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TINH TOAN BANG SO DAO DQNG UON CUA DAM LIEN Tl)C 
,. ,. ' ' ... 

DUOI TAC Dl)NG CUA TAl TRQNG DI DQNG 

DO XUAN THQ, NGUYEN VAN KHANG 

' ~ 
1. MaDAU 

Nhi'eu bai toau ky thu~t, d~c bi~t trong ngallh giao thOng V~ll tll.i, dfiu de'n vi~c khlw sat dao 
d~mg uOn cda d1in1 lien tvc dtr&i tac d\1-ng Cda t!U trqng di d~mg. 

Trong !I, 2, 3, 4] dii xet nhieu bai to<ln d<io d{mg ·ella dfu.n drr&i t.ic dvng cda t<ii· trqng di 
d\mg. Trong cong trlnh nay, ap d\tng phuang phip cua Filipov [3, 4], xay d1p1g mi}t h~ chmmg 
trlnh-tfnh toin dao d9ng uOn ctia d3rn nhi~u gOi d& chju tic dl;mg crlil tai tr~mg di d9ng. Sau d6 
ip dv.ng d~ giii m<}t vai b3i toan thv-c te. 

2. PHUaNG TRINH VI PHAN DAO DQNG 

Xet dao d9ng uO'n ctia d'am lien tl}.c dai l, c6 ng gOi d& trung gian (hlnh 1). 

(") . 

~~ 1'= vt J " ~ ---r- l 
X 

. 

Iff, 
r;s t 

!I 

IRnh 1 

M9t tii trqng c6 tn;mg hrqng Po chuy~n d{)ng tren d"lim v&i v~n t& v khOng d5i. Gii thie't 
d1im d'Ong chfi~, thiet di~n F va. d9 cling chOng uOn EI Ja cic h!ing sO. Trong qUi trlnh chuy~n 
di}ng, tAi tr<;>ng khong tach khJi dk. Ky hi?u f;(i = 1. .. ng) ll kho!utg each tir goi mut ben trai 
de'n gOi trung gian thli i. G9i '1 = ut Ia khokg cich tir g5i mUt ben trii de"n vj trl ella tii trqng 

· di d?ng t~i thCri dign1 t. 
VOO nhfrng gill thie't tren, d~ dang thie't l~p duqc phirO'llg trinh dao d4}ng.uc5n ella d'am lien 

t\IC ducm tac d\lng cUa di trqng di a(ing [3): 

a•y· azy• 
EI-- + pF-- = p(x t) az4 8t2 I 

(2.1) 

troug dO EI Ia d9 cfrng chO'ng uOn, pF li khOi lugng .don vi dill cda dim, y* Ja d9 vOng ella dfuu. 
Ham ve phAi cua (2.1) c6 d~ng nhu sau: . 
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r~u 

p(x,t)=p,(x,t)6(x-vt)+ I: p;(e;,t)o(x- e;) (2.2) 
i=l 

trong (2.2) 6(x) Ia ham denta Didc, p,(x, t) Ia ap 11)"C cna till tr9ng di d(\ng p,(e,, t) Ia pharr 11)"C 
cUa g5i d(! trung gian. 

Bi€u thrrc ap 11)"c cda till tr9ng di d\)11g c6 d~ng [3, 4] 

(2.3) 

trong d6 Go sin !lt ta th~mh ph'an thing dll-ng ella Ivc qu<ln tlnh sinh ra do khOi hrqng khOng c5.u 
b!i.ng ella v~t th~ Hin. 

Bi~u th&c ella ph!Ul l\fC dlLn h'Oi tuye'n tinh cda g3i d& trung gian c6 d<).ng: 

(24) 

trong d6 c; Ia h~ so crrng cda goi dan hoi. 
D~i v6i d1'im hai d'5.u bin fe nhu hlnh 1, ta c6 die ru-eu ki~n bien sau: 

x=O y*(O,t) = 0; 
a2 y* (o, t) 

(2.5) =0 ax2 

x=t y'(t,t) =0; 
a2 y* (t, t) 

=0 (2.6) 
Bx2 

Ap dvng phuang phci.p khai tri~n theo cac html rieng ta tim ughi~m cUa (2.1) dU'&i dzmg: 

00 

""' • 21\X y'(x, t) = yoy(x, t) =Yo L, q;(t) sm -£- (2.7) 
i=l 

trong d6: 

(2.8) 

13. d{) vOng tinh lfm nhat cda d"am dan giin khflu d9 £ ch!u tic d\lng ella ll!c Po d~t & giii-a dam. 
TM (2.7) vao (2.1) va th1)"c hi~n m\)t vai pbep bie"n diii don gian ta nh~n dm;tc h~ v6 h;;n de 

phrrang trinh vi phiin thrrbng 

- •2 ( 2 {[ Po a2
y(vt,t) 

q;(t) + w, q, t) = -F, Po- at" . + 
P <Yo g -

G . n l . ;,.. ~ c· ( l . ;,..e,.} + osm t smlvt- L- ~iYoY ~i,t sm~£- (2.9) 
i=:=l 

Neu chi xet t'}i vj tri tiep xUc cfia tal tn;mg va dam; thv-c hi~n phep d5i bien rJ = vt va dira 
vao cic tham sO khOng th-fr nguyen sau 

•2 2 w. 
W· = -'-. 

' v2 ' 

thl (2.9) c6 d~g 

a=vf. fFP. 
,VE!· 
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v&i 

2 ,;, " ( ) G . . ng . 
1f {l 2 ,- a-y '7,'7 0 . V1f'7] . l1f'7 '>" ( ) . t1fCj} /;('7)=-- 1-2afJ--;; +-sm- sm--~C·Yc;,'l sm-

(a£)2 1f- d'7 2 PO l l . ' l 
;=1 

3. THU~T TOAN v A CHUGNG TRINH TINH 

Nghi~m ella (2.11) du-qc vie"t trong d~ng [3] 

,, 
qi(rl) = A; (b) cosw;'7 + B;(b) sinw;'7 + _1_ J /;(<;)sin wd'l ·-<;)d.; 

w· . . 
b 

trong d6 A;( b), B,(b) Ia cac hhgso, drrqc xac djnh b&i hf thU:c [3]: 

thi ta c6 [3] 

v&i 

Kr(b) = ldy(b, b) 
d'l 

K 2 (b) = y(b, b)- b dy~~ b) 

Tir di~u ki~n bien (2.5) va.,.(2.6) suy ra 

A,(o) = B;(O) = K,(O) = K2(0) = 0 

D~ng thCri v6i qi(fJ) va y(7Jl TJ) ta tinh them cic d<to ham crl.a chUug 

1 dq;( '7) . 
--d- =- A;(b) srnw;'7 + B;(b) cosw;ry+ 
Wi f] , . 

., 
ldy~'l; '7) =K1 (b) + ~ f <p(\)d<: 

,, 
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H~ thong ca.c phmrng tHnh tir {3.1) Mn (3.8) cho phep tlm du-qc d.c d~i hrqng can tinh ngu 
tinh duyc cic ;tich :Phap. v~ phlai. 

Chia do<;~n !O, l] thimh n ph'an bang nhau v&i d9 dai 

(3 9) 
n 

Vi~t {3.1), (3.4), (3.7) va {3.8) tren n kho!mg tir 1 Mn n v&i de hlng so tich phiin A;, B;, 
K, K 2 drrqc xac djnh tir kho!mg tru-6-c do theo ciing thrrc (3.2) vii. (3.5) nhrr each linn trong [3]. 
Dq dai r ch9n dd nh6 d~ c6 th~ xem c<l.c h?un h(tJ), rp(fJ) Ia ole ~h?.un bie'n d5i ch~m do d6 c6 th~ 
xem chUng Ia h~ng va bMtg cic gi<i tr! trung binh tren kho~ng. Y tU'bug quan tn;mg tdy khi~n ta 
c6 th: tinh dll'gC c<k tich phin. 

Dg cho gqn ta dtra vao cic kj hi~u 

Q(i,m) = q;(mr), 

DQ(i, m) = 1 dq;!mr) , 
Wi 1] 

va. chU Y r5ng tren do<].ll mr ~ YJ ~ mr + T ta c6 

Y(m) = y(mr, mr), 

( ) 
l dy(mr) 

DY m = 
n dry 

(3.10) 

• ) _ ,.-2 [ 2a2f3 G 0 • v1r(Zm + 1)] . irr(2mr + r) , ~ C. _. ir.~i 
fi (YJ ~ (cd)3 1- 113 Pm-+1 + p;; Sin . 2l . sm Zi -r !-- ·JYm+l dTI -

1
-

r=l 

trong d6 J;(ry), 'Pm+l• Ym+l Ia ciic gia trj trung bluh ella f;(11), p(ry), y(ry) tren doan do. 
Ta cO cic h~ truy hti sau 

Q(i, m + 1) = Q(i, m)CS(i) + DQ(i, m)SN(i) + T; ,+, (1- CS(i)) 

DQ(i, m + 1) = DQ(i, m)CS(i)- Q(i, m)SN(i) + T; m+lSN(i) 

(3.11) 

Y(m + 1) = Y(m) + DY(m) + 2~2 'Pm+l (3.12) 

1 
DY(m + 1) = DY(m) + O''Pm+l 

n-

& day ta da drra vao d.c ky hi~u 

i21r - . . i21r 
CS(i) =cos- ; SN(t) = sm-

o:n o:n 

"'· _ 1 { r _ 2a
2 f3 Go . vll'(2m + 1)] , ir.(2m + 1) _ ~ C· . ,· i.-~,} 

.Li,m+l - -:- ll ? Prn+l + sm Sill ~ 1 y1 ::>ill 
t 4 1r~ p0 2n 2n . · f. 

J=l 

(3.13) 
Khi m = 0 tacO 

Q(i, 0) = DQ(i, 0) = Y(O) = DY (0) = o (3.14) 

Khi ry = mr + r s.l: d1,1ng (3.10) taco 

~ i.-(m+ 1) 
Y(m + 1) = L, Q(i, m + 1) slu n (3.1.5) 

i=l 

D~t Y(m + 1), Q(i,m + 1) tinh tir (3.12) vilo (3.15) ta di Mn h~ phmmg trlnh d~i so tuy&n 
tinh d~ xic d!nh ng + 1 in: Yi vl fPm+l 
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trong d6 Ala ma tr~n vuOng cS"p ng + 1 v&i d.c ph"5.n ttl- cO d;;t.ng 

i 1 j=11 ng 

nq - , 
~ , . k?r(m + 1) 

ang+Lj = Cj L :::Jkj Slll , 
n 

j = l,ng 

k=l 

2 2(3 ng k c 
0: '"" . 'lr>,i • -~ ~-.n.g+l = 1r2 L..., lkm sm -t~ , l = 1, ng 

k=l 

2 ng ( 
1 2a f3 "' . kn m + 1) 

ana+Lng+l = ZnZ + ~ L lkm SID n 
k=l 

Cic pb'an ttl- c~a vect<Y b cO dc,mg 

rt!l k1rC. 

b "'~ " ,, 
i = L :lkm SID -f~ , i = l,ng 

k=l 

~ . h(m + 1) 
bng+I = L., Tkm SID - Y(m)- DY(m) 

n 
k=l 

0 day to da drra vao cac ky hi~u 

1 . k1r(2m + 1) , 
lkm = ._, Sill (1 ~ C .'o (k)) 

,;~ 2_n 

~[ :- V11"(2m+1)- , 
Tkm - 1- Gp:sm ]lkmT 

2n 
+ Q(k, m)CS(kJ + DQ(k, m)SN(kJ 
1 br€· 

Ski = k4 sin T(1- CS(kJ) 

Go 
Gp=-

Po 

Vectet X dn'i-a ng + 1 au v&i cft.c thJ.nh phiin. 

Nlnr v~y qufi. trinh tiuh to<in s€ thvc hi~n theo thll- tv 
1- Thay (3.14) vao {3.17), (3.18), (3.19) d~ xac djnh A_, b. 
2- Gi!.i he phmmg tr\nh (3.16) d~ xac dinh Yi• l"m+l· 
3- Thay Yi• l"m+l vao (3.12) tinh d1rqc Q(i, 1), DQ(i, 1), Y(l), DY(l). 

(3.16) 

(3.17) 

(3.)8) 

(3.19) 

(3.20) 

4- Sll- dvng de gia t.q niq vao cac bm\-c 1, 2 tren, tinh drrqc Q(i, 2), DQ(i, 2), Y(2), DY(2) 
.... elf nhu v.{iy cho de'n khi m = n- 1 thl dirng l<_ii. ' 

Khi 06 dQ vOng va 1Yng su5:t d(}ng_ hJc drrqc xci.c d!nh bCri bi€u th-ITc. 

~ . 
y (mr+r,x) =yoLQ(i,m+l)sin '~x 

i=l (3.21) 
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trong d6 W Ia mo men khalfg u5ng cua dlim 

Dl}'a vao thu~t toan tren lm}t h~ chuong; trluh tiuh toan dao d<?ng uOn cUa dam dtr&i Uic dvng 
cda tlri tr<;>ng di d{ing da drrgc xay dvug. Sll- dvng khi nang m<.mh cda Tnrbo - Pascal versi011 5.5; 
t~ dl}.ng nhii-ng phk nlem sin cO cda khoa Ca hqc tTug dvng tnrCtng d~i hqc B<lch khoa Hh. N9i 
chung toi da xay dvug h~ thilng chu-rrng trlnh kha ti~n ich nhu khi nang t.,a ch9n theo menu, khi 
nang d'O _h9a1 hru tru, sd-a sO li~u v.v ... 

Chu=g trlnh co tli~ ch~y tren cac may IBM-PC XT ho~c AT va khong phv thu{ic vao m1m 
hlnh ClJ th~. 

Drr&i diy Ia dlu trUe ella chrr011g trinh. 

Hinh 2 

4. TH:f D1} 

~e nrinh h<F~ vi~c <lp dl.J.n~ chuang trlnh chUng ta x€t hai vi d¥ sau 

Thi du 1 
Ta tinh dao dl}ng ttOn c-da c3.u treo day xien chiu tJ.c dvng ctia tlti trqng di ctgng. (r day c;lc 

day x.ien du-gc thay the b3.ng cic gOi dan hl3i v&i d? cll-ng d-.rqc ,:x:ac dinh theo [5]. 

E,<:F,.' . 
C~ , = ~8-,- sm ai ( 4.1) 

trong d6 E[, F;'\ 81, O:i Hin hrqt 13 mOdun dfm h0i1 di~n tich tie't di~nl d9 dai va g6c nghi€ng ctl.a 
diy van. 

Mo hlnh tinh toan duqc ve & hlnh 3, v&i de soli~u sau: l = .540m, EI = 550120e +lOT /m, 
F = 0.103e +2m2 , W = 0.2184~ +2m3 ng = 5, v = 44700m/h, p0 = 27.2250T, nc = 20, me= 8. 

Hinh S 
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Th<rt\1' T9a d\1 c~c ggi (m) D(i c<rng c~c g5i (T /m) 

1 60m 0.1716 e+6 
2 120m 0.2897 e+6 
3. 180m 0.2100 e+ll 
4 300m 0.1716 e+6 
5 420m 0.0652 e+6 

Ke't qui cho bie't Ung suilt va d<} vOng d{lng l~c t~i cic m~t c1t -l.1 cic th{ti di~m khic nhau. 
Dli&i diiy Ia ke't qu4. tinh toin t<;li m~t c~t x = 360m trong 8 th&i digm khic nhau: 

Thiri di~m D(i vong di?ng 1\l'c (m) (Jng suat d(ing l'!c (T/m2 ) 

1 -0.1809 e-7 -0.2096 e-1 
2 -0.4608 e-7 -0.4856 e-1 
3 0.3931 e-7 0.374.9 e-1 
4 1.7454 e-7. 0.9021 e-1 
5 7.8511 e-7 1.5099 e-1 
6 18.2738 e-7 2.7782 e-1 
7 20.9628 e'-7 3.3383 e-1 
8 0.0000 e-7 0.0000 e-1 

Thf du 2 
Tren h~h 4 minh h<:H vi~c sd- d~ng chtrong trlnh d~ tinh dao dgng uOn cUa d"am c6 rn<}t gOi 

trung gian blng c3.c than1 sO kh&ng th..X nguyen: o: = 0.5; {3 = 0.5; C1 = L 
ffinh 5 va 6 Ia dO thi h~ sO d9 v0ng 1 h~ sO lhlg suit d9ng h;rc cUa d'am t<:ti m~t c~t gifra d'anr. 
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" A 5. KET LU4N 

Td';n ·~o- s& thu~t to;ln c-da Filippov [3, 4] c6 ell tien, m9t h~ chrrang trlnh tinh dao !l{)ng uOn 
c-fia d'am· lien tl!c dtr&i tic dl}ng cda tii tr9ng di d{)ng d3 drrgc xiiy d1p1g bing ngOn ngfr Turbo -
Pascal version 5.5. H~ chuang trlnh nay c6 th~ sll- d1fng d~ tinh to3.n thie't ke' c3c lo¥ diu van, cic 
ke"t c~u dlm lien tvc ch!u tic dl]ng cda t.ll tn;mg di dQng. 
~~~~~~ili~~~t~~gili~~~=~~~~ 

h~n h<?'P v~t riill va v~t thf din hOi dang d1.rqc nghien ctl-u. CD.c ktft qui ve va'n de niy sf duyc 
cOng b5 trong thCri gian t&i. 

Dia chi: Nhgn ngdy 14/2/1992 
Tnrung agi.h~c Bach khoa Hii N(ii 
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SUMMARY 

NUMERICAL CALCULATION OF THE TRANVERSE VIBRATIONS 
OF THE MULTISPAN BEAMS FOR MOVING LOAD 

In this paper the nuiilerical calculation of the transverse vibrations of the multispan beruns 

for moving load is considered. A program has been worked out for the numerical intergration of . 
the motion equations on IBM-PC AT or XT. This progran1 is useful in calculating the vibrations 
of the suspension bridges. 


