khOng ye'u tO t~p trung. Nh%n xet niy du-qc 
minh h9a dU'6i. diy qua thf dl! v~ day mang kh5i hrqng t~p trung. 

1. HJ!; PHUONG TRINH xAc mNH D~NG DAO DQNG RI:ENG 

Khio sit d.iy m~m OA = £, dOng ch<lt, kh6i ltrqng dcm v~ dii J-L, cang theo tn!c Ox nim 
ngang v&i sU:c ding k vi mang N khOi lu·qng m; t~p trung tr€n diy t?-i d.c v! tr{ c6 hoinh d9 
Xi(i = 1,2, ... , N; 0 <Xi < £). Plnrang trlnh vi phin d~o him riE!ng mOta dao d?ng riE!ng li: 

(1.1) 

v&i cac dieu ki%n bien: 

3
2

y(x. t) I 
y(x,t)ix=o.e= axz =0 

x=O,l 
( 1.2) 

trong d6: S (x- xi) him Dirlc; y(x, t) di chuy~n cda ph 'an tli- ella diiy c6 hoinh d9 x. 
Theo phuang phap phan ly bie'n [21, d~t y(x, t) = Y(x)T(t) chung ta l~p drrqc phtrang trinh 

vi phiin thrrCmg xic d!nh d<~mg dao d9ng rieng Y(x): 

( 1.3) 
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v&i c3.c di~u ki~n: 

d
2
Y(x)l 

Y(x)lx=O,l = ----;["2 = 0 
X x=O,l 

(1.4) 

d ' .,., K '"' l.. ) trong o : w ~ tan so neng can tim. 
D~ng dao dl}ng rieng du-qc tlm & d~ng chu6i v& h;;a.n: 

= . l 

Y(x) = ~ L Y(s)sin •; x v&i Y(s) = J Y(x)sin •; xdx 
s=l 0 

(1.5) 

Nh.in hai ve cUa (1.3} v&i sins; xd:z: rOi thv-c hi~n tich phin tir 0 d€n l, chUng ta drrqc h~ vO 

h~n phmmg trinh xac dfnh cic h~ s8 Y(s) (s = 1, 2, ... ) 

N 

[k(
8
;)

2 
-!'W2 ]Y(s) = w2 L m; sin'; x; · Y(xi) (1.6) 

i=l 

''loo. " ' '1.. ,.t " 

2. VE MQT PHUONG TRINH TAN SO RIENG 

Theo [1], tlr {1.6) rut ra: 

- w2. N. s~ 

Y(s) = ;k(.~)' _ I'W• ~~ m; sin tx' · Y(x;) 
t . ·-

(2.1) 

Bigu thrrc (1.5) cll.a d~ng dao d{mg,rieng tr& tha.nh: 

oo 2 . N 

2 "'' w . 811' "' 811' Y(;r) = t L.., k( 8") 2 _ 2 sm tx · L.., m; sin tx; · Y(xi) 
o~~=l l p.w 1=1 

(2.2) 

Lan hrqt thay x b&i x;(i = 1, 2, ... , N) , h~ thrrc (2.2) dh de'n N phrrang trinh b\k nhit 
ding dtp d8i ~&i Y(x;) 

N 

L (A;;- S;;)Y(xi) = 0 (j = 1, 2, ... , N) (2.3) 
i'=l 

trong d6: 

;:... 2 t7l.iW 2 . s1r • s·1r 

A,;i = L- 0 ("")2 2 Sin gXi sm oxi 
-1 < k - - uw < < 

s- f.. r 

(2.4) 

D~ h~ (2.3) c6 nghi~m khong tam thrrimg, dfnh thrrc da h~ pHi tri~t tieu va cho chung ta 
phuong trlnh t'an sO: 

lA;;- 5;;1 = 0 (2.5) 

D~ dang nh~n tHy phrrang trinh (2.5) dU"<;rc l~p ra v&i gii thigt: 
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(s=1,2, ... ) (2.6) 

Nhlrng gii tr~ w lim tri~t tH~u vg tr<ii ella m9t trong d.c h~ thli-c (2.6) 1a nhfrng t'an sO rleng 
cua day twn (khOng kh6i luyng t~p trung). vl v~y, phtrcrng trlnh (2.5) chi cho rihirng t'an so rieng 
khOng trUng v&i t'an sO' rieng nao cUa day trcrn. 

M~t khac, phtrcrng trlnh (2.5) dm;rc·suy ra tlr dieu ki~n khOng dBng th&i tri~t tieu cua cac d~i 
lm;mg Y(x;) (i = 1, 2, ... , N) nghia Ja tlr dih ki~n c6 khoi hr9'Ilg t~p trung tham gia dao d<}ng. 
Nh1.rng cling chl v&i gii thigt (2.6) thl di"eu ki~n d6 m&i trrong dtrcrng v6i di€u ki~n dao d9ng riell.g 
Y(x) 'f. 0. 

Th'!'c v~y, ni!u Y(x;) = 0 (i = 1,2, ... ,N)theo (2.2), hiJn nhien Y(x) ""0. Ngll'\'C I~i, ni(u 

Y(x) "" 0, cling tlr (2.2), v&i chU y r~ng h~ ham si~ "; x t~o thanh h~ ccr s& thOa man (1.4), dll., 

trv-c giao, suy ra h~ vO h?n phuang trlnh b~c nha:t ding cap dOi v6i. Y(x): 

N 

L mi sin ,\i · Y(xi) = 0, 
i=l 

Xet N phucmg trlnh da.u v&i d!nh thU.-c - sai kern thlra sO hlng 

sin ..\1 sin A2 sin AN 

Ll.= 
sin 2,\i sin 2..\2 sin 2..\N 

sinN>..1 sin N ,\2 sin N,\N 

Ne'u 6. = 0 thi t5n t~i h~ thU:c-b~c nhS:t giira cic dOng nghia li tC>n t?i ham: 

N 

f(E) = L aisinj~ 
j=l 

(2. 7) 

(2.8) 

(2.9) 

v&i h~ s5 a1 (j = 1,2, ... , N) kh&ng dl'>ng thai tri~t tieu rna c6 (N + 2) nghi~m trong kholmg [0, ,.j 
Ia 0, ,\i(i = 1, 2, ... , N), "· Khi d6, d~ dang th~y d<;o ham c~p 4M cua ham (2.9) nghia la ham : 

N 

f(4M)(E) = L a,.(i)4M sinfE (2.10) 
i=l 

cling cO tfnh ch:it d6 .. 
Gil. thtr ap sin PE Ia so h~ng c6 M sO' av of 0 v&i chi sop cao nHt. Khi M du l&n thi: 

p-1 

lav(P) 4
M I A> L a,.(f) 4

M sini~ (2.11) 
j=l 

Vi v~y, ctk nghWm cua h~m fl4 m) (f) phlri thu\ic Ian c~ cac nghi~m cua sO' h~ng av(P)4 M sin p~ 
M~t kh<ie, trong m&i Ian c~n d6, ne'u so sinh tr! tuy~t dOi etta d<;to ham crla sO h~ng cuOi n6i 

tren va nla ti:ng cua (p - 1) sO' h<;ng elm i~i, chUng ta ciing c6: 

p-1 

lav(P) 4
M+l cosp~l » L a,{f) 4

M+l cos iE 
i=l 
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Nhrr the', trong mi'ii Ian c~n n6i tren, ne'u ham jl•=l(e) c6 nghi~m thl chi co nghi~m d011. 
Nh=g s5 h~ng av(p) 4M sinpe chi c6 (p + 1) nghi~m trong khoang Jo,,.j nen ham j(<Ml(e). 

kh&ng th~ c6 qua p+ 1 ~ N + 1 < N +2 nghi~m trong khoang d6. Mau thuin nay chli-ng toLl. # 0, h~ 
N phuong trlnh d'au va do do toan h~ (2.7) chi co nghi~m t'a.m thrrirngY{x;) = O(i = 1,2, ... ,N). 
D6 lA di'eU c'a.n chlhtg minh. 

..... .... ' "' ~ 
3. DIEU KI~N TRUNG TAN SO 

Nhfrng nh~n xet tren cho th3:y din xet tnrCmg hgp trU.ng t'an sO giii-a day c6 khOi hr9'ng t~p 
trung va day tran (khong kh5i lu:'!Ilg t~p trung). 

Gii stl- t'an sO riCng thll- s. ella day trcrn nghia Ia gi<i tri w. xac d!nh b&i h~ thtl-c : 

k(S~'Ir)'2- J.LW: = 0 

ciing li t'an s5 riCng cUa d§.y mang khOi hrgng t~p trung. 
Tlr (1.6) v&i s = s., w = w._ suy ra: 

Y(8.) tuy y 

V&i nhfrng gi;i tri khic ella s, h~ sO Y(s) v~n c6 bi~u thfrc (2.1) v&i w = w*. 
D~g dao di?ng rieng tll'crng li-ng t'an sOw* cO bi€u thtl-c: 

(3.1) 

(3.2) 

(3.3) 

Tren cung co s& da neu b cu5i ffi\lC 2, di~u ki~n d~ Y(x) 'j; 0 !a cac d~i lu'!Ilg Y(x,)(i = 
1, 2, ... , N), Y(s.) khong dlJng thiri tri~t tieu. Cac d~i hr'!Ilg nay tho a man h~ (N + 1) phuong trlnh 
b~c nh5t ding dp gl>m N phu:ong trlnh co du:qc trr (3.3) khi !'an lu:qt thay x b&i Xj (j = 1, 2, ... , N) 
va phU'ong trlnh (3.2). 

N = 2 
'\" [ '\" ~ m;- w, sin 

8
11' x· sin 

8
11' x ·- 5· ·] Y(x·) +~sin -8*-11' x .. Y(s ) = 0 

~ ~lk(sl1f)2-p.w; i' l J 'J • i £. J * 

""""· ~ 
N . 

L m; sin 
8 ~,. x; · Y(x;) = 0 (j = 1,2, ... ,N) (3.4) 

i=l 

Vi Y(x;) (i = 1, 2, ... , N), Y(8.) kh&ng dllng thai tri~t ti<lu nen djnh thrrc ella h~ (3.4) phii 
tri~t tieu. Sau khi thay w._ b&i bi~u thli-c ella n6 rUt tlr (3.1) va giLl U'6c thira s5 hling, chUng ta 
drrgc: 

sin 3
*1r x · 
l ' 

0 
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trong d6: 

s: , S7r , S7r 
--- sm -x· s1n -x · s2 - s! f.. ' l 3 (3.6) 

Day Ht phrrcrng trinh x3.c dinh nhfrng 'gi3. trj s. tu-crng li-ng tln s8 rieng w* chung cho diy 
mang kh8i hrqng q.p trung va day trcrn. 

" X ,·;.. " 

4. TRU"0NG HQ"P KHOI LU"Q"NG T~P TRUNG T~I NUT 

Xet tru·Crng hqp khi d.c hoanh d{l Xi kh/t. rr&c v6-i chi~u da.i f.. nghia·la khi c6 th~ vie't Xi = 

Pil/qi(pi, qi EN, v& rr&c). GQi q la. bQi s8 chtmg be nhS:t ella ca.c m[u s8 qi, c6 th~ vie't Xi= kif./q. 
De d3.ng nh~n thS:y, ·a tru·Crng hqp nay, ta:t ci d.c kh8i hrgng t~p trung d'eu d~t t~i cic nUt ella 
d.c dao dgng rieng thrr rq (r = 1, 2, ... ) cda day tran. 

Hifut nhien, phrrcrng trlnh (3.5} c6 ca.e nghi~m s. = rq vi ca.e y.gu tO 1.r eQt va dOng cuOi cU. a 
djnh thrrc b vi! trai (3.5) d~u Mng khorrg. 

M~t kh3.c, chUng ta e6: 

* 2 2"' 1 . sk· . 8k rq"' Aii = r q L...t 2 2 2 sm- i1rsm- j'lf=- L 
a'=l S - r q q q 2 B=l 

(-
1
-- -

1
-) sin ."_k;1rsin.".k·1r (4.1) 

s-rq 8+rq q q' 
a¢~ a#~ 

ChU y rlng hai s5 h~ng 

1 . 8 k . 8 k , 1 . 8 + Zrq k . 8 + 2rq k ---sm- ·1!'sm- ·1r va sm--- i11'Slll ·7!' 
8 + rq q ' q 1 (s + 2rq)- rq q q 1 (4.2) 

d5i nhau nen trong t5ngvo h~n b (4.1) chi con 1¥ 2(rq- 1) s5 h~ng 

A* rq { 1 . k ,.- . k 1r 1 . 2k . 2k -· =- --. sm i-sm ·-:- + -- sm- i1fsm- ·1f-+ · · ·+ 
'' 2 1 - rq q 1 q 2 - rq q q 3 

1 . rq-1 . rq-1 + ( ) sm --k,1rsm --k;1r+ 
rq-1 -rq q q 

1 . rq+1 . rq+l + ( ) sm--k,1rsm--k;1r+ 
rq+1 -rq q q 

1 . rq + 2 ; rq+ 2 
+ sm--k;1l'sm--k· .. + .. ·+ 

(rq+2)-rq q . q 3 

1 · . . 2rq - 1 . 2rq - 1 } + sm ---k11rsm ---k .,. 
(2rq - 1) - rq q q 1 (4.3) 

Nhirng s5 h~ng nay ciing doi mi)t khd: nhau nen Ai; = 0 va djnh thrr~ b vi! trai (3.5) c6 d~ng 
d= gian: · 

-1 0 0 0 
0 -1 0 0 

(4.4) 
0 0 -1 0 
0 0 0 0 
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Dieu nay chfrng to h~ phrrang trinh (3.4) chi co h9 nghi~rn: 

Y(xi)=O (i=1,2, ... ,N), Y(s,) tuy y (4.5) 

' d d · d d d. .; t ' ' • "' . rq (k I' va o o ~ng ao 9ng neng m:rng U"ng tan so neng w"' = £1f'V; a: 

2- rq 
Y(x) = l Y(s,) sin t"x (4.6) 

trU.ng v6i. d~ng dao d9ng ri€ng thU· rq ella day tran; cic kh8i hrqng t~p· trung nam t~i nUt nell 
khong dao d?ng. 

Ngoii ra cOn c6 th~ c6 d.c nghi?f!! s* # rq nghia 13 cOn c6 th~ c6 nhli-n:g t'an sO·ri€ng khic 
tdmg vOi tan s5 ri€ng cda diy trcm; khi d6 c6 khOi hrgng t~p kung tham gia dao d9ng ri€ng. 

5. THI DV 

D€ minh h9a nhii·ng dieu vi:ra trlnh biy, chUng ta xet trmYng hqp c6 m9t khOi hrqng t~p trung 
m d~t t<}.i trung di~m cda diy Xi = l/2 

Phl.rO'ng trinh (2.5) cho c<ic tan s5 ri€ng khOng .tdmg v&i .tin sO ri€ng cda diy tran li: 

2m = w2 

T L k(S7r)z 2 
.'1=1 £ - p.w 

-1=0 (5.1) 

Phrrong trlnh (3.5) xic d!nh cic gi<i tr! s. trrang li-ng trUng v&i\!i~ sO ri€ng thtl- s. cda diy 
tran Ia.: 

'"' s* . 2 s1r J.d 
L... ---sm ---

s2- s; 2 2m 

• s,.11" 
sm-

2 
0 

• 2 s,.'!r· 
=--sin - =0 

2 
(5.2) 

RUt ra s* = 2, 4, 6, ... Nghia Ia. cac t'an s6 rieng b~c chin ella d3.y tron ciing Ia. t'an s6 rieng 
nla day rnang kh5i hrqng t~p trung. Khi do, djnh thrrc nllm & vi! trai (5.2) chl co rn(>t yi!u til nllrn 
& dong rn?t c?t rn?t Ia khac khong va b1lng: (-l'l/2m). V~y 

Y(x,) = Y( ~) = 0 va Y(x) =sin "•" x 
2 2 . 

(5.3) 

Trrri'mg hgp c6 hai kh5i lm;mg t~p trung m1 = m2 = m d~t t~i d.c vi tri x 1 = l/3, x 2 = 2£/3, . . 
phrrang trmh (2.5) Ia: 

An-1 Atz 
=0 

Azt Azz- 1 

trong do 
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"' 2 ~ ... 2 
~ IIOW • 2 SIT 

A11 = L, i k(s") 2 2 sm -
~=1 £ ~ j.LW 3 

co 2 mw2 . 2 Zs1r 

A22=Lgk(s7r)2 2sm-
·~· e - iJ.W 3 

~ 2 rnw 2 
• S?T" , 2S1l" 

A12 = Az1 = L- 0 s7t 2 sm- sm-
·~· L k( e l _ iJ.W2 3 3 

Phu:ang trinh (3.5) Ia: 

trong d6 

A' - iJ.l A~z 
8,1r 

sm-11 2m 3 

A;l A" - iJ.l 2s,.K 
0 sin--

22_ 2m 3 

s. 7r 2s*7r 
0 sm- sm--

.3 3 

s: , 2 S'lf 
---sin - = 

= s; . 2 2srr * 
-2--2 sm - = Azz s2 - sZ 3 s - s* 3 

= 2 2 
A* * ~ S* • S1r . S1r 

12 = A21 = L...t -
2
--

2 
sm_- sm-

a=l s - s* 3 3 
a#a* 

(5.4) 

(5.5) 

(5.6) 

Cic ygu -t5 cda c?t va dOng cu3i tri~t th~u khi s* = 3, 6, 9, ... nghia li cic t'an s5 rieng b~c 
b(}i ba ella diy trart cling Ia t'an sO rieng ella diy mang khOi hrgng t~p tning; trong cic di;tng dao 
dQng ri€ng nay, cic khOi hrqng q.p trung nKm t~inUt. 

Phrr011g trlnh (5.5) cOn c6 th& c6 cic nghi~m s* khic. Xet gii tr~ s* = 1. C<ic y~u t5 ella c(}t 
va dOng cu5i d'eu bang V3f2 vi : 

* * co 1 . 2 S'!r 
A11 =A22 ='\'--s1n -= 

L. s2 - 1 3 
8=2 

(5.7) 

vl v~y, v6-i 11-, e cho trU'Crc, c6 th~ ch<;m rn dU nhd dJ: 

A • iJ.l A' A' A' iJ.l 
11 - Zm = 12 = 21 = 22 Zm (5.8) 

Khi d6, hai dong d'au cda djnh thrrc & v~ trai (5.5) dBng nMt nen phrrang trinh (5.5) th<la 
mii~1. Nhrr the', t'an sO rieng thtl- nhat ella diy trcrn cling 13. t'an s5 rH~ng ella diy mang khOi hrqng 
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tip trung. Trong d<~mg dao d9ng rH!ng nay, hai kh5i ltrgng t~p trung tham gia dao-.d9ng, cling 
bien dO nhrmg nghich pha va trong khai tri~n cU.a d~ng dao dC}ng.rieng khOng chll-a <icmOnic thtl­
nh[t. Tin s~ rieng thtl- nha:t niy cUa day trOn 13 t'a.n s5 rieng thlf hai cUa diy mang kh5i hr~ng 
t~p trung vl c6 m9t nUt. 

-.' A 

KET LUJ}N 

Dg ke"t lu~n, chUng ta chU Y th&m r!ng hi~n h.rvng trlu~g t'iin s5 x~y ra & nhi'eu h~ khic va khi 
dUng h3m Dirlc dg bi~u di~n c<ic ye'u t5 t~p trung, vi~c thW't l~p m9t phu.o-ng trlnh t'an s5 ri€ng 
duy nhiit cho d'ity dU. cic t'an s5 rit~ng cOn g~p kh6 khan. 
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PE3IDNlE 

COBCTBEHHbiE 'IACTOTbl CTPYHbl C COCPE,[(OTO<JEHHbiMH MACCAMH 

B .r:r,aHHOit CTaTLe, no npe,rr.noJKeHHOMY B [1] MeTo,lJ,y· ycTaHoBJieHo l.J:aCTOTHOe ypaBHeHHe 

CTPYHbi c cocpe,ll,OTot.IeHHI.IMH MaccaMH. 3aMeTHM, "liTO npn pemeHHH BMIIIeyKa3aHHoro ypan­

HeHJ!UI Heonpe)l,eJieHI.I Te l{aCTOTbi, KOTOphle SIBJI.HffiTC.R 06III,HMH B o6eHX CJiy"lla.KX: 6e3 Mace H 

c cocpe)J,TOt.IeHHLIMH MaccaMH y CTPYHhl. 
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