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VE MOT MO HINH DAO DONG XOAN PHI TUYEN 
" " .N ~ ;) 

CO CAC KHOI LUQNG THU GON BIEN DOl 

NGUYEN VAN KHANG, TRAN DlNH SON 

, . 
1. M0 DAU 

MO hlnh dao Gf?ng xoln cUa cic hf truyen c19ng lJ. mf?t trong nhl'i-ng m6 hlnh dao d(}ng g~p 
phb bie'n trong k:Y thu~t ccr khL Trang nhieu Uti li~u ve df?ng lJ!C h9C miy [1, 2, 3], nglXCri ta m&i 
chi quan tim t&i tinh to <in dao d9ng xoitn tuye'n tinh cU a cic h~ mO d. b&i c<i~ phuang trinh vi 
phin tuy~n tlnh h~ sO h~ng sO. Bai to<in da-o d<}ng xoin tuye'n tinh ella h~ c6 kh5i lm;mg thu g9n 
bie'n d5i cUng di drrqc d'e c~p de'n trong [4, 5, 8]. 

Cic mO hlnh dao d()ng xoan phi t1,1ye'n cOn it du·qc nghi€m c&u. Trang cOng trlnh nay, xet bii 
toin thie't l~p cic phuang trinh vi phin dao d~mg tham sO ella c<ic mO hlnh dao df?ng xo5.n phi 
tuye'n cUa cic h~ cO. nhiE!u khOi hrqng thu g9n bie'n dbi. Vi~c giii h~ phrrang trlnh n3.y se dtrgc de 
c%p difn trong nhifng b3.i bio tie'p theo. 

... "' """ ' "' " ~ 2. PHUONG TRINH VI PHAN PHI TUYEl\ CUA H~ DAO DQNG XOAN 
~ / """ """ ,.) 

CO CAC KHOI LUQ"NG THU GQN BIEN DOI 

MO hinh dao d9ng xoiin cda h~ c6 nhieu khOi hrqng thu gc;m bie'n d5i drrqc bi~u di~n tren 
hlnh 1. 

Hinh 1 

Trong d6 cic mOmen quin tinh thu g9n c6 d4ng: 

(i = 1, 2, ... , n) (2.1) 

Bieu t h&c d9ng nang crl.a h~ c6 d~ng: 

1 n 

T = 2 L J;(,Pi)~f (2.2) 
i=l 
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ChU y de'n tinh ch~t phi tu;-e'n clia cac ph'an ttl- d~m h'Oi vi ph'an ttl- d.n, ta c6 cac bi~u thll-c eli a 
him the' vi him hao tan nhu sau: 

n-1 · n-1 1"' [1)( )2 1"' (3)( )4 II = 2 L c, ,P; - .Pi+ 1 + 4 L C, ,p, - >/;;+1 
i=l i=l 

(2.3) 

n-l n-1 
1"' (1) . . 2 1 "' (3)(. . 4 R = 2 L b, (>/;;- >/;;4 1) + 4 L b, >/;;-.Pi+,) 

i=l ,i=l 

(2.4) 

Thg cac bi~u thti-c (2.2), (2.3), (2.4) vao phuang tr\nh Lagrange II 

(2.5) 

ta nh~n cliTqc plluang trlnh vi phin dao d9ng xo£ri phi tuygn ella h~ c6 nhi'eu khOi hrvng thu g9n 
bie'n d5i: 

.. 1 , '2 (1) ) (3)( )3 (1) . . (3) . . )3 
J1>/J1 + zJ1 >/; 1 + C1 (,P,- >/J2 + C1 >/J1- >/J2 + b1 (>/;1- >/J2) + b1 (>/;1- >/J2 = M 1 

J2¢2 + ~J;,P~- c\'1(.P1- .P2) + d 11 (>P2- >/;3)- cl31 (.P1- >/J2) 3 + d 31 (.P2- >/;3) 3-

(1) . . (1) . . (3) . . 3 (3) . . 3 
- b1 (,P,- .P2) + b2 (.P2- >/;3)- 61 (,P,- >/;2) + b2 (>/;2- >/;3) = M2 (2.6) 

Du-61 diy, xet bii toan hay g~p trong·kj thu~t. D6 li tru·&ng hqp mOmen thu g9n ella d9ng 
w J 1 = tonst, mo to- quay dh (>/;1 = Ot), d.c g6c quay cua khil.u thu g9n thli- i (i = 2, 3, ... , n) 
kh.Lc g6c quay cda d9ng ccr m9t d?-i luyng nhO, cic mO men Mi li him tua.n hoin cUa t, chu k)r 
T = 21r /0. Nhu v~y ta c6: 

>/;1 = Ot 

>/;; = >/;1 + \0; = Ot + \Oi (i = 2, 3, ... , n) 

M;(Ot, >/;;, v);) = M;(Ot + 2rr, >/;;, v);) 
(2. 7) 

Do gilt thie't \Oi nho, ta c6 th~ khai trign Taylor d.c ham J; ( ,P;), J(( ,p,), M; (Ot, ,P;, ,P;) thanh 
cic chu6i nhu sau: 

- - 1- 2 1- 3 
· J;(,P;) = J;(Ot) + J;.;(Ot)p; + ZJ;,;;(Ot)\0; + GJ;.;;;(Ot)p, + ... 

I - - 1- 2 1- .3 
J,(,P;) = J;,;(Ot) + J;,;;(Ot)p; + ZJ;,;;;(Ot)p, + GJ;,;;;;(Ot)p; + ... 

M;(Ot, >/;;, v);) = M;(Ot) + M;,;(Ot)p; + M;,;(Ot)p;+ 
(2.8) 

1- 2 1- ·2 1- 2 1- ·3 + -zM;,;;(Ot)\0; + ZM;,;;(Ot)\0; + GM;,;;;(Ot)\0; + ()M;,;;;(Ot)\0; + ... 

Trong d6 ta ky hi~u: 
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] ·· (Ot) = t.tt ... t - d"J.(.p,) I 
dV;7 cp, =0 

' 
d"Mi M ·· · Ot- --' 

i.tt ... ,( )- d···· 
._,__.... 'f'i "'·~" 

k ~,=D 

_ d"M,I M ·· ·(Ot = --
'··" ... t ) d.i.k "-v--" 'f' i .., ; = (• 

k ~;='-' 

Thg (2.7), (2.8) vao (2.6) va h& qua cac VO clmg be & b~c 2 4, ta thu dtrqc d.c phtrong trlnh 
sau: 

_ 6c,,. _ c'''·~ _ M + ccs'~3 + bi3J,~s 
1 IP2 1 r2 - 1 1 r-2 1 r2 

-J - b111 • [ " b111 b111 0-J l . b111 . iPi- -i-1 Pi-1 + - 1Y.li,.i + i-1 + i + 1.1· IPi- i IPi+I-

[ 
- · ill III 1 2- l (11 _ 

- C,·-1c,o1·-1 + - Mu + C;_ 1 + G,- + 20 Jd1. cp;- C1- Pi+I -
(2.9) 

=h;(flt)+cJ>;(flt,'{>2, ... ,<pn,<{>2,.•••o<Pn) (i=2,3, ... ,n) 

trong d6 1 phUlYllg trinh dt.u tieu cho phf:p x<ic d!nh mO men Mt ct.n thie't dg dim bio cho kh5u 

h • h' d~ • · • d • • th - h' h th • c 111 b111 c 131 b13 1 o t U' n at quay eu, va ta qui lrO'C U'a vao cac am so m rrc rl = n = n = 11 = , 

cp1 .= 0. COn ~ va cl>; dtrgc xic d!Jth uh1.t sau: 

... =M - !n2J· · 1"1 1 2 1,1 

1- 2 1- 3 1- ·2 1- ·3 
~1 =2Mt.u1P; ~ 6M, mP, + 2Mt .. uP1 + 6M1 .mP1 -

J [ - 1 . 2) J [ 1 z - 1 . 2 n . l ~ u <p;<p; + 29'; - i,it. zc,o; cpi + 2cp;cp; + r.p;p; -

~ [ 1 2 • 1 2 2) 1 2- 3 131 ( )3 - J,-,ii1. 2nP; cp; + 4n 'Pi - 12n J;,t-iiiC,Oj + c1·_ 1 C,Oi-1- <pj -

C(3J( )3 bf31 (. . . )3 bi3J(. . )3 - ; cp.;- Pi+l + .:-1 Pi-1- Pi - i lt'·i- <p;-1 

(2.10) 

Trong h~ phtrcrng trlnh (2.9), k~ tir phucrng trlnh th-6:- hai tr6- di, ta c6 th~ viet du&i d1-ng rna 
tr~u nhll' .sau: 

M(Ot)i+ B(Ot)~+ C(Ot)q= h(Ot) + oll(Ot, ij, lfo ;j} (2.11) 

trong d6 

M{Ot) = 
[

Joo:.2 ~o3 ;~] 
J!(Ot) = 

[.(

b111 +b 11 f+OJ - M o) 1 2 2.2 2 .... 

-bh'' 

0 "' "' :~ - l (b,_ 1 +bn +OJ,.,- M,. ,) 0 
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Q(Ot) = 
111 111 o'- - ) 111 · 

[

(e, +e2 .+2J2,22-M2,2 -e2 ... 
111 111 111 o'- -

-C2 (e2 +e3 +2J3,33-M3,3) ... 
. . . . ' ' . ' . 
0 0 ... 

0 l 0 

111 111 o'- -(en-l+en +z-Jn,nn-Mn,n) 

3. CAC TRUONG HQ'P RIENG 

1. H~ phi tuyifn c6 hai khoi hr'fllg t~p trung 

Trong (2.9), ta cho n = 2, thl se thu dU'qc phmmg trlnh dao di)ng deng nhu: sau: 

- .. [ ll) - - l ' [ (1) 1 2- - l J2'P2 + b1 + OJ2,2- M2,2 'Pz + e 1 + 211 J2,22- M2,2 'P2 = 

- 1 2- 1- 2 1- :i 1- ·2 . 
=M2- 211 J2.2 + 2M2,22'P2 + 6M2,222'P2 + 2M2,22'P2+ 

1M ·3 J [ .. 1 ·2] 'J . [ 1 2.. . 1 ·2 11 . ] + 
6 

2.,222'P2- 2,2 'P2'P2 + 
2

'P2 - 2,22 
2

'P2'P2 + 
2

'P2'P2 + 'P2'P2 -

- [ 1 2 2 1 2 . l 1 2- 3 13) 3 (3) . 3 
- J2,222 411 'P2 + 211'P2'P2 - 1211 J2,2222'P2- el 'P2- bl 'Pl (3.1) 

2. H~ phi tuyifn c6 ba khoi l1l''fllg t~p trung 

Tlr (2.9), (2.10), (2.11) ta th~y. v&i n = 3, ph1rang trlnh dao di)ng c6 deng: 

M(Ot)f + B(Ot)lf + Q(Ot)q = h(Ot) + ~(Ot, q, <i; f) (3.2) 

trong 06: 

q= [::] ; M(Ot) = [~2 ]
3

] 

[ 

(1)) ll) - - Ill ] B(Ot) = (b 1 + b2 + OJ2,2- M2,2) -=_b2 _ 
- -b11 1 (b 111 +OJ - M ) 2 2 3,3 3,,3 

[( 
Ill ell ln2- - ) ell) ] 

e(Ot) = e, + 2 + 2" J2.22 - M2,2 - _2 _ 
- -cl'i (el'i + 11121 _ M l 2 2 . 2 3,33 3,3 

(3.3) 

COn h, 4i dU"9'C xic d!nh nhU" sau: 

(3.4) 

trong d6: 
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(3.5) 

4. VE MQT KHA NANG TINH TOAN DAO DQNG XOAN PHI TUYEN 

Du:&i day xet tnrimg hqp cac rna tr~n M(flt), l;I_(Ot) va Q(Ot) c~a ph\I(mg tr\nh (2.11) c6 
d<)..ng n!nr sau: 

M(Ot) = M 0 + eM'(Ot) 

l;I_(Ot) = el;l_'(flt) 

Q(Ot) = Q 0 + <Q' (Ot) 

v6i M 0 , Q_ 0 Ia c<ic rna tr~n h~ng s8 thl!c d5i xUng, e Ia tham sO be. Khi d6 phtrang trinh (2.11) 
drrqc vie't l~i du-&i d<_tng: 

M oi+ Q 0 if= h(Ot) + ,$ • (flt, if, lf, ;f) 

if=l:_y 

Khi d6 phtrang trlnh (4.1) c6 thg du:qc dtra v~ ·leng sau: 

Do [2[ 

~ l ' 
Jl.n 

0 

/3 

0 

nen phrrang trlnh (4.3) c6 th~ vie't dtrqc drr&i d<_~.ng ve' tr<l.i tich rCri nhau. 
Thv-c hi~n phep d6i bien: 

Ot 
r=­

m 

trong d6 m li sOt'! nhien nio d6. KY hi~u (1~o him cUa y theo ; li diu phiy. Ta c6: 
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(4.1) 

(4.2) 

(4.3) 

(4.4) 



. fl ' 
Yi = mYi. 

[J2 
.. II 
Yi. = m2 Yi · 

Tir cic ke't qUi tren, phu-ang trlnh (4.3) c6 th~ drrqc drra v~ d~ng sau: 

" ' f ( ) F. ( - _, -n) Yi +"'iYi = i r +e i r,y,y ,y 

trong d6: 

( 4.5) 

w[ = /i , 
Jl.i 

2 n 

F. ( - _, ·-") m "'"""' J'l <li~ i T, y, Y 1 Y =-~ ~ J J 
JJ., f='2 

Viec gilti h~ phU"ong trlnh (4.5) da dU"qc ban Mn trong [6J. 

-/ A 

5. KET LU~N 

Trong bii bio nay eta xet vi~c thie't l~p phrrctng trlnh vi ph in ella m<}t h~ dao d9ng xo.tn· phi 
tuye'n c6 cic khOi hr9"11g bie'n d5i. Diy li bii to in· hay g~p .trong nghinh ci:r khL 

\ri~c giii h~ ph1.rong trlnh vi phin dao d(_)ng niy tU'cmg dOi phtl-c t~p, drrgc trlnh biy trong 
[7] vi cic cOng trlnh tiep thea. 

Dia chi: Nhgn ngay .14/2/1992 
Tru:irng dq.£ hC}c B&ch khoa Hd Nrji 
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SUMMARY 

ON A MODEL OF THE NONLINEAR TORSIONAL VIBRATION 
WITH VARIABLE GENERALIZED MASSES 

In this paper the establishment of the parametric vibration differential equations for a model 
of the nonlinear torsional vibration with variable generalized masses considered. 
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