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CO KHOI LUQ'NG THU GQN BIEN DOl 

NGUYEN VAN KHANG, TRAN DINH SON 

, ~ 

1. MCJ DAU 

Dao d9ng xoln ctia cic h~ truyen d{lng li mSJt trong nhii-ng bli toan quan tr9ng cda dao d9ng 
miy. Cic bii toan dao dc)ng xoin phi tuyen cOn lt duqc nghien cli-u. Trang [1] dii thie't l~p cic 
phrrang trlnh vi phin cU.a mO hlnh dao d9ng xo£n phi tuye'n khi t5ng quit. Trang c6ng trlnh niy 
xet bli to<ln dao d9ng tham s5 c{mg hu&ng ella m?t mO hinh dao d9ng xoln phi tuye'n c6 hai kh5i 

hrqng thu g9n bi.1n d5i (hinh 1). 'jl, '!', 

J, 
Hinh 1 

J, 

2. PHUONG TRINH VI PHAN DAO DQNG 

Xet trmJ-ng' hqp mO men thu gsm c-.la d{lng ca J1 = constl mO ta quay deu v6i v%n t5c g6c 
!l = const do d6 .p, = !lt. Khili hrqng thu g9n 12 Ia ham cua g6c quay ,P2 : J2 = J2 ( ,P2 ). Trong 
d6 g6c quay ,P2 khac g6c quay ,P1 m<)t d~i hrqng nhd 

.p, = !lt + 'P2 (2.1) 

Khi d6 nhrr trong [1] da thigt l~p phrrang trinh vi phiin dao d<)ng ella h~ c6 d~ng : 

(2.2) 

10 



Trang mi/t sil tai li~u [2j,[4] khili hr'!llg thu g9n J2 (,& 2 ) c6 thg biiiu di~n dU'&i d~ng: 

Df dan giin tinh toin ta gi3. thie't rlng: 

b( 3)- 0 
1 - ' b

(1)- -b(1) 
1 - e 1 , 

Biy gi&, ta drra vlo th01 gian kh&ng thtr nguyen 

fl 
T = -t 

m 

trong dO m Ia. m{)t sO' t\1" nhien n~to d6. Ta d~t 

C 131 _ -cl31 
1 - e 1 

-(3) cl11 
w2 __ 1_ 
2- J* , 

2 

-(1) 
b1 
y.-=!3, 

2 

c1 -y;-=j 
2 

(2.3) 

{2.4) 

(2.5) 

(2.6) 

V&i nhfrng chU Y tren, phtrcrng trinh vi phin dao dQng xo£n (2.2) ella m& hlnh 1 c6 thg du·a 
ve d<;tng 

" ' F( ' ") p 2 + Az<pz = e r, r.pz, <p2 , 'Pz (2.7) 

trong d6: 

F('r,<pz,<p~,IP~) = ,u2 cos2mrr.p~ ·- ~(/3 + 2J.L2flsin2m-r)<p~-
2 . ( II 1 11. 1 2) - 2m J12 COS 2mT<pz - 2j1-z Slll 2m7 <pz 'P2 + z<pz + 2m -

( 1 2 " 1 •' ' ) . ( 2 ' 1 0 2) - 4f.tz COS 2mr 21.P2'P2 + 2<pz<p2 + mcpztpz + 4f.tz Sill 2m7 mtp2rp2 + zm~<pz + 

4 2 3 m2 3 
+ 3 J.Lz m cos 2mnp2 - {)2 T.P 2 (2.8) 

/ A ) ~ ' ; "' ,I A A 

3. CAC CQNG HU<JNG THAM SO VA CAC H~ THUC BIEN DQ 

Xet tru·img h'!P cqng hrr&ng 

( 3 1) 

trong d6 n Ia mQt sO tl! nhien nio d6. 
Tlr (2.7) va (3.1} ta rut ra: 

" 2 ( 2 F( , ")] "( ' ") cp2 + n pz = e n a+ r, cpz, p 2 , t.p2 = e'f' r, <p2, )02 , <p2 (3.2) 

Nghi~m xap xl b%c khong cda phrrang trlnh {3.2) c6 d~ng 

'P2o = RcosnT + S sin nr (3.3) 

bien d9 A= .,jR2 + S 2 • Cac d<!-i lrrqng R, S drrqc xac djnh tlr phrrang trlnh [3]: 
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211" 211' I ~cos nrdr = I ~sin rdr = 0 (3.4) 
0 0 

Tlr d.c di-eu ki~n (3.4} ta rUt ra phuang trlnh bien d?- t'an sd eli a bai toin khlto sit nhu sau: 

2 (R) mnf3(-S) ( 1 2 2 ) =(R) n a S + ---r! R + 11.2 mn- 2n - m 6" -S + 

( 2)6'"(Rsz) ( 2 2 2 )6'"(R3\ J.Jz mn-n n -SR2 +J.J2·n +3m -mn n ~s3j+ 

3 1 ( 2RS ) 3 1 . 2 ( 2RS ) " (-n2- mn + -m2)62m +" (-n2- mn + -mz)6 m/3 . + 
~2 4 ·z n gz - R2 ~z 4 2 n R2 - gz 

-u2 (n2 - mn + -m2)oml2 + -J.L2 (- 3n2 + 3mn- m 2)om!2 = 1 1 (R3
) 1 (RS2

) 
2~ 3 " S 3 · 2 · · " SR2 

( 
0 ) 3m

2
-yA2 (R) 

= ~"26~'" -[(!n2 + m2)Az _ m2] + · 4!V S 

Tir d6, ta thiy xuit hi~n cic trmJ-ng hgp cc$ng hu&ng nhU' sau : 
a. Trrrimg hqp cqng hu&ng thrr dih hoa b%c hai w2 = 2!1(n = 2m) 
V&i n =2m, thi (3.5) tr& thanh 

f3 (-S) ( 3-yA
2

) (R) 3!"2 ( 2RS ) l"z ( 0 ) 
2!1 R + a - 16!12 S + 8 \sz - Rz = 4 1 - 3A2 

Nhiin v6 hrr&ng phuang trinh (3.6) v&i (~) va (-}') ta drrqc 

Tir hai phrrang trlnh tr&n ta rUt ra 

(3.5) 

(3.6) 

(3.7) 

Blnh phm:mg hai ve clia (3.7) rOi c<;Jng l{li, sau ci6 gi<ll phrrang trlnh vlra thu drrqc, ta c6 ke't 
qUa sau 

(3,8) 

Tie'n hanh tU'cmg tl! nhu tren chU.ng ta c6 thg giii d1tgc phuang trinh bien d<;J - t'5.n sO cho cic 
trrrimg hqp ci?ng hrr&ng khilc. 

b. Tru·imghqp ci)ng hrr&ng chinh w2 = !l(n = m) 
Khi n = m, phuang trlnh (3.5) trlt thitnh 

( " _ 3-yA
2

) (R) (3_ (-S) _ 11.2 ( R) 211.2 ( R3
) = (0) 

. 4!12 S + !1 R 2 - S + 3 - S 3 0 
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Phucmg trlnh (3.9) c6 nghi~m tam thuimg A= O(R = S = 0). 
Neu A 'I 0 thl tlr phuang trlnh (3.9) suy ra: 

2 _ 36/P 
'"

2 ft2(3- 2!12)2 
(3.10) 

Tr ' h • h '· ·• h' d·~ h' 20 ( Zm) Ph ' h (3 5) ' c. rrong qp c9ng trcrng s1eu t U' 1eu oa w2 = S n = J . rrang trm . tra 

thanh 

( " _ 27'"(A
2

) (R) 3Jl (-S) 3p2 ( .2RS ) = (o) 
1602 S + 20 R + 8 R2 - 32 o (3.11) 

Phmrng trinh (3.11) c6 nghi~m tam thu:img A= O(R = S = 0). Neu At o thi tlr (3.11) suy 
ra 

(3.12) 

0 ·m 
d. Tru-img hqp c9ng hrr&ng sieu dih hOa w = 2 (n = z-)· V&:i n = m/2, phmmg trinh (3.5) 

trl! th1mh 

( "' _ 3'"fA
2

) (R) 2Jl (-S) p2 (R3
) _ p2 (RS

2
) = (0) 

02 S + 0 R + 6 8 3 2 S R2 o (3.13) 

Phuong trinh (3.13) c6 nghi~m tam thrrimg A= O(R = S = 0) Neu A 'I 0, thi tlr (3.13) ta 
suy ra 

, 1 ,f' A A ) 

4. SV ON D"tNH CUA CAC DAO DQNG CQNG HU0NG 

Tru·&c tien ta thiet l~p phu-ang trinh bien phan cua (3.2). Ta d~t 

Z = 'P2- 'P2o 

the (4.1) vao (3.2) 'sau vai phep bien diii ta dtrqc 

Z11 + n2 Z = e[uZ·+ uZ' + wZ"] 

trong d6 

aq, [ u=-
8r.p2' f ,, 

'P20 ,rp20 ,rp20 

Khai tri~n Fourier crla cic h~nn' u, v 1W: 
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( 4.1) 

( 4.2) 

( 4.3) 



= 
u = uo + 2 I: (ui cbsir+ Uisinir) 

i=l 

= 
v = Vo + 2 L (Vi cosir +Vi sin ir} 

i=l 

= 
w = wo + 2 L (wi cosir+ Wisinir) 

i=l 

Tir d6 ta c6 th~ xic d!nh cic di'eu ki~n 51?- d!nh cho tirng tnrCmg hqp cQng hrr&ng. 
a. 'Ihrlmg h'!P c\mg hm'rng th& dih hOa b~c hai w2 = 2fl(n =2m) 
Dva vao (4.3), (4.4) ta xac djnh dm;rc 

uo = n2 (a- 3"(Az + JJ.zS) 
8fl2 2 

u = -~n2 ( 5J1.2 S 3"f(R
2

- S
2
)) 

2
" 2 2 + 8fl2 

U: _ ~ 2 ( _ S1RS 5JJ.2R) 
2n - 2 n 4fl2 + 2 . 

nf3 
vo = - 2fl 

Vzn = -npzR 

Vzn = -nJJzS 

wo = -JJ.zS 

J1.2S 
Wzn = -

2
-

Wzn = _JJ.zR 
2 

Theo [ 3] ta c6 di'eu ki~n 5n d!nh: 

vo < 0 

n2 v5 > (uzn- nVzn- n2 w~n) 2 + (Uzn + nvzn- n2Wzn) 2
- (uo- n2wo) 2 

The ( 4.5) vao ( 4.6) ta xac djnh dU'\)'C dih ki~n 5n djnh 

/3>0 

( 4.4) 

(4.5) 

(4.6) 

(4.7) 

JJ.2 [ 31A(2- 3A2
) 

0 > - ± -'---":::~--'-
8 8fl2 

1 _( 4f3A ) 2 ~JJ.2 (-27A4 +12A2 +4) :4Bf3
2

A
2 l 

JJ.2 fl(2- 3A2 ) 8A2 + JJ.2 fl2(2- 3A2)2 

Dva vao (3.8), ta d~o ham a theo A, sau d6 nhan v&i ±(2- 3a2)Jl-,. Czfl(i:3A2 )) 

2 

ta 

dur;rc 

( 
4f3A )2 

1 - JJ.2 fl(2- 3A2) -

JJ.2 ( -27 A4 + 12A2 + 4) 48f32 A2 

- BA2 + JJ.2 fl2(2- 3A2)2 (4.S) 
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So sinh (4.7) va (4.8) , ta suy ra dih ki%n 6n djnh nhll sau: 
Tru·Ctng h9'P tru·&c d.iu din Hiy dau ct;>ng thl di%u ki~n 6n d~nh li 

{J>O 

dC> 
O<A<VZs -<0 khi 

dA - 3 (4.9} 

dC> 
->0 
dA 

khi A> VZs 
Ne'u tnr&c da:u clin lay dau trir thl di'eu ki~n 5n djnh Ia 

{J>O 

d" -<0 
dA 

khi A> VZs (4.10) 

d" ->0 
dA 

khi O<A<VZs - 3 

B~ng cich lam tu-(Tllg t11 nhrr tren, ta cling tlm drrc;rc di'eu ki~n cin d!nh cho c3.c tru·Crng hqp 
c{>ng hrrdng khic nhrr sau 

b. Tnrcmg h91' c(lng hrr&ng chinh w2 = O(n = m) 
Thong bi~u thii-c cUa a (cOng thiTc {3.10)), bi~u thtl-c chU:a diu din l.iy d.iu c9ng hay tri'r th'i 

dieu ki~n c3n dinh tU'ang li-ng se ran hrqt la 

hay 

{J>O 

d" 
khi A>ff -<0 

dA 
dC> 
->0 
dA 

khi O<A<ff - 2 

{J>O 

dC> 
-<0 
dA 

khi 05A<ff 

dC> 
->0 
dA 

khi A>ff 

DOi v61. nghi~m tfun thrr&ng A = 0, thl di~u ki%n 5n d!nh nhu sau 

fJ > 0, 
2 [J2 

az > J.lz __ 
4 (]2 

Di~u d6 cO nghla Ht nghi~m A = 0 chl i3n d}nh ngoli vling cf?ng hrr&ng 
20 ( 2m) c. TrrrCrng hqp cQng hrr&ng sh~u thll- di~u hOci Wz = 3 n = 3 

(4.11} 

(4.12) 

(4.13} 

Trong cOng thU:c (3.12) , bi~u thtrc chli-a can Hfy diu d}ng hay trir thl di~u ki~n 6n dinh trrang 
li-ng se fan hr<;Yt Ia 

fJ > 0, 

hay 

fJ > o, 

15 

do. 
-<0 
dA 

dC> 
->0 
dA 

(4 14} 

(4.15) 



D5i v&i nghi~m A = 0, se luOn luOn 5n djnh v&i j3 > 0. 
fl m) d. Tru·Crng hVP c9ng hlfbng s~eu di'eu hOa w2 = 2 ( n = 2 . 

Trong cOng thtrc (3.14) bigu thU:c ch-U:-a c3.n l~y dau c9ng hay trlr, thi di~u. ki~n 5n d!nh ttrcrng 

Ung se lin hrgt ~a 

fJ > 0, 
da 
dA < 0 ( 4.16) 

hay 

fJ > o, da 
dA > 0 (4.17) 

D5i vOi nghi~m A = 0 , se luOn luOn 5n djnh v&i j3 > 0. 

, ~ K 

5. THI DTJ BANG SO 

.D~ minh hga b~ng d'& thj ta xet m9t s5 thl d\]. b~ng s5 dtr6i d3.y. 1rong cic d8 th! ta ve thl 
net li'en t!ng v&i dao d(}ng 5n djnh cOn net g"'ch li-ng v&i dao d{Jng khOng 5n d!nh 

a. Cho 

J02 = 1Bkgm2 b\11 = 9, 96Nms r = o, 2m cj'l = w-2 Nm 

M = lOkg fl = 5s- 1 cl'1 = 1820Nm 

Ta tinh drrqc w2 o=. 20. DB thj c6 d<J.rig nhu hlnh 2 
b. Cho 

Joz = 0, 485kgm2 b\1
) = 0, 149Nms r = 0, lm cl3 l = 10-3 Nm 

M = lkg fl = 60s- 1 cj'l = 1800Nm 

Ta tinh drrqc w2 "' fl. DB thj c6 d<J.ng nhu hlnh 3 
c. Cho 

Jo2 = 4, 995kgm2 b['l = 5 · w-5 N ms r = 0, lm Cl3 l = 45 · 10-3.N m 

M= 1kg fl=4s~ 1 cl'l =0,18Nm 

Ta tinh drrqc w2 "' 
2~. DB thj c6 d'}ng nhrr hinh 4 

d. Cho 

Jo2 = 46,4kgm2 b\1 j = 4,68 · w-7Nms r = 0,25m cf3l = 4, 2Nm 

M = 15kg fl = 12s-1 cj'l = 1688Nm 

fl 
Ta tinh <hrcrc w2"" -. D(l thi c6 dang nhu hlnh 5. . 2 . . 
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Trong ba.i b:&o nay di thie't l~p d1,rgc cOng thli'c lien h~ gifra bien d9 va. t11n sO cUa m9t h~ dao 
d<;lng xo£n c6 hai kh5i hrqng thu g9n bie'n d5i trong trrrCmg hyp hay g~p tro;ng kY thu~t. Dii chi 
ra ca.c kh! nang c9ng hrr&ng va nghifn c&u mr 5n dinh ella d.c c9ng huO·ng d:6. cac kt3t qda thu 
dtrqc c6 Y nghia v'e m~t kY thu%t vit c6 kh~. nitng <ip d'.mg th¥"c te'. 

Dia chl: Nh4n ngCty 26/3/1992 
1hcung Jq.i hqc Bach khoa Hd Nqi 
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SUMMARY 

ON THE NONLINEAR PARAMETRIC RESONANCE 
OF A TORSIONAL VIBRATION SYSTEM 

WITH VARIABLE GENERALIZED MASSES 

In this paper the nonlinear parametr:ic resonance of a torsional vibration system with variable 
generalized masses is investigated. 

The small parameter method is applied to a weakly nonlinear system in order to find its 
solutions. The stability of the resonance vibrations is studied by the method of Schmidt. 
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