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DANG BAT BIEN TONG QUAT CUA
THUYET BEN DI HUGNG

TRAN fCH THINH

1- MGY DAU

So v&i kim loai, vit liéu composite ¢6 nhidu wu diém =i bit: d bén ritng vi md dun din
h5i riéng rat cao, difu d6 cho phép gitm nhe ddng ké trong lwgng cla céc chi tidt miy va cic kit
cBu cbng trinh. D2 khéng bi ling phi vit lida vi cé thé thigt k& t8i wu cdc két cdu composite, cin
thiée phai hidu bidt sdu sdc cac thuyfi b¥n 4p dung cho vit lidu di hwémg niy, nhit 13 khi ching
chiu tic dung eda céc tii trong phic tap.

Theo cich tifp cin cda co hoc vi m8, cdc thuyét bén dwoc xiy dung trén céc tink chit co
hoc cida cdc vit liéu thanh phlin (soi, nhira ching han) va nh cic phwong phip “dbug nhit héa”
khic nhau. Phwong phép ndy <6 lich st hon hai chue nim nhung céc két qda cdn nhigu han ché
(2], [3}. ' :

Hién nay trong cic phong nghién ciru, thi€t k& trén thé gidi, ngwdi ta hay st dung cdc thuydt
bén xdy dwng theo quan difm cla co hoc vI md, ching han thuyés bin Hill {1948) [4), thay&t bén
Tsai v Wu (1971) [10].

Thuydi bén Hill dwee t6ng quat héa tir thuyét bEn ding huwéng Von mises vi dwoc dp dung
cho kim loai trwc hwéng. Thuy@t ban Von mises dwa trén gia tri cwe dai cda nling lowgng bidn dang
trirot va chi d¢ cip d&n bit bi€n thé hai cda trang thai dng suit:

(0’1 —0'2)2 + (02 —03)2+(03 #01)2+U§3+U§1 +0‘?.2 sﬁkz. . (1.1)

Thuydt bsn Hill dwoc bidu didn trong hé truc truc huémg dwéi dang sau:

(G + HYo1 ~ 62)* + (F + H}{oz — 03)* + {F + G)(o5 — 01)?® - 2Hoy02 — 2Go103 — 2F 003+

+ 2003, + 2Mo%, + 2N, < 1. (1-2)
Trong dé:

1 11 1 1

G*’i"H—F, 2H-F+ﬁ—§§, 2L~-ng,
1 i1 1 1

FtH=y5; W0=gtm -y 2M:S§$; (1.3)
1 111 ' 1

F+G=ﬁ; 2F.=~Y—5+ﬁ—ﬁ; ZNf%:

X, Y, Z: 14 45 bén kéo, nén don theo phwong cic trye trwe hwémg , Szy, Syz, S0 12 36 ben
cdt trong cic mit phing truc giao.
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Hill 42 xuft thuyét bén trong khudn kh3 cda I¥ thuyét ddo tuyét d6i 4p dyng vio kim loai
phin 16p véi hai gid thiét:

- Thuy& bEn khéng nhay véi diu cda éng suit phép,

- Khéng nhay véi phin ding hwéng cla tenxo ¥ng suit.

Thuyet b&n Hill hodn toan khéng thé ip dung cho vit lidu composite (Lm va cdng sv [5]).

P& khic phuc cdc han ché cla thuyéi bén Hill, Tsai va Wu da d8 xudt mot thuyét ban dwdi -

dang da thirc bic hai cda tng suit thyc:

Fooy + Fyjo0; = 1, (1.4)

hoiic dwdi dang khai tridn sau:

Fyoy + Faoy + Fso3 + Fyos + Fsos + Fgoo+
Fy10? + 2F 0010 + 2F1a0q 0 + 2Fy 40104 + 2F 50105 + 2F 60106+
Fzgag “+ 2F330003 + 2F40004 + 2F50005 + 2Fpe0a06+
F3302 + 2Fy40004 + 28350305 + 2Fag0304+
Fy403 + 2Fs50405 + 2Fg0 406+
Fys508 + 2Fsgo506 + Fegon = 1. (1.5)

Trong dé F; va Fi; 13 cac hing s8 vat Lidu (4,5 =1,2,..., 6).

So vé&i thuyét bén Hill thl thuydt Tsai vi Wu c¢6 hai diém manh:

- Nhay v&i dfu cda dmg sudt phip,

- Nhay v&i phin ding huéng cia tenxo dmg suit tac dung.

Tuy nhién nhitu nghidn ciu cho thiy thuyet bén niy khéng cho phép dw dodn chinh xdc &3
bén cla vat lién composite khi chin lwc phic tap (3], [6]. Nguyén nhdp chink 1 do thuyét bén
Tsai vi Wu d4 khong chit § d¥n tinh di hwéng cla cde co cin phd hdng cda vit lidu khi chin hye.

Trwée tinh thé d6, ¢b hai van d€ 43k ra:

+ Chn thift phii xiy dyng nhitng thuy&t bn tdng quit hon cho vit lidu composite,

+ CBn ifnh d€n ban chit rit khic nhau cla cdc co ciu phd hdy cida vit lién composite khio
gdt trong xdy dwng thuyét bén.

2. DANG BAT BIEN TONG QUAT cUA THUYET BEN DI HUGNG

2.1. Thuyét bén true hudng

Trong co hoc méi trwdng lién tuc, phwong phip bidu difn hidm tenxo {1] che phép ching ta
md t4 khich quan v3 nhit quin nhit cdc quy ludi dmg xk co hoe eda cde v3t lidu di hwémg nhu
kim loai phin lép, d4 phin ting, composite v.v... ‘

Khdo sit mdt 1&p cic dug xt ¢ thé bidu difn bing quan hé gifra tenxo dmg suit T v&i tenxo
t8c d8 bidn dang D; véi vit ligu truc hwéng (ching han composite vai thiy tinh/nhua epoxy),
quan hé tenxo tng quét dwee md td nhw sau:

T = F(D, M) (2.1)

Trong dé M; 13 céc tenxo ciu tric xdc dinh bédi:

‘ 100 000 0 0 of
M1=UIXU1: 0 00 ;MQL“UzXUz: c 1 0 ;M3=03X03= 0 0 0}
6 0 0l {0 G 0 0 0 1)
{vi) (ve) i)
2.2)
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Biéu thic (2.1) chl dwoc coi nhwr mét quy 1u;’_iﬁ co hoc néu né théa min nguyén Iy ding huéng
cta khéng gian (1}, Nguyén ly ndy yéu ciu: mdt dnh xa Q bt ki thude nhém trwe giao 0 tdc dong
d6ng theri vie vat 1iéu va bidn ddng hoc D thi kéo theo ciing mét bién d6i cla tenxo #ng sudt Tt

¥Q €0; F(QDQ', QM:Q') = QF(D, M;)Q* (2.3)

Tinh chit trén cho thiy: him F 13 ding huéng ddi vai tip hop cdc tham s8 D va M;. Quan
hé an gifra T vd D 13 di huémg; Thé loai di huéng ¢é thé phan dinh bdi nhém bit bign S cda
tenxo ciu tric M;:

QMQ=M;, — Q€S

5= {:EI! Sl:‘SZaSS}' (2.4)
S;: nhém déi xing vit liéu qua cdc mit phing {vy,vp,v3,); It tenxo dom vi.
Biéu thtrc t8i gidn cda (2.1) cé dang sau [1], [7]:
T = Clel + agMz + 0¢3M3 + g (MID + DMJ_)“E‘
+ 045(M2D + DMZ} + CMG(MQ,D -+ DMQ,) + Ct:rD?' (2 5)

= Oﬁ,‘{Tr(M]_D), TI‘(MQD), Ti'(f}/st},
Te( M, D?), Tr(M, D7), Tr{ M3 D?) + TxD®)

- Biéu thirc (2.5) cho ta m&t tmg xit dédo khi coi D 1a tenxo t&c 46 bién dang va (2.5) théda man
digu kién dbng nhat bic “0” d8i véi thdi glan “i7, cé nghid B:

ap

Duwa didu kign (2.6) vae (2.5), san mdi 53 phép bidn d8i ta thu duwrge dong thii:
+ Dang bdt bién tong quédt cda quy luit chiy déo:

T . oT
— D=0 néu - #0 {2.6}

D
VTeD?

= o1 M; + 3 My + 3 My + o (M T + TM; )+

-+ (P,5{M2T + TMZ) + g (M3T + TMa) + P7T2 (2.7)
+ vi dang bit bifn tfng quit cda thuyét bén truc hwéng:

F{TeM; T, TeM, T, TeM, T, Te My T2, Te Mo T2, Te Mo T2, Te T3} = 0. (2.8)

Tenxo M; xuflt hién trong bifu thike (2.7) vi (2.8) thé hién quan hé di hwéng (trwc hwéng)
gilta T vad D. Né&u phwong chinh cia T vd M; khdng tring nhan thi phwong chinh cda D khic
phwong chinh cia 7. Trong cdng thirc (2.8), bén canh bit bién thudng gip trong céc thuyét hén
ding huéng (TrT?) cdn ¢6 cdc bit bién hén hop (TrM, T, TrMoT,...) mé ti tinh di huwéng cda
@ng xt vat [idu. Cac bat bign niy chi rd phwong cda tenxo img suit so véi phwrong cla tenxo
cin tric M;. : 7

Chiing ta ching minh dwge ring: bat ki mat thuy&t bén nao dp dung cho vit lidu trwc hwéng
vi ton trong cic digu kién bit bién cla tinh d8i xtng vit lidu, nhat thiét phii thda min dang tdng
quét {2.8).

Ching han thuy&t bin Hill dwoc bifu ditn dwdi dang bit bidn san:

OLTEM T + CoTe2 My T + CaTe? MaT + 2C, TeM, T TrMa T+
205 TrM:T TeM, T + 20 TeMy T TxMT + (05 +Cs — Cl)TrM1T2+
(Co + C4 — Co)TeM,T? + (Cy + Cg — Ca)TrM,T? = 1. (2.9)
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trong d6 Cy = L—M-— NCZ——L“"‘M N;Cy=-L-M+N,Cy4=F;Cs=G; Cs = H.
Dang bit bién cda thuyét bén Tsai vA Wa dp dung vdo vit lidu tryc hudémg dwoc biéu difn
duwdi dang: :

FiTeMiT + FoTeMyT + FaTeMaT + (1/2)(2F11 + Fag — Fos — Foo) TY? My T+
(1/2)(2Fa2 — Faq + Fos — Feo)TY> MaT + (1/2){2F33 — Fas — Fog + Fes) Tr* MaT +
2F1,TrMy T TeMT + 2Fos TeMyT TeMsT 4 2F5, TeMs T TrM, T+
(1/2) Faa(—TrMyT? + Te M, T? + TeMyT?) + (1/2) Fss{Tr My T? — TeM,T? + TeMsT?)+ '
(1/2)Foa(TeM1T? + TeMpT? — TeMsT?) = 1. (2.10)

2.2. Thuyét bén ding hwéng ngang (transverse isotropy) -

Vit litu truc hwdng cd mdt mit phang ding hwémg dwge ggi 13 vit liéu ding hwémg ngang,
vi du compsite s¢i dong phirong, composite dang “mat” v.v..

Dang bit bién tdng qua.t cla thuyét bén ding hwéng ngang dwoc xiy dlrng tu-crng tu nhu
thuy&t bén truc huéng va cb dang [3):

F(TeT, TeT?, Te T3, TeM T, TeM T) = 0 (2.11)

Trong dé M 13 tenxo cfu tric xdc dinh béi:

(2.12)

QO =
oo Q
oo o

M=1)1XU]_=
(01,"-)

vy vudng goc véi mit ding hlro’ng
Thuyét bin Hill 13 trwémg hop dic bigt cda (2 11} v dugc biéu dién bdi:

(F42H)TrT? — HTYPT —2(F+2H - L)TeM T2+ (5F+ H—2 L)Y MT+2{H—F)IoT TeMT = 1
: (2.13)
Dang bit bi€n cda thuydt ben Tsai v Wu cho vt liéu ding hwéng ngang <6 dang:
byTeT + b TeM T + by T2 T + by Tr? MT 4 bs TxT TeMT + b TrT2 -+ by TeMT? = 1. {2.14)
Trong dé:

bi=Fy; by=Fs—Fy; ba=PFg by=Fi;+Fay—Fyy—2F;
bs = 2(Fa1 — Fiz); be = Fuu — Fig; By = Fyq +2(Fip — F11).

3. TRANG THAI UNG SUAT BA CHIEU TRON XOAY

Khéo sit mét trang théi img suit kéo (nén) ba chiBu trdn xoéy {hinh 1.):
Bing cich dwa vao tenxo léch dmg suit §:

§=T-(1/3).TeT.I. (3.1)
Ta tinh dg‘qc: |
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Hinh 1. Trang thai dmg suit ba chidu trdn xoay

TeM, T = TrM, S + (1/3). e T,
TeM,T = TeM. S + (1/3).Th T,
TeM;T = TeM3 S + (1/3).1rT,
Te M, T? = TrM, 82 + (2/3)TeM 8 TeT + (1/9). T¥ T, (3.2)
TeM;T? = TrMa 8% + (2/3)TrMa 8 TeT + (1/9). T,
TeMaT? = TrM2 82 + (2/3)TeMa$§ TeT + (1/9).TH*T,
TeT® = TrS® + TrS? TrT + {1/9). T T.

Ckt 7 ring:

TrMy 8 + TeM,S + TrM,S = 0,

3.3
TrM; 8%+ TrM, 5% + TrM: 5% = 0, (3:3)

chiing ta d& dang tim dwgc dang twong dwong véi dang bat bién tdng quit cla dife kién chiy
ddo (2.8} cho vit idu trwe hwéng khio sit dwdi dang sam

g{TeT, TeM; S, TrM- S5, TeM,; $%, TrM, 82, Tr82, Te8%) (3.4}
Ap dung vao trang thai tng suit trén ta b :

Tl = 2P + op,
TrS? = (2/3).{en — P)?,
TrS? = (2/9).(0, — P)® = (a/V6).Tr*/252,
TeM 8 = (1/3).{c. — P)(3 cos® 6 — 1},
TeMz 8 = (1/3).(0n — P)(2 — cos? 8) = —TrM; 5 + \/(1/6).Tr5? , (3.5)
TeM; 8% = (1/9).(0,, — P)*(3cos® 8 + 1) =
= (1/3).TrS? + . TeM; .4/ (1/8).Tx82 |
TrM;8% = (1/9).(cy, ~ P)*{4 - 3 cos® f) =
= (1/2). k87 — 0. TrM; §.1/(1/6) Tr52 .
Trong dé o = 1 néu (0, — P) > 0va @ = —1 néu (o, — P) <0.

Tir diy ta d& dang thiy deng bit bién tong quit cda thuyét ben 4p dung cho composite trive
hwéng chiu nén ba chifu droc thu gon dwdi dang:

k= (TeT, TrM, 5, TrS?). {3.6)
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Ta c¢6 thé chimg minh dwoe ring: dwéi tdc dung cda trang théi dmg suft nén ba truc tron
xoay xung quanh mét phwrong nim trong mit phing wu tidn cia vit lidu trec hwémg hay tryre
hwéng tron xoay th) dang 65i gidn cda thuyét bén cho cd hai loai vt liéu 12 nhw nhau vi ¢é dang

(3.8) [7].

4. VAT LIEU COMPOSITE VAI THUY TINH/NHUA EPOXY CHIU NEN
BA CHIEU

Chiing t6i tifn hinh mét chwong trinh thi nghifm véi composite trirc hwéng véi thiy tinh/nhya
epoxy, cic thi nghiém %éo v&i miu 12 lép, cdc thi nghiém nén véi miu 32 lap.

- Cic miu kéo c¢é dang hinh hoc va kich thwée d3c bige {7].

- Cac miu nén ba chidu c¢6 dang hinh hdp chit nhit v3 dwoc nghién citu thee 5 phwong khic
nhau so v&i phwong soi co ban {§ = 0°; 7,5°; 15°; 30°; va 45°). Thi nghiém dwoe ti€n hanh véi
5 gia tri 4p lwc him khic nhau: P =0, 25, 50, 75 va 100MPa. Duéi d3y ching téi chi trinh bay
mdt 58 kit qud dic trume:

Gia tri ¢ng sudt dinh phwong gidi han dwoc tinh todn vi cho trong bang 1.

Bdng 1. Ung suit dinh phwong gi¢i han (o, — P) (MPa)}
clta cdc miu chin nén ba chign

OG
P{MPu) -
0° 7,5° 15° 30° 45°

0 412,8 359,1 2739 158,3 136,9

25 482,6 398,1 362 183,9 166,5

50 521,2 4196 317 202,5 178,7
75 553,3 4426 328,3 209,5 1876
100 595 4541 3379 226,8 2029

+ V& miu chiu nén ba chidu ta cé nhin xét:

- Vit lign composite nghién cfru ¢é tinh di hwéng cao,

- Kh4 nhay v&i din cia dng suit phip tdc dung,

- Nhay vé4i phin ding huéng cda tenxo dng suit,

- D3 bin gidm nhanh tir ¢ == 0° d&n 30°, khi 3n dinh véi 0 == 30° dén 45°.

Quan s4t cdc miu thf nghidm sau khi bi phé hdng, ching t6i thiy rd:

+ V& cic miu 0° dén 15°, d5 bén v mé dun I6m, bién dang phd hidy nhd, soi doc chiu phi
hity 13 chinh, mién hw hdng rit hep.

+ Vé&i cde min 30° dén 45°, d6 bén vd mdodun thip, bién dang pha hiy rit 1én, miu bi pha
hdng do tréc sgi/nhya kém theo bién dang trwet twong d8i gilra céc 2¢i doc vh soi ngang, midn
hw héng rit 1dm.

Co cdu pha hdng cda chc miu kéo lai khic cic miv nén:

+ Véi mgu 0° mit phé. héng vudng goc vé&i phirong svi co ban,

-+ Vé&i miu 45°, gibng nhw khi nén, m3u bi phd héng do tréc s¢i/nhya, kém theo bién dang
trirgt twong déi gm'a, cic soil doc/sm ngang.

+ Véi cide miu 7,5°% 15° va 30°, ching ta quan sit thiy co cin téng ho‘p cling v&i mét qua
trinh chuyén tiép tlr cor cBu v 9 = 0% sang co ciu voi d = 45°,
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4.2. Thuy8dt bén d& xuit

_ Vé&i composite vii thiy tmh/uhu’a epoxy (vit liéu tru‘c hu'émg) sau khi xem xet ki luit bién
thién cla #ng sust dinh phwong giéi han v phan tich co cin phd hiy cﬁa. céc mau thi nghiém,
chung t81 44 48 xuit mdt ditu kién bn ¢é dang :

(1+ a1 P+ 3P (0 = P) + (bo + b1 P + b3 P?) (0, — P)? cos® sin” 6 = k7. {4.1)

& diy a; va b; 13 cdc hing s8 vit h@u, cém k 13 hing s8 cla thuyét bén.
Vé&i trang thii ¥ng suii kéo don:

: il (4.2
ot = 4.2
T 14-bycos?d gin” §

Tir cbng thitc (3.5), bidu dién céc dai lwgng (o, — F), P va cos® § qua TrT, Tr; S va TrS2,
ta dé ding thiy (4.1) thda min dang bit bién tdng quds {2.8).

(iid tri cda cdc hing s8 vit 1ign tham gia vio thuy&t bin (4.1) dwoc tinh todn nhir cic 58 lidu
thwe nghigm va dwec che trong bing 2.

Bdnyg 2, Hing 36 thuyd bén

K =0,413G P ay = —9,78GPa" ! by = —309,6GPa™?

bo = 30,93 ag = 45, 76G Pa~? ba = 1627GPa?

Trén hinh 2, ching t8i so sdnh cic s3 lidu thye nghiém véi cic dwdmg cong 1y thaydt theo
thuyst bén dé xuds.

(G- #) TMAY

600 .\
oo A

®
390 T

X D= {00 May
a Pz 23 0fe
\‘\_‘%\ﬂ + Pz 50MM
T + Pz @M

o - o POy —
- v [raction

ﬁ 1 T T T T T T T T T T T T
o 75° 45° w° 45° &0 75° p2.5° 94°
e&

Hinh 2. So sdnh s8 lidu thue nghidm véi thuyét bin 4% xuit

Ching ta nhin thiy: dwdi bat k¥ lyc him P vi véi bt ky géc § cda miu th dwdng cong 1%
thuyét theo thuyét bén d& xuit phit hop véi nhitng k& qui thye aghiém.
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5. KET LUAN
Thuyét bén Hill 4p dung cho kim loai truc hwéng, t4 ra hoin todn khéng pht hop véi vit

lidu composite,

Thuyét bén Tsai v?aVWu cho phép dw doédn chinh xéc 4% bén kéo, nén don gidn nhung cho 45

bén thip hon d8 bén thwe nghiém trong thi nghiém nén ba truc trdn xoay trén composite trirc
hwéng {9].

Phép bifu difn ham tenxo di hwdng cho chiing ta mdt cich tidm cin déc ddo nhim md 4 mébt

cich t8ng quit wng x& co hoc cda vit ligu composite trwe hwéng chiu ¥ng suit phirc tap. Thuyét
bén d& xuft cho ta mdt dir dodn chinh x4c hon cd vé &5 bén 1in co ciu phi hidy cda composite
khéo sét.

. Céng trinh ndy dmwoc hoidn thanh véi sy tid trg cda Chwong trink Nghidn céu ceo bin trong

link vwc Khoa hoc ty nhign

10.
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SUMMARY

GENERAL INVARIANT FORMS OF THE ANISOTROPIC FAILURE CRITERIA

The general invariant forms of failure criteria for anisotropic solids were studied and applied

to orthotropic composite materials. wher subjected to three - dimensional siress states with
rotational symmetry. The Hill criterion and the Tsai and Wu criterion are special cases of these
general forms.
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