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ON DINH CUA CON LAC NGUOC
KHI DIEM TREO DAO DONG DA TAN

NGUYEN VAN DINH

DAT VAN DE

Bai toin con lic ngwoc xét mdt hitn twong I¥ thi vi ¢6 ¥ nghia k¥ thudt: vi tri cin bing
khang on dinh cla con lic & vi tri trén sé trd nén 6n dinh néu di€m treo con Mc dao déng véi tin
86 dd cao. Trong [1] bii toin ndy di dwoc gidi quyét nhé phrong phip trung binh khi diém treo
con 13c dao'ddng diéu hda theo phwong thing ditng. Tong quat hon, gil thiét didm treo dao déng
theo quy luit phitc tap. Huéng mé& rong nay da dwoc d¢ cip dén trong [2] cling khi xét con lic
ngwoc va trong [3] khi xét con lic & vi tri cin bing thip vi trong chuyén dong qua.y toan vong
nhwng vin han ché & truwdng hop diém treo dao déng th?mg diéu hoa theo phwong nghidng. Duwéi
day, giz thidt didm treo con li¢ dao déng vé&i hai tin s8 theo phwong thing ding hode trong mit
phing thing diéng, s& xét vin d& 8n dinh cta con lic ngwoc. Phwong phip trung binh vin dwoc
st dung nhung & xip xi the hai d& ¢6 thé khdo sit twong tic giira cdc thinh phin dao ddng cda
diém treo nhat I3 khi ¢ cdéng huwdng gitta cic thinh phin d6.

1. PHUONG TRINH VI PHAN CHUYEN DONG CUA CON LAC cO DIEM
TREO DAO DONG THANG PUNG b,

Cho con 13c AM 13 khéi lwong m tip trung tai diu
M cda thanh khéng trong lrong AM, chitu dai £, quay 4
dwoc trong mit phing thing déng Ozy quanh diém treo
A, difm nay dao dong doc truc thing dimg Oz véi hai
tin 83 theo luit (hink I): g

OA =24 = a;sinwt + azstnws(t + x) (L.1)

trong d6 : a;, @z Vi wy, wy - nhitng 38 dwong twong
#mg chi cdc bién 48 v tin sd cla cic thinh phin dao
déng cda didm treo con lic; x(—7 < way < ) - d3 léch
pha giita hai thinh phin dao ddng néi trén. ’ x

Hink 1
Phwong trinh vi phin chuyén déng cia con lic 1a:

mE%§ + hf + mgtsin 6§ + méa;w] sinwit + dzw;" sinwa(t + x)]sind =0 {1.2)

trong dé : 8 - géc nghiéng clda con lic véi true Ozx; h > 0 - hé 33 cdn nhét; g - gia t8c trong trudmg;
diu “” - k¢ hitgu dao ham thea thei gian ¢,
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Cé thé vidt (1.2) dwéi dang:

2
8" + %5' + {E% + %[e;uf sin vy T + ear2 sin va(r + a)}} sinf.=0 (1.3)
trong d6: w, ¢ - hai s8 dwong twong dng dic trung cho mirc cic tin sd vi cdc bidn d§ «ia cic
thanh phin dao déng cda difm treo con lic; ddu “/” - ky hifu dao him theo r = wt; wy = \/5/— -
t3n s riéng cda con Yc; X = h/mé?, 1 = ai1/a, e3 = az/a, v = w)fw, v2 = wa/w, VT = waX.
Xét trwdng hop a < £ va chon € = o/Z lim tham s3 bé. Gil thift wo/w vi Afwe dBu & cip €
(cdn y&u hom so véi gid thiét trong [1], chwong V, trang 308-311), phuong trinh vi phin (1.3} tré
thanh:

6" + 20?8 + {k252 +elevisinyyr + e21% sin uz(f + o}] } sind =0 (1.4)
trong dd:
W wo N 2
, = =0
20 = u)—o—éu—z- y ]Cz = "QJE_ s €1, €2, vl) %)
(%) :

déu & cfp don vi.
Twong tw trong (1}, thwc hién phép bién ddi:

= sp+s[el sin vyt -+ eq sin Ug(T+U)] sin p, " {1.5)
6" = e} + s[eu/l €08 11T + eqim cos Va7 + D’)] sin g, {i.6)

trong 46 o, 12 hai bién méi.
So sinh (1.5) (1.6), néu chi gif lai cic dai hwong dén cip &, suy ra:

p = el - 529[61 sin v1t + ez sinvp(r + cr)} cos {p _ (1.7}

Thay (1.5) (1.8) vio (1.4), sau khai trién vi giin wéc, néu chi gif lai cic dai lwong dén cip
g2, 58 dwoc: :

QO = ——s{ﬂ[elvl €os by T + eabp cos T + o')] cos i + k2 sin o+
+ [eluf sinyvyT +'g2y§ sin va(r + o‘)] [31 sin 1T + eg sinwva(r + U}] cos  sin go}—}-
+ 62{ Q[elb;l cos vy T + eglp cos Va(r + a)] [el sin¥17 + eg sin ve{1 + cr” cos® <.,o—

- 2all — 2&[61!/1 Cos V17T + eqtn cos ug(f -+ cr)] sin @

— k% [eg sinw7 + ey sin va(r + 0] cos psin p+
1 . . . . .
+ E[eluf sin 117 + ep v sin vy (7 + 0')] [el sinvy7 + ez sin va(r -+ cr)]2sm3 99} (1.8)
Hg (1.7) (1.8) 13 hé phwong trinh vi phin hang nhét, dang chuén, & xip xi thir hai cda con lic

khao sit.

2. CON LAC NGUOC ¢6 DIEM TREO DAO DONG THANG DUNG -
TRUONG HOP XA CONG HUONG

Xét 6n dinh cia trang thai cin bing clda con lic ngwoe khi vy # 1o, vy # 2112,. Vo # 21 goi
13 trudmmg hop xa cdng hudng.

Tin hanh trung binh héa hé (1.7}, (1.8} d&n xdp x| thi hai.
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& xdp xi thér nhit, hé phwong trinh trung binh la:
¢ = sfly
| . 1 _ (2.1)
) = —5{k2 sin 1 + E(efuf + e2v2) sin ) cos pl}
trorig d6 chi s8 1 diing 48 phin bidt cic bidn p, 2 ban diu véi cdc hién d6 & cic xdp xi.
Hé (2.1) tuwong dwong véi mdt phuong trinh vi phin hang hai:
| i} 1, , 4 ,
oY +ez{k2 sin @y + E(efyf + €212} sin 1 cos pl} =0 (2.2)

D& dang thiy ¢; = 7 (con lic ngwoc) 13 nghidm cda (2.1) vi didu kign can 48 n dinh la:

1
K < S(efvi +eav) ‘ (2.3)
Pé 13 didu. kién dé phwong trinh bi€n phan twong tng khéng ¢6 nghiém dic trumg c6 phin
thwe diromg ma 6 cip nghitm o lign hop. Vi viy, vin dé én dinh chwa dwoe gidi quyét {do cdn
y&u} va cin thi€t trung binh héa & xip xi th hail.
Xap xi hoan chinh thié nhit <6 dang:

o= .va{l=0,; — e{ﬂl[el sin vi7 + ez sin vyl + cr)] cos 1

1 . 3 ‘ .
— Z[eful sin 20,7 + e4up sin 2vp(T + CTH sin g1 cos ¢

sin[{1vy — v2)7 — vac] _ sin{(vy + v2)7 + szfig}

-+ }'8182{1/? + ug) sin () cos (
vy — Vg U1+U2 (4)

- 2

Thay (2.4) vdo h& (1.7), (1.8), két qud trung binh héa cho hé phwong trinh trung binh & xdp
xi thir hai: ' ' .

= elh
' 1 : 2.5
Q) = ——e{k-z sin ¢y + E(efuf -+ e%ug) sin o cos (p'l} — 2200, (2:5)
Hé (2.5) twong dwong véi mdt phwong trinh vi phin hang hai:
1 _ o
o7 + Zaeztp'l + 52{k2 sin o1 + E(efuf + egug) $1N (o) cos @l} =0 (2.6}
D2 khio sit 8n dinh eda con lic ngwoe ; = 7 dit p; = 7 + S vi 1ip hé bién phan:
1 o :
(6¢)" + 2082 = k¥ + S(e3 + 22) Jop = 0 (2.7)

Do o > 0, dign kién {2.3) trd thanh diBu kién dd d@ ¢6 8n dinh vi theo cic ky hiéu ban diu

GO e

a

1a:

Trong [1], khi di€m treo cda con lic dao déng thing dimg difu hda véi bién dd a, tin s w va
khi A/w & cip don vi (cdn manh hon), tir hé phwong trinh trung binh héa & xip xi thi nhit suy
ra didu kién dd 48 con lic ngwoc én dinh la:

wi < %(%)wz - (2.9)
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R4 rang (2.8) m& rdng (2.9) va cho thiy céc thanh phin dao d6ng cla diém treo 43 “céng”
tac dung. Nhur thé, cé thé én dinh con lic ngwoe nhr nhidu thinh phin dao déng cia didm treo
véi tan 80 twong d6i thip hon,

Chi ¥ ring, ngodi vi tri c¢in bing thip ¢ = 0 vi vi tri cin bing ngugc = 7 cdn cé vi tri
cin bing trung gian g xdc dinh bdi hé thie cos po = —2k2 /(302 + eZvZ). Vi tri cin bing thip
ludn 8n-dinh khi difm treo dao ddng véi tin s8 dd cao. Vi tri cin bing ngwoc ludn tn tai sé trd
nén &n dinh khi tin =8 dao déng difm treo dd cao vi tinh &n dinh ting theo tin s& d6. Vi trf can
bing trung gian xudt hién khi vi tr{ can bing ngwoc dn dinh nhung khéng dn dinh vi mirc khdng
8n dinh cda vi trf c&n bing trung gian ting theo tin s§ dao ddng diém treo.

3. CON LAC NGUQC ¢O DIEM TREGC DAO DONG THANG DUNG -
TRUONG HQP CONG HUONG

Day 13 trwdrmng hop ma, & x4p xl thit hai, mdt trong ba hé thirc sau dwge thda min: vy m vy,
vy /= 2ug, g & 2vg. '

C6 the rit ra nhitng nhin dinh v& dnh hwédng cda tinh trang cong hwdng gita cic tin s6 kich
déng &&n tinh én dinh cda con lic ngwoe qua cde trodng hop céng hwdng ding.

Trwée hée gid thidt vy = vy = v. Diy 13 trudng hop di bid vi diém treo dao déng cheu hoa
véi tAn s8 v va véi bién dd:

a, =4/a? + a2 + 2u109 cos vy ' (3.1)

vi theo (2.3) di2u kién én dinh cda con lc ngwoe 1 :

< 3(5)' =

Nhu th&, 45 léch pha x didu chinh bién d§ dao déng tng hop vi qua 46 inh hwéng dén tinh
én dinh cia con ¢ ngwoe.

Biy gidr gid thist vy = 2vy = 2v. Xdp xi th nhdt hodn chinh vin ¢é dang (2. 4) Két qua
trung binh héa hé (1.7), (1.8) & x&p xi thit hai cho:

Py = ef])
. 1 .
o= —e{kz sin g + E(efyf + €32 sin oy cos go;}

edequi (V3 + v2) (3.3)

1

2 P . . . -

+ e { gélezull/z 510 ¢ C052 1 8V, — 4[y w ) SIN Vndr S1N 0y C082 o
1~ k2

1 . .
~etezv sinvgosin® }

1 . .
- 2afly — Zefezuf sin vgo sin® ©1 — n

Hg (3.3) twong dwong véi mdt phwong trinh vi phin hang hai:

o + 2ae’p| +¢ {kzsmtpl + (elvl + e3v3) sin g1 cosz,ol}

2v:(vi + V%)]

afl g - : 2
- g% 9 —efeq 81l a0 SN o1 COs” oy |V1ve +
Yo — )

8
1 . .
- -a;efeg(m/lz + u%) sin vpo sin® p; = O.} {3.4)

Ché 46 cén bing cla con ldc ngwec vin ton tai va ditu kién én dinh 14 :
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2vp (v + V%)] _

1 € 4 .
k< ~{e§1/f + egug) + —eleasin UgU[I/]_UQ +
2 8 Vg — 14y

1 3 . :
= ef + 4e2)v® + saefegyz sin 2vo (3.5)

2(

So sanh vé&i (2.3), dién klen (3.5) ¢6 thém s8 hang (’)' cAp e. Viy vé& co bin, & trudmg
ho-p cong hwéng, tmh trang on dinh cida con lic ngwoe vin nhw khi xa céng hu'érng, chi khi

—(e vi -+ e512} nghia 13 khi con He ngwoe ndm & ranh gidi ca mign 8n dinh thi dnh hwdng

cla tmh tra.ng cdng huwdng giira cdc tin s8 kich déng méi din den nhitng thay déi dinh tinh,
Trudng hop vy = 219 cling twong tu. :

4. CON LAC NGUOQC ¢6 DIEM TREO DAO DONG PHANG
Mé rdng bai toin, cho didm treo A cdia con l3c dao déng trong mit phing Ozy theo lujt:

24 = apsinwit, Y4 = azsinwa(t +'x) ' (4.1)

Vé&i ciing nhing gid thift va k¢ hidu da bi€t, phwong trinh vi phin chuyén déng cda con e

0" + 20e?8" + kZe? sin f + s{eluf siny; Tsiné — egv? sin 1 + o) cos 6}- - (4.2)

Hién nhién f = 7 khéng phdi 14 nghidm cda phwong trinh (4.2) nghia 12 khéng tdn tai ché 46

cin bing ngwoc vi khi diém treo A dao ddng ngang, con ¢ nhit thiét dao dong. Vi viy, & diy,

“s& chi néi dén ché d6 dao ddng nhd (cip ) cda con lic quanh tryc thing ding qua A.
Thuwc hién phép dsi bién: ‘
=@+ 6{61 sin 17 sin ¢ — eg sin vt + o) cos p}

(4.3)

§ = e+ s{elul cos v 7 8in g — ealp cos b1 + @) cos go}
Hé phwong trinh vi phin hang nhit dang chuin theo @, 213 :
o =ef) - 520{81 sin 17 cos o + epsin va{r + o) sin lp}
o= Pe{ﬂ[slul_ €08 1T €08 o + €31 €08 L[ + o) sin tp] + k% sin
+ [eluf sinviTcos + egvg sin polr + o) sin t,o] [61 sin vi78in @ — ea sin v (r + o) cos tp] }

+ sz{ﬂ[elul €OS V1T COS (o + €31/ €OS {7 + o) sin zp] [61 sin i 7 cos o + eg sinwg(r —1— ) sin <p]

— 2af) — 2&[311/1 cos 1y 78in @ — eavp cos ta(r + o) cos go] {(4.4).

— k? cos p[el sin vy 7 sin @ — eg sin v (1 + 0) cos tp}

+ 5 leqv?sinvirsing — e2v7 sin va(r + ) cos p| [e1 sin v17sin @ — eg 8in Lo + &) cos cp]z}
Xét trwdmg hop xa cdng hudng : vy # va, vy # 219, v2 # 20g.

Xip xi thitr nhdt hodn chinh cé dang:
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Motpien

=y vi 1 =1 — e}y [ei sin vy 7 cos iy + egsinvp(r —|~a) sin 991]

; 1 . 1 .
+ £81n oy —ezul sin 2vy 71 - —321)2511121./2 T+oa
i1 362

€ . 2 sinf(vy — va)7 — uz;a] 3 sin[(v) + v2)7 + va0]
2 ) i

22 2
+ —e1ea{vi cos® pr — vgsin® @ n
vy — Va : ” Vo (4

Thay {4.5) vio (4.4), k& qud trung binh héa cho hé trung binh & xip xi thit hai:

50’1 =elly
0 = k2 si 12 2,2 2940) (4.6)
1 = —&g{k sing + E(elul — e3v5) sin p; cos zpl} — g7 2ally :
twong dwong vl phwong trinh vi phin hang hai:
1 .
of +2acpit+e {k2 siny; + = 5 —(e?? — ev3) sinp cos pl} =0 (4.7)
Vi tri cin bing ¢ = 7 cda con lic ngwoc t5n tai va digu kién én dinh la:
1 1 2 2
K< —z—(efyf —e2vZ) hay wi < E[(%) wi — (a%) wg] (4.8)

Nhv thé, thinh phin daoc ddng ngang cda diém treo A (a) lam gidm vi <8 thé lam con lic
ngwge mit on dinh.
© Xét trwdmg hop cdng hwdng ding: vy = vy = v. Xip xi thd nhit hoan chinh cé dang:

o= va =10 — Eﬂl[el sin 7 cos gy + easinvy (7 + o) sin 901]

. 1 . 1
+ £51N @1 COS oy [Zefvl sin 27 — Ze§y2(f - g)]

s . 2 )sin[(u1 + )7 + Voo

- £ 2 2 . '
- = — 4.9
25132("1 cos® @1 — v3sin” @) o 4 v (4.9}

Thay (4.9) vio hé (4.4), két qui trung binh héa cho hé phwong trinh trung binh & xap xi th
hai: ,
‘P'1 = 5“1
o, = —5{}(:2 sin @y + ;(31”1 e2v2) sin ) cos | (4.10)
- %Cl&g cos vao (V¥ cos? o) — 12 sin? (pl)} — £22af

twong dwong véi phwong trinh vi phén hang hai:

1 1
o + 2ac’p + 52{1’(:2 sin g + E(ef — e5)v? sin p; cosgor — 561&21/2 €08 LT cos 2<p1} =0 ({4.11)

Néu vo = :I:-;E, cosvo = 0 ché 6 ¢ = « t8n tai. Khi dé difm treo A vach ra qu dao enlip

tdm O, hai nira truc chinh bing a;, @2 v twong ¥ng ndm theo hai tryc Oz, Oy vi theo (4.3) con
1ic dao dong nhéd theo Iuit # = 7 & gep cos vr quanh truc thing dimg di qua diém treo di ddng A
Ditu kién 8n dinh vin cho bé&i bit ding thire (4.8} va trd thanh:
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k< S(ef —e2)? hay wl< “[(Eﬂl)z - (%%)2}w2 {4.12)

[T

® . . s . .
Néu po = :!:5, cosve dd nhd, s& tbn tai ché d6 cin bing ngwec trong dé dao ddng nhd xiy

ra quanh truc qua A nhung hei bi léch so v&i phwong thing diéng. Thwe viy, triét tidu s8 hang
thir ba & v& phii cda phwong trinh {4.11) vi viét phwong trinh thu dwoce dudéi dang:

. 1 . 1
y1 = k% sin g + Z(ef - eg]ugsm 2y = -ielegug COS Vo 05 2¢) = Yo (4.13)

Trén hink 213 dang cic dd thi cic him y; khi 0 < k% < v7(e} — €2)/2/2 vi yo khi cosve > 0

dd nhé. Hai db thi cit nhau tai hai difm twong tng gid tri on ghn m vi 6 = pp + gz cos wr. Ché
35 nay cing tinh dn dinh véi ch& 46 ¢ = 7 khi cos vo = 0. '

Ay

0 W % 21T

Hink 2

Trudng hop vy = 2v; x3p xi thir nhdt hoan chinh vin cé dang {4.5) va phuong trinh trung
binh & x3p x} thit hai la:

o) = efly

. 1, . '
) = —s[k2 sing; + E(e'fuf — 212} sinp; cos goi] +32{ — 2l +

' 2 2 > -
[E?EQV{(U? C052 Y — 5 81N Wl) + eIegyfug SIIIZ Fa e l-Ri=F]

4(!/1 - Ug) 8!/1

{4.14)

] sin Lo

1 ’ . ;
+ gefez(Zuf + v2)sin? py cos p) sin UgO’}

twong dwong véi phirong trinh vi phin hang hai:
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. 1
o + 20452@'1 + sg{kg sing, + E(efuf - e% g)sm ©) COS tpl}

[2[Vf cos” i) — vZ sin® ;) cos

afl, .
+ g7 —eyear SNy
8 V) — e

2
V) g B1IL {0 COS )

1
y } + gﬂlfeg(zl/f-i—ug]sinz O] COS Py sinugo} {4.15)
L
DE dang thiy khi sinvqe = 0 ché d8 cin bfmg nguge @ = ™ ton tai vi khi dé didm treo A
vach ra qu¥ dao dang s8 8 cdn digu kign &n dinh vin cho béi bat ding thire (4.8). Ciing s8 xAy ra
tinh hinh nhu véi trwdng hop trwée néu sin vz di nhé.

KET LUAN

Nhing phén tich trén cho phép rit ra mét sd nhan xét vE ¢inh 8n dinh cda con lic nguoe khi
diém treo ciia con lic ¢4 dao déng phirc tap. Néu phwong dao déng thing ding, cac thanh phin
dao ddng céng tdc dung v con lic ngwoc 8n dinh hon, Trudng hop diém tree dao déng trong mit
phing thing ding, thanh phin dao déng ngang 6 inh hudng xdu va lim gidm mic 8n dinh.

Xac nhin - Céng trinh niy dwoc hodn thanh véi sy il tro clda cheong trinh nghién cdu co
ban trong linh vire khoa hoc tw nhién
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SUMMARY

STABILITY OF THE INVERSE PENDULUM WITH
THE HANGING POINT IN MULTIFREQUENCY MOTION

In the present paper, the stability of the upper equilibrium position of the pendulum is exam-
ined. It is found that if the hanging peint undergoes vertical complicated cscillating motion the
different components of the motion law renforce their actions so that the mentioned equilibrium
position becomes more stable. On the contrary, if the hanging point moves in the vertical plane
the inverse pendulum is less stable under the influence of the horizontal component of the motion.
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