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1. MO DAU

Dao d6ng xo3n cda c4c hé truyén déng 1 mdt trong nhirng bii todn quan trong cia dao ddng
mdy. Céc bai todn dao dng xoin phi tuyén con ft dwge nghién ciu. Trong (1} 42 thiés lip céc
phwong trinh vi phin cda mé hinh dao déng xodn phi tuyén khi téng quit. Trong cdng trinh niy
xét bl todn dao ddng tham s8 cdng hwdng cda mst mé hinh dao déng xodn phi tuyén cé hai khéi
lwong thu gon bién d6i (hinh 1).
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2. PHUONG TRINH VI PHAN DAO BONG

Xét truong hop md men thu gon cia déng co J; = const, md to quay déu véi vin 8¢ gde
{1 = const do d6 vy = Qt. Khoi lwong thu gon J5 13 him cda géc quay i : Jo = Jo(42). Trong
dé géc quay o khdc géec quay 19; mdt dai lrgng nhd

Khi dé nhw trong [1] 43 thidt 1ip phwong trink vi phin dao dng cda hé c6 dang :

- . — — ‘
Jzoa + [5§1} + 0T~ Mg, 2|62 + [Cil] “1“592112,22 ~M;]ps =

e 1= 1— 1— e
=M, - ‘2‘02J2,2 + EMz,zzfpg + gMz‘zzzfpg + gMz,,zz‘Pg-f-

2 2

- 1 1 . 1 _— . ;
- Jz,zzz[:iﬂzﬁog + 59993992] - Eﬂsz,mwa - Cf”@% - 5(13)@3 (2.2)

i— . o= . Ll o= ol oo 1 .
+ oMo oméh — Daplpagn + 567] — Jom [ 0362 + 50205 + Q2] -
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Trong mét 8 tai lidu [2],[4] khéi lwong thu gon J3(12) <6 thé bidu ditn dwéi dang:

Ja = (ng + %Mrz) - %M’r"2 cos 2¢hp = J;(l — £Ji3 COS 20,&2)

Pé don gidn tinh todn ta gid thift ring:

(2.6)

(2.7)

— 1
My=0, 3 =0, o' =25V =g
Biy gid ta dwa vao thot gian khdng thir nguyén
0
T=—%
m
trong d6 m 13 mét 58 tu nhién nao dé. Ta @it
, (1) (1) (3]
wZ — Ol /\2 — wg'mZ bl — ;B Cl = 4
N 05 S 4
Véi nhiing chil ¥ trén, phuong trinh vi phin dao déng xodn (2.2) cda md hinh 1 ¢é thd dwa
vé dang
Sﬂg + )\2@2 = EF(TJ 20, (p;Zl 50'2’)
trong 44:

Flr, 02, 05,105) = pacos Zmrpy — %q[ﬁ + 2u28Y sin 2m7 )5 —

1 1
— 2m? u; cos Imripy — 2uasin 2m‘r(<p2pg + 59952 " imz) -
1 1 2 . . i
— dyi5 cos ZmT(Ecpgqog + E(pgtpfg + mngtp’g) + 4uo sin 2mr(mtp§zp§ + ;m9¢§)+
4 m2
-+ gﬂg m? cos 2mﬂpg — ﬁfytpg

3. CAC CONG HUGNG THAM SO VA CAC HE THUC BIEN DO
Xét trwdng hop cdng hwdng

Az = n?(1— ea)

trong dé n 1A mdt s8 tw nhién nio 4.
Tir (2.7) vh (3.1) ta rdé ra :

‘Pg + nz‘Pz = E[nza + F(T‘l ¥z, W‘Qr ‘Pg)] = E¢(Tr P2, ‘p‘25 plzr}
Nghiém xap xd bic khéng cia phwong trinh (3.2) ¢ dang ’
w20 = Hcosnr -+ Ssinnr

bién d6 A = R?4- 57 ,. Céc dai lwong R, § dwoc xdc dinh tir phwong trinh 3]
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2m ‘ 2

f ¢ cosnrdr = [ dsinrdr =0 {3.4)

0 [}

Tir cic digu kién (3.4) ta rit ra phwong trinh bién d8 - tin s8 cia bai todn khio sét nhw sau:

R mnf (-5 1
2 o
na(S)—l— 0 ( )—}—pg(mn zn e ( )
RS* 2
2\ o 2
pz(mn — n®)é] (_SR2)+P2(n +3m _m”)am(_gs}

3 1 2RS 3 i 2RS
#2(an?-~mn+§m2)63m(3 )+l—t2(4n —mn + = m)62m/3( 32)4-

2 _ R2 2 R2 —
1 2 1 - /2 R 2 23 gm/2 RS?
= — z m - 3rmn — =
Z_pg(n. mn + 3m )Sn g3 + ug( 3n°+3mn—m )6n SRz
_ 2m b 3m2yAZ (R
= #2bn (—[(%nz +m2) A% mﬂ) T s (5.5)

Tir 46, ta thiy xuit hign cdc trodmg hep cdng hwédmg nhw san :
a. Trwdmg hop cdng hudng thi digu hda bac hai wy = 20(n = 2m}
Vé&in = 2m, thi (3.5) tré thinh

’

A (-8 3vA%\ /R Buz ( 2RS _ k2 0
29(3)*(“ 1692) s)T 8 \semp2) T T \u-aa (3.6)

Nhin v6 huémg phuong trinh {3.6) v&i (ISE) vi (‘—RS) ta dirge

3yA? ) 2 3#2 3 2y _ gl —347)
A s SR} = "= §
("’” 1602 g (5 SR =T
g 3#2 2 _ ;U'Z(l - 3A2)
A% 4 S5 -
2Q} 8 g R ) 4 i
Tir hai phwong trinh trén ta rit ra
) 3 2 ) A2
(a - V_Aﬁ) A? BA”
16012 . 2§} _
2 2 T 5, 2 z = R (3~7)
pﬂz(l —34A ) _ 3}1214. ) pq(l — 34 ) + 3;1244
4 8 4 ]

Binh phu‘()’l’lg hai vé& cida (3.7) rdi céng lai, sau d6 gil phwong trinh vira thu dwoc, ta cé két

qiia sau
3747 | (2 — 942) 484 2 :
~ L (3.8
1602 = A 1 (pzn(z- 3A2)) . (3:8)

Ti€n hanh twong tw nhw trén ching ta cé thé gidi dwge phwong trinh bidn 46 - tin s& cho cdc
trwdmg hop cdng hwéng khic. ‘

b. Truéng hop cbng hwéng chinh wy = Q{n =m)

Khi n = m, pheong trinh (3.5) trd thanh

=2 (B) £ () -2 () v ( )
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Phuwong trink (3.9) ¢& nghiém tim thwéng A = O(R=S= 0.
Néu A # 0 thi tir phwong trinh (3.9} suy ra:

3 2 _ 2
a__'TA?iﬁ_S\/ 2 8867 (3.10)

PTE 8 M2 pa(3 - 2a)e
L \ - in A . 211 2m . ,
c. Trwdmng hop cong hwdng sidu thir ditn hoa w, = 5 (n = T) Phwong trinh {3.5) tré
thinh
27TvA%N (R 36 (-8 3uz f 2RS 0
("‘_ 16002 )(S) Yaal\r )t s e sz) - (o) (3.11)
Phwong trinh (3.11) ¢6 nghiém tim thuwdmg 4 = 0(R = S = 0). Néu A # 0 thi tir (3.11) suy
ra . '
27vA% | 3 [u3A? 7
= 4 g2t FL
“=Tenz T2V 18 0Z (3.12)
g ’
d. Trwdmg hop céng hwdng sidu dida hda w = 5 (n = %l—) Véin = m/2, phuong trinh {3.5)
tr& thanh

3yA2\ (R\ 28[58\ 2 (R®\ pa (RS?\ _ (0
S 02)(S)+Q(R>+6 s2) 2 \srz) = \o (3.13)
Phuwong trinh (3.13) ¢6 nghiém tim thudmg A = 0(R = § = 0) Néu 4 # 0, thi tir (3.13) ta
suy ra

3447 1 14452
@= 05 + p pz At — o (3.14)
IJ rd ‘. ~ Ead
4. SU ON DINH CUA CAC DAO DONG CONG HUONG
Truwéc tién ta thift lip phwong trinh bin phén cda (3.2). Ta dit
Z = @3 — a0 {4.1)
thé (4.1) vao (3.2) , sau vai phép bién d6i ta dwoc
Z" +n?Z = s[uZ'+ vZ + wZ"] (4.7}
trong dé
d¢
u= — .
dpz ©30,05,P 0
. 8¢
v = ‘ 4.3
399'2 P30:050:¥30 ( )
¢
w p—
U PP

Khai trién Fourier ¢ia cdc ham u, v ,w:
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oo
© =g+ ZZ (u,- cosiT + U;s'mir)
. oi=1
o
v:vo+22(v,; cosirJrV;sinz'r) _ (4,4)
i=1 -
o0
W= wy + ZZ (w,- cosir + W; sinif)
[
Tir d6 ta c6 thé xdc dinh céc didu kién on dinh cho ting trwimg hop cdng hwdng.

a. Trwdmg hop cdng hwdng thi digu hda bic hai wy = 2(1(n = 2m)
Dua vaoc {4.3), (4.4) ta xdc dinh dwoc

_ 2( 3y A2 ‘,uQS)_
g = n” o — —

8N2 2

_ 1 558 3’7(32“52))
e

1.,/ B34RS , 5uR
Uzn = 3 ( 102 2 )
Ug = nﬁ

T - (45)
vz,,:—n,ugR
Van = —npaS
wy = —pa S
o = 125
2n 2

R

Theo [3] ta ¢é didu kién n dinh:

vy < 0 (4 6)
n2ug > (uzp — nVa, — n.zwgn)2 + (Uap + ntg, — nZWZn}g — (uo — nzw(})z )
Thé (45) vio (4.8) ta xdc dinh dwroc digu kién on dinh
g>0 - (4.7}
3yA(2 — 342 : z. ~27A* + 1242 8% A%
0>Eg[iq(2 A% | 484 )_,Lbz( A+ A+45}+ 485% A ]
5 a0z p29(2 - 3A2) 8A2 [.1.202 (2 - 3A2)2
. ]
Dra vio (3.8) , ta.‘da,o him o theo A, sau A6 nhin véi1 +£(2 — 3a2)\/1 - (;2—9—(‘;}’24——5-@)-) ta
dugc
484 \?da ., 37A(2 - 347 484 2
+(2—34%) f1— (——PA N2 AL TRy (L 2PA T
(2-34 )\/1 ‘(,620(2 = 3.42)) dATT T s 1 (Mn{z - 3A2))
_ pa(-274* +124% +4) 4 48% A?
8A2 ) . #202(2 —_ 3442)2 {4 8)
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So sanh (4.7) vi (4.8) , ta suy ra didu kidn &n dinh nhu sau:
Trudrng hop trwée ddu cin 18y ddu cdng thi didu kién on dinh 13

>0
do . 2

de ) 2
d—j—i->0 khi A>\/;

’ % Ly » - ) . 4
Néu trwée din cin 18y dau trir thl digu kién én dinh 13

A>0
do . 2
Zl_ﬁ<0 khi A>\g | (4.10)

dox 2
_ 3 < —.
>0 khi O A<\/;

Bing céch lam twong tw nhw trén, ta cfing tim dwoc difu kién n dinh cho ce trwdmg hop
¢dng hudng khic nhw sau.

b. Trudng hop cbng hwdng chinh wy = ({n = m) .

Trong biéu thic cla o (cbng thirc (3.10)), bigu thic chiva ddu cin ldy diu cbng hay triv th
didu kién 6a dinh twong tmg & Bin lwot 13

>0
do . 3
do 3
= ; < e
dA>0 khi 0< A< 5
hay
A>0
do 3
— ; < = )
dA'<O khi O_A<\/; {4_12)

do . 3
ﬂ>0 khi A>\/g

D3i véi nghidm tim thedng A = 0, thi didu kién n dinh nhw sau

2 2
ps . £ P
>0 P2l 4.13
£>0, o">"F- o3 {4.13}
Didu dé ¢6 nghia 12 nghiém A = 0 chi én dinh ngodi ving céng hwdmg
' - 20 2m :
¢. Trutmg hgp cong hudng sidu thi didu hoa wy = —= (n= T)

Trong cong thire (3.12) , bifu thdc chira cin liy diu cdng hay trr thl ditu kién &n dinh twong
“ng 3¢ Tan lwet 12

da : )
p=>0, . <0 , {4.14)
hay
dov
— >0 .
8 >0, 1A (4.15)
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Dé&i véi nghiém A = 0, s& ludn ludn dn dinh véi § > 0.
m

Q
d. Trudng hop ¢dng hwdng siéu didu hda wg = ry (n. = E)

Trong céng thirc (3.14) bleu thirc chira cin 18y diu cdng hay sri¥y, thi difu kién én dinh twong
rrng s& Iin hrot 13

: da
— 4.1%
A >0, e <0 (4.18)
hay
doe .
—_— . 17
>0, 1A >0 {4.17)

D31 véi nghiém A = 0 | & luén ludn 6n dinh véi g > 0.

s Y e
5. THI DU BANG SO
D€ minh hoa bing d5 t]n ta xét m;::t 55 thi du bing s8 dwéi diy. ’I&-oné cde d3 thi ta vE thi

nét litn ¢ng véi dao ddng n dinh cdn nét ga.ch #ng véi dao d6ng khéng 8n dinh
a. Cho .

Joz = 18kgm? (") = 9,96 Nms r=02m Y =1072Nm
M = 10kg 0= 53‘1 it = 1820Nm '

Ta tinh dwee wy &~ 20, DB thi ¢6 dang nhw hinh 2

b. Cho

Joz = 0,485kgm?®  b{D) = 0, 140Nms r=0,1m O =10"°Nm
M = 1kg 0 = 6051 it = 1800 m |

Ta tinh dwoe wo m (. DB thi ¢d dang nhe hinh 3
<. Cho

Joz = 4,995kgm? B =5.10"5Nms  r=0,1m  C!¥ =45-107°Nm
M=1kg - (=451 ot = 0,18Nm .

Ta tinh dwec wy ~ ? DB thi ¢6 dang nhu hinh 4
d. Cho

Joz = 46, 4kgm?® b\ = 4,68.10""Nms  r=0,25m C{¥ =4,2Nm
M= 15kg - = =125} ¢! = 1688Nm '

1
Ta tinh dowoc wy & 7 b3 thi ¢6 dang nhw hinh 5.
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6. KET LUAN

Trong bai bao ndy d3 thiét 1ip dwoc cong thite 1ién hé gifra bidn A5 va t3n 8 cla mét hé dao
ddng xodn cé hai khéi hrong thu gon bidn d8i trong trwdng hop hay gip trong k¥ thuit. D3 chl
ra cic khd ning cong hudng vi nghién cfu sw n dinh clz cdc cong hudng 44, Che k8t qia thu
dwoc ¢6 ¥ nghia vB mit k¥ thuit vi cb khi ning 4p dung thye t&,

Pa chi: : _ Nhin ngdy 26/8/1952
Truwong dos hoc Béch khoo Hd Njs
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SUMMARY

ON THE NONLINEAR PARAMETRIC RESONANCE
OF &4 TORSIONAIL VIBRATION SYSTEM
WITH VARIABLE GENERALIZED MASSES

In this paper.the nonlinear parametric resonance of a torsional vibration system with variable
generalized masses is investigated.

The small parameter method is applied to a weakly noulinear systemn in order to find its
solutions. The stability of the rescnance vibrations is studied by the method of Schmidi.
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