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' ' ' NGUYEN NH~TL~ 

Bai to in di"eu. khign tOi mi d.c h~ thOng c6 thai gian ch~m .da drrqc m9t s5 tic gii xet de"n 
trong cac trtrCmg hqp ri€ng vi giii bing c3.c phrrang phip khic nhau [1, 2, 3). Trang bii nay ta 
x€t b3.i toin di'eu khign t8i u-u cic h~ t'h5ng c6 nhi'eu thCri. gian ch~m, khOng d~t gi&i h~n tren him 
dih khiJn va gi!U n6 bhg phmmg phap gradient li<in hqp [4]. 

1 BAI TOAN 

X€t h~ d9ng ll!c drrqc mO ti b&i h~ phliO'Ilg trlnh vi phin c6 thO'i gian ch~m: 

:i:(t) = f(x(t), x(t- a 1), •.. , x(t- a=), u(t), u(t- .81), •.. , u(t- .B,)) (1.1) 

V &i di'eu ki~n d'iu: 

x(t) = <p(t); -a= :": t :": 0 

u(t) ;= f(t); -.B, :": t :": 0 

& day: 
x(t) : v ectO" tr~ng thai n chi~u 
u(t)-: vecta·di"eu khi~n r chi'e-u 
ai, /3i : C<i.c thM gian ch%m, v&i gill thie't: 

.B, < .Bz < ... < .B, 

Ti€u chu.in tOi rru drrqc cho & d~ng phie'm ham: 

'r 

(1.2) 

(1.3) 

J = g(x(tJ )) +I fo.(x(t), x(t- a,), ... ,x(t- am), u(t), u(t- fi,), ... , u(t- fi,).)dt (1.4) 
0 

Ne'u g ::::: Oj fo := l ta c6 bai to<l.n di'€u khign tOi rru ve thCYi gian. 
G?i !1 Ia l&p de di~u khi~n cho phep 
xk la tap muc' tieu. 
Bai toi~ di'e~ khi~n tS'i mi cic h~ th5ng c6 thCri gian ch~m drrqc phit bi~u nhrr sau: 
Hay tlm ham dih khi~n u • (t) E !1 sao cho x(t) th<la man h~ phrrO"ng trlnh (1.1) v&i dih ki~n 

dau (1.2) va dih ki~n cuoi x(t1 ) E Xk, dllng t}jlri phigm ham (1.4) d~t gia trj nh<l nMt: 
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J(u•) =min J(u). 
uEO 

Ham u*(t) thOa m.in c3.c di'eu ki~n tren drrgc g9i li di~u khi~n tO'i rru, cic tr~ng· th:ii tu-ang 
li-ng, kf hi~u x"'(tL du:qc g9i li qul d<;to tOi rru. 

, -- ' ·- , -4 
2. CAC PHUO'NG TRINH GHINH TAC HAMILTON 

1. D~ rO ring, d'au tien gilt thigt Ia cht c6 m9t thCrigian ·ch%m trong vecta tr<;tng thai va m9t 
th&i gian ch~m trong vecto- di'eu khi~n. Cic ·ham di'eu. khi~n khOng b~ gi6i h<;tn. 

C'an 13.m qrc ti~u phiem h?tm: 

ti 

J = g(x(tJ )) + J fo( x(t), x(t- a), u(t), u(t ~ f3))dt 
0 

khi x(t) thcla man phm:rng trlnh: 

' 

V &i dieu ki~n d'au: 

x(t) = f(x(t), x(t- a), u(t), u(t- !3)) 

x(t) = <p(t); -a:<::: t :<::: 0 

u(t) = <P(t); -{3 :<::: t :<::: 0 

Xiy dvng ham Hamilton It d~ng: . 

a day 

Gilt thie't di c6 di'eu khign tOi rru u'"(t) v3 qui d<;to tlrang &ng x*(t). Xet !cic bie"n phin: 

a day: 

x(t) = x•(t) +ox, 
u(t) = u•(t) + ou, 

x(t- a) = y = x•(t- a)+ oy, 
u(t-{3) = z = u•(t- f3)+6z 

oy = 5x, 

6z = ou, 
O:'Ot:<Ot1 -a; 

0 :<::: t :<::: tf - {3; 

6y=O, t1 -a:<:::t:'Ot1; 
6z = 0, t1 - {3 :<::: t :<::: t1 

'I 

J = g(x(tJ )) +! (H- .pT x)dt 
0 

Bie"n ph an cU. a phifm h3.m li: · 
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t! 

6 J = 9x 6x(tj) +I (H,6x + Hy6y + Hu6u + HzOZ + H,po,P- 6.pT X- .pT oi)dt (2.6) 

0 

Trang d6: H-.n H 11 , Hu, Hz, H..p li nhirng gradient cti.a him Hamilton theo ·x, y, u, z, vi 1/;. 
Liy tich pharr tirng pharr thimh ph'an cu5i cling trong (2.6). Ta c6: 

t f t 1 I .pT5Xdt = .pToxl~'- I ~T6xdt 
0 0 

Nhrr v~y cling v&i (2.5) ta c6: 

tf tj 

5J =(g, - .pT)6x(t1) +I 6,P(HJ - i)dt +I 6x(H, + Hy + ~T)dt+ 
0 0 

tf tj~f] tf 

+ I ox( H. +~T)dt + I 6u(Hu + Hz)dt + I 6uHudt + .pT ox!:~=== 
tJ-Cf_ 0 tf-{3 (2.7) 

Di'eu ki~n OJ = 0 v&i cic bie'n phin Ox, ... , 61/J Ia di}c l~p, ta nh~n du-qc di~u ki~n c'an cUa 
di'eu khi~n t5i rru & d~g cic phuO'Ilg trlnh chinh tic Hamilton: 

i(t) = HJ = f(x(t), x(t- a), u(t), u(t- !'I)); 0 S t S t1 

·r aH(t) 
.P (t) = -H, =- ax(t) ; t1-" < t S t1 

'T aiJ(t) . aiJ(r) I 
.p (t) = -H.- (Hy)lt+a =- ax(t) - ax(r- a) 

II - aii(t) - O· t1- J'l < t S t1 
" - au(t) - , 

aiJ(tl aiJ(rl ·1 
Ifu +(Hz) It+~= ~a (t) +a ( _a ; 

u u r JJ r=t+fJ 

V&i cclc dieu ki~n: 

T:=t+a 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

2. DOi v&i h~ c6 nhi'eu thOO gian ch~m, phrrong trinh d9ng ll!c c6 d~ng (1.1) vi phi~rn him c6 
dc_mg (1.4), b~ng phuang phip tu-crng tl!, chUng ta nh~n dtrqc cic phucrng trlnh chinh titc Hamilton 
sau: 

i(t) = f(x(t), x(t- a 1), ... , x(t- am), u(t), u(t- J'l,), ... , u(t- J'l,)) (2.12) 
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aH(t) 
au(t) = 

0 
; 

_a H_(_t) + ~ -::--;a_H.o_( r-'::) -c 
au(t) k, au(r- /3;) 

aH(t) ~ aH(r) 
--+L.. au(t) . au(r- /3;) 

J=l 

=0; 

=Oj 

t1- CXm+l-k < t < tf- C¥m-k 

(k = 1,2, ... ,m-1) 

tf- f3,+1-k < t < tf- f3,-k 

(k=1,2, ... ,s-1) 

0 ::; t < t f - [3, 

(2.13) 

(2.14) 

(2.15) 

Nhrr v~y, (2.12) Ia phrrang trinh di)ng h,rc cua h~, (2.13) Ia cac phrrang trinh lien hgp, m6i 
phrrang trinh nghi~m trong m9t khob.ng thM gian nha:t- d!nh; (2.14) li nhfmg di'eu ki~n qrc tr! cti.a 
him Hamilton; cOn (2.15) 1?1 nhli-ng cheu kifn cuOi va ·ai'eu ki~n lien tvc gi-ITa d.c khoing cUa 1/;(t). 

ChUng ta c6 th~ dUng nh-ITng phuang phip sO d~ gi?ri cic phU'ang trlnh n6i tren. 

3. PHUONG PHAP GRADIENT LIEN HQP 

Ga thie't tieu chu5.n tOi U'U du·qc cho du-&i d~ng (1.4); phrrcmg trlnh d9ng l1fc du&i d~ng (1.1) 
v&i di'€u ki~n ci'au ( 1. 2). 

Chung ta l~p ham Hamilton drr&i d~ng (2.4). Cac phrrang trinh lien h>;tp drrqc thigt l~p drr&i 
d\tng (2.13) v&i cli~u ki%n (2.15). Dieu ki%n cu·c tr\ drrqc vi€t drr&i deng (2.14). 

Sau diy li thu~t tocln ella phrrang phip gradient lien hqp de' gibi bii toan n6i tren. 
L U&c do<in di'eu khifn ban d'au u,:(t) ; i- chis& l~p. 
2. Giill h~ phrr=g tr\nh vi pharr chfra thai gian ch%m (1.1) v&i clieu kien clli.u (1.2) tu· t = 0 

Mn t = t1 . Nhiin dtr(YC x;(t). D~t vao b9 nh& u;(t) va x;(t). 
1
1 

3. Tinh phiern ham (L4) doi v&i u;(t) va x;(t) da biet, nh~n clrrqc J(u;). 
4. Giiti ngu-qc h% phrrcmg tr\nh lien hqp (2.13) tlr t = t1 Mn t = 0 trong cac kholng tu-ang 

li-ng va dieu kien (2.15), c!C>ng thiri tinh gradient da ham Hamilton khi u(t) = u;(t). .., 

g,(t) = 

aH(t) 
au(t) ; 

_a H_(_t) + ~ c:-;a_H_,_( r-'::) --c 

au(t) ;;:,au(r-/3;) 
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---- I 

5. Xic dinh hrr&ng tlni: 

s;(l) = -g;(t) + Wi-1 · ,,_,(t) 

' ' 0 day: 

I; 
wi~l = -

1
_ J ·i 2: 0; w-__1 = 0 ,_, 
,, 

I; = I gf(t). g;(t)dt ; so(t) = -go(t) = -g(t) 
0 

6. Xic J!nh di'eu khien m&i: 

Ui+l(t) = u;(t) + Ai · s;(t) 

c} diy thOng sO' ,\i du·qc tim blng phmrpg phip qrc tri rn9t hu&ng: 

J(u; + .\;s;) = minJ(u; +-Is;) 
A2:-0 . 

Cic bu&c 2, 3, 4, 5, 6 du-qc l~p l~i cho t&i khi d~t d1rqc dQ chinh xic' ch9n tnr&c. 
Ne'u d~t- wi = 0 thl phrrOTig phip gradient lien hc;rp chuyen thZmh phucrng phip dQ dOc l6n 

nhit. 

4. AP Dl)NG 

Xet h? di)ng h,rc: 

i:,(t) =x2(t) 

i:2 (t) =xs(t) 

i: 3 (t) =x4 (t) 
i:4 (t) =- a,x1 (t)- a2 x2(t}- a,x,(t)- a4x,(t)- b,x,(t- a,)- bzxdt- a,)~ 

- bsx3 (t- a 1)- c1x,(t- a2) + c,u(t- fJ) + c2z(t- fJ) 

Trong d6: ai, bi, ci li cic h~ng so', cOn z(t) li him cho. trmJc. 
Phiem him c6 d~ng: 

Pi va. t} Ia cic tr~mg sO. 

. tj 4 

J =~I (LP;(t>x;)
2 + ry(D.uJ 2)dt 

0 l=l 

Ll.xi = Xi(t)- Xiz ; i = 11: •• 1 4 

t>u = u(t)- Uz 

0 d<iy: Xiz vi Uz Ht nhli-ng gii tr! d~u ella cic tr<:J-ng thii vi di'eu khign. 
Xay.s[~Bamilton & d~ng: 

,._-_. I ' !·:JC V ;:_j -\i.L ," 

TLtr ':!_1"1 CiJ h-J. 
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H = fo + .pT · f (4.3) 

f Ii v~ phil. ella (4.1), fo li him trong dau tich phiin ella (4.2}, cOn 1/JT = [1/J!, ... , 'ifJ4] li cic bie'n 
lien h9'P. Phrrang trinh vi phin dOi v&i cic bien lien hqp. 

- Trong kholmg I: tf- <>r :<= t :<= tt 

{4.4) 

- Trang kholmg II: t1- <>2 :<= t :<= tf- <>1· 

i = 1, ... ,4 ( 4.5) 

- Trong kholmg III: 0 :<= t :<= t f - <>2 

Gradient ella him Hamilton du·gc xic d!nh thea (2.14) vi trong kholmg rihu tren. 
DUng phm:rng phip mO ti ti"ong doc:tn III, d5i v&i tnrCmg hw o:1 = 20 ph lit; a 2 = 17 phUt; 

f3 = o:1 + o:z = 37 phUt drrqc ke't qui bi~u di~n tren hlnh 1 va hlnh 2. 

2./1 

u 
I./I 

.,-~:-....---
0.5 --- i \ 

. ' 
0 ;8 0 ~0 

-o.s 
-/.0 
-f.S 
-2.{} 

-2.5 

-----

·-·­ -·~. 
20 30 

' " ' ', ..... ____ -
60 

Hinh 1 

-----
(min) 

70 6'0 lr-· 1oo 

--U 
--- x, 
-·-·- X2./0 

Chuang trlnh may tinh cling du:qc thrr nghi~rn cho vi d" trong [5[. a day chi c6 m;>t thiri 
gian ch~m trong bien tr<;tng thii vi tic gilt giii bang phuong phip nhUng. Hai ket qui Ia trling 
nhau. 

~ ' 
KET LU~N 

Da thie't l%p dm:;rc cic phrrong trinh chinh tic Hamilton dOi v&i h~ c6 nhi'eu thCri gian ch~m. 
Da dUng phrrang phip gradient lii~n hqp vlt xoiy dv-ng mQt chrrong trlnh miy tlnh ~ gilti quy~t 
bii toin d~t ra. 
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SUMMARY 

OPTIMAL CONTROL OF SYSTEMS WITH TIME DELAYS 

Hamilton's canonical eqUations and an ·algorithm of the conjugate gradient method are devel­
oped for systems with time delays. The results are applied to one concrete system. 
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