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VE MQT BAI TOAN GYROXCOP 

::0: ~ ' .. 

PH~M HUYEN, NGUYEN THANH M~U 

B3.i to3.n v'e chuy~n dQng cda gyroxc5p tr€n de' quay quanh m9t trlJ.c c5 d!nh trUng v&i trvc 
dOi xtl-ng cUa rO to Ia m<?t ba.i' to<in kh6. Ngu-Cri ta di chU:ng minh dtrqc rlng gyroxcOp ma:t 5n djnh 
khi tn!c d5i xll-ng cU.a rO to t.ie'n l?i g'a.n v&i trvc quay khung ngoai. V~y chuy~n d(?ng c-ria gyroxcOp 
se nhu the" nao, ne'u ta Qu9c n6 quay quanh m9t tqtc cf5 dinh trUng v&i trgc d5i xli'ng cUa rO to? 

d bai b.io nay, chUng t&i dUng phrr011g ph<l.p ti~m c~n hi~n d?-i Ia phmmg phip tach chuy~n 
d{)ng dg gic\1 b3i toin tren. 

' ~ ' 
1. PHUO"NG TRINH CHUYEN DQNG 

X€t m9t gyroxcO'p can b!tng tren d~ quay a-eu quanh trvc cO d!nh O::"' rna khi chua nhi~u d9ng, . 
n6 tr-Ung v&i tn~c d6i xli-ng 0 Z ella gyroxcOp. N go?-i llrc Ia lvc rna sit nh&t & cic b trt].c khung 
trong va khung ngoai. Gil!. srl-- de' chuygn d/?ng v6i. v~n t5c gOc U(u~,u,,u!) trong h~ OEry~ g~.n 
li~n v&i nO. Khi d6 v%n t8c g6c tuy~t d6i cU. a khung ngo3.i ella gyroxcdp W2(pz, q2, r 2 } dOi v&i h~ 
Ox2Y2Z2 g~n v&i khung ngoai. V~n t5c g6c tuy~t d5i crl.a kh'ung Ia wl (PI, ql, rr) trong h~ Oxlylzl 
gJin v&i khung va W(p, q, r) lil v%n t5c g6c tuy~t d6i ella rO to trong h~ tc;~<t etC} gln li'en v&i nO Oxyz. 
T<l:t ci cac h~ tQa d9 nay drrqc ch9TI sao cho g5c 0 trUng v&i di~m b5:t d9ng ella gyroxc5p va cic 
trJ!C tt;>a d9 trUng v&:i tn.1c chinh cda elipxOit quan tinh. Khi dO vj trl ella rO to du7c x:ic c!jnh 
blng ba g6c Kru·IOv: a, /3, ·-r, ?:t 06 o: E1 gOc tie'n d(}ng, f ~ g6c tru·ang d9ng, 1- g6c quay ri€ng·. 

/ 
X 

RO r3.ng 13. d.c bing eosin chi phuong c6 d<:tng: 

E ~ ' X2 1 0 0 

Y2 0 cos Q: sma 

Z2 0 -sin a: cos a 

31 



"'2 !12 Z2 "'' Y1 Zi 

x, cos !3 0 -sin /3 X COS/ sin1 0 

Y1 0 1 0 y -sin"' COSj 1 
--~-

z, sinj3 0 cos/3 z 0 0 1 

(1.1) 

Cu5i cling h't: 

(1.2) 

DUng phucmg trlnh d9ng hJ:c h9c ale vie't cho h~ -Oxyz chuytn d/?ng v&i v$-n t5c g6c fi so v&i 
h~ c5 d!nh O("''IJ*~*: 

Ja - ~ ~ 
~d. +!lxG=Mo 

t 

G- MO men d~rng hrqng crl:a v;t rin, -fo.fo ~ MO men chinh ngo<;ti l\fC tic d~ng l?n v~t r~n. Vie't 
3 phrrcmg trlnh cho 3 v%t r1n a) r8 to, h) rO to + khung trong, c) rO to + khung t.rong + khung 
ngoai; chii{u len trvc quay trrO'llg IDI.g 1a Ozr, Oyr, Ox2, dtrg-c: 

dGoz 1 
~ +PI Goy1 - _q1-Gox 1 = Lz1 , 

d(Go + 6,)"' - ~ -· ~ 
dt + r, (Go + G,),, - PI (Go + G,)z, = Ly, 

d(Go +a,+ G2),, - , ~ , · ~ , ;; " _ r + q2(Go +a,+ 02),, - r2(Go T UJ + li2)y, - ~,,. 
dt 

G9i A.;, Bi~ C.;- MO men qu<in tinh chinh crl.a cic v~t r~n brO'ng U:ng i =OJ 1, 2. 

(!.3) 

Thay cac gia tri (1.1), (1.2) vao (1.3) dm;tc phrrang trinh vi phan chuygn d\mg cda gyroxc6'p 
cin bhg tren de" di d9ng t:rong gi<i cac d3ng: 

1) Ne'u rO to c6 elipxOit quin tinh trOn xoay thl Ao = Bo =? H ::-.::Cor- canst 

(Do cos2 !3 + A2 + C 1 sin2 ;J)ii + Dz&t sin 2/3 + P[ Dz ue sin 2/3 + rz( Dz cos 2/3 - 'Is)+ 

+ H cos/3[ + 9(ue, ""' u,) + q2 cos;J(H + C1 ue sin/3 + C,r2 cos/3- [)0 ue sin ,B)+ 

+ qzrdDo sin2 /3 + D,- Ds) = Lx, (1.4) 

DsP + &(Dsrz - D2r1 cos /3 - H cos /3) - ,P( ue, u", u,) - (D2r1+ ~ 
+ H)( u 1 cos !3- r 2 sin ;3) = Ly, 

q2 = UYJ COS Q! + Uf sin a, Tz = -Ufl sin a + U)" COS a, . r1 = ( t.te + 0:) sin j3 + r2 COS {3, 

,P(ue, ""' u,) = D,(u, COSO!+ u, sin a), 
p( tie, it,, it,) = Do (,ue cos !3 ·- it, cos a sin !3 + it,, sin a sin !3) cos ;3+ 

+ c, sin;J(ite sin,B +it, cos a cos !3- it" sin a)+ [)3(u" cos a+ i<, sin a), 

Do =Ao +A,, Dz = C,-Ao-A,, Ds = Ao+B1 , 04 = C2 - B2 . 
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2. CHUAN HOA H~ {1.4) 

Trrr&c Mt hay h~ b~c (1.4), d~t : 

Di'eu ki~n d3.u chsm nhrr sau: 

da 
--f).­dT- .~., 

d(3 
dT = 112 

a(O) = a 0 ; <i(O) = 0; · P(O) = 0; (3(0) = 0. 

Chuiin h6a h~ (1.4} trong bie'n siJ (2.1) b&ng each drra (1.4) v~ d~ng khong thrr nguyen 

T = T._t, a= O!.X, {3 = {3.Y, Ai = L.a-i, Bi = I.b-i, 

Ci = L,ci, Ui = U..,vi, Ni = N..,nJ, Oi = O.Wj, i = 0, 1, 2 j = 1, 2. 

(2.1) 

D(lt To = I.j H, I' = TofT •. Xet l&p cac chuylin d?ng rna To be con T. = Td - thai gian 
chuyJn d<}ng cda de' rift l6n, khi d6 JL ~ 1. cac gi<i tr} d~c truil.g dm l~ dU'qc ch(;m: 

I.= max( A;, B;, C;); U, = max{max[u<(T), u"(T), u,(T)]} 

N. = max(N;), "'• = (3. = 1, n. = 1/T., 11. ~ u •. 

Bay gia h~ (1.4) It d~ng khong thrr nguyen se !a: 

dX_w. 
dt - 1 l (2.2} 

11.A(0 )(Y) ~1 + 11.[ cosY sin Y(2d2W1W2 + ZdzW2v1 + q2v1 - dov1q2) + W2f2(d2 cos 2Y- ds)+ 

+ c, <i2i'2 cos2 Y + <i2i'z( do sin2 Y + d• - ds)] + wi'> + W2 cosY+ q2 cosY = -n1xW1, 

Jlds d:2 
+ JJ[W1 (d3 f2 - d2f 1 (v1 cosY- f2 sin Y)] - W1 cosY+ u, cosY+ f2 sin Y + Jl;j = 

= -nzxWz, 

d, - h1. cac d~ hrqng kh8ng th-6- nguyen cUa cda Di, r2, qz, Pz, p, .($- cic d~i hr9"Tlg khOng thU: 
nguy~n tll'ang li-ng 

0 day X= N.jH, A(0 l(Y) =do cos2 Y + a2 + c, sin2 Y 
H~ (2.2) Iii. h~ phrrang trlnh vi phan chrra tham s5 be It d('O ham b~c l&n nhit. m thgy (2.2} 

thOa min tat d. di.~u ki~n e-da d!nh lY TikhOnOv va di~u ki~n khai tri~n tren do~n o ~ t < oo. 

3. XAY DVNG TI~M C~N NGHI~M CHO (2.2) 

Cho v1 = Vz = 0 cOn V3 = Wo d1.rgc: 

dX 
dt =W,' 
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~tA(0)(Y) d~:• = -~t[d2W1Wz sin2 Y + Wzwo cos Y(-d3 + dz cosY)+ c1 wz5 sin 2X cos2 Y + 
2 

+ W2o sin 2X(d. - d, +do sin2 Y)] - (Wz + Wo sin X) cosy- xn,W,, 

It dW2 
= -~t{W1 [ d0 w0 - d2 (W1 sin Y + Wo cos X cosY) cosY] + dzwo (W, sin Y + 

dt 
+ Wo cos X sin Y) cos X sin y + w1 cosy- WocosX sin y- xn2Wz. 

Dih ki~n dliu .Y(O) = x 0 , X(O) = 0, Y(O) = Y(o) = 0. 

(3.1) 

H~ (3.1) c6 v~ trl cln b~ng Bn d!Jth (0,0). Nghi~m ti~m c~n cl'ta n6 dtrqc x3.y dl!llg quanh v! 
trf nay. Do d6 coi -LY, Y nh6: X= ex, Y = ey. Nghi~m ti~m c~n se drrqc xiy dv-ng theo 11 b~ng 
.phU'ctng phip tach chuyjn d{lng va theo c: b~ng phuang phip Poangcare. 

a) Nghi~m ti~m ci)n & ngoaj l&p bien 

& b~c "0" theo Jt du-qc: 

Dih ki~n dliu ella h~ (3.2) la: 

y(o) (0) = 0, 

Nghi~m ella (3.2) xay dlplg thea Poangcare: 

x(o) (t) = x\
0

) (t) +ex~') (t) + e2 ... , 

& b%c "1" theo Jt drrqc: 

y(o)(t) = Yl0 ) (t) + ey~') (t) + e2 .. . 

dx(o) (1) 
---w . 

dt - 1 ' 

dy(l) (1) 
"dt =wz 

(3.2) 

(3.3) 

(3.4) 

w&') cos ey(o) + nxw[0) + w0x(') cos ey(o) cosox(o) - y(l) sin ey(o) (ew("l + w0 sin ex(o)) = 

(o) 
= -(do cos2 ey(o) + a 2 + c, sin2 ey(D) d~~ - w\0) ew&o) dz sin 2ey(O) - w~o) (d2 cos 2ey(o)-

(3.5) 

Dih ki~n dliu cua (3.4) Ia: 
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Nghi~m cda (3.4) theo Poangcare drrvc tlm: 

x( 1l(t) = x\')(t) + exk')(t) + e2 ••• 

y( 1l(t) = yl'l(t) + eyk')(t) + e2 •.• 

(3.6) 

Thay (3.3) v1w (3.2) gifio l~i nhfiong khai tri~n Mn b~c "0" theo e. Thay (3.6) v1w (3.5) gifio 1¥ 
nhii-ng s5 h~ng de'n b~c "1" theo e se dtrqc cic phll'ong trlnh xac d!nh 

x(0 l(t), yl0)(t), x('l(t), y('l(t), xk')(t), y~1 )(t). 

b) N ghi~rn ti~rn c~n & trong lap bien 
Ph1.rong trlnh chuy~n d9ng gyroxcOp & trong l&p bien: 

dx 
dr = fJWb 

dy 
dr = JJWz, p.r = t 

A (o)( ey) dw, = -I' [ d2w1w2esin 2ey + w,wo cos ex(d2 cos ey- ds)+ 
dr 

wJ . 2 . 2 Wo . +- sm 2ex(c, cos ey +do sm ey + d4- ds)] - (w2 +- sm 2ex) cos ey- xnw 1 , k . 2 

dw2 { [ . Wo d,- = -p, w1 dow -Ocosex-dz(wisrney+ ~cosexcosey)(cose:y-
dr e, 

. )} wo . - wo cos ex sm ey +WI cos ey- ~cos ex sm ey- nxwz. 
e 

0 b~c "O" theo I' dl!'qc: 

Di~u ki~n d"iiu cho (3.7): 

(O)( ll . Wl T r=O = XnXoWoj 

0 b~c "1" theo J1 du-qc: 

dy(O) 
--=0 

dr ' 

(o) ( l I . Wz 1' -r=O = XoWo j 

dx(l) (o) 
--=WI 1 

dy(l) (0) 
dr =wz ' dr 
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Dih ki~n d'au cho {3.8): 

Giili c.ic h~ (3.2), {3.4) va (3.7), {3.8) dtrqc Ht qui.: 

x(t, I') = xoe-woxnt [ 1 + (M, + M2)1'tcos wot] + 1's1, 

y(t,!') = x0 e-woxnt{- [1-l't(M1 + M2 )(sinw0 t + cosw0t)] + !'sz}. 

M1 , M 2 ~ cac hting si5 kh&ng thtr ngUyen ph\). thu9c c<l.c mO men qtiin tlnh chlnh cUa d.c bQ ph~n 
5YTOxc5p, s1, s2- hJin1 £.:0 kh6ng ph~ thu9c v;lo Wo, y, X, V. V ••• 

Nh%n xet: Ke"t quit cho thgy: 
- Gyroxc5p c6 ti€'n dgng h~ th8ng· 
~ T5c d9 tie'n d9ng nay pht}. thu9c chi€\u chuy~n d9ng cda de' theo lu%t hin1 mii. 
- Phrrcmg ph:ip tach chuyiln di)ng cho them siJ h<:mg thg ky b~c 1-'· Du I' nho nhU"ng n~u t l&n 

~hi v§,n 1a m9t b.S sung ding k& d8i v&i tOe d9 tie'n d(>ng. 
- H~ sO rna sti.t cling c6 lmh hu&ng ding k~ de'n tie'n d9ng. 
Nhfrng ke't lu%n nay 1a sv- khic bi%t dOi v&i t3:t d. nhlhtg ket lu%n d3. bie't. 
D~ minh hqa them cho ke't lu~n nay, xet them m9t thl dv C\1 th~. Gib. stl: de' Ia tau bi~n, 

chuy&n d9ng theo cung trO~ 6° trong 5s. Khi d6: 

Wt = 2.10-2 1/s, T, = 5s, a,= fJ, = 1. 

V~y: 
Wo = 2.10- 21/ S va J1 = 2.10- 3

, t = 1. 

Drrqc: 

Ngu Wo > 0 thl IL'Ixl"' 0, 0091xo, /::,.y"' O, lxo, wo < 0 thi ILO.xl"' 0, OZxo, Ay"' 0, lxo. Do 
cl6: 

Lla(wo<O) > 2Ll..a(wo>O) 

COng trlnh nay drrqc ho3.n thimh v6i SlJ tai tnr crla Chrrcmg trlnh NghH~n Cl.'i-U CCf ban trong 
linh vvc Khoa hqc tv- nhien 

Dia chi: Nhqn ngay 2/10/1992 
D~i-hqc Xay dvng 
D~i hqc Sv: ph~m I Ha Nqi 

TAI LI~U THAM KHAO 

1. HoBo:>KHJJOB 11. B. MeTO,IJ.bi pa3)l,eJieHHH )J,Bll)KCHHkt. M8I1 ~ 1982. 

SUMMARY 

ON THE MOTION OF GYROSCOP 

In this work the authors had studied the motion of Gyro in mobile basis. Introducing the 
uncountable by degree units the differential equation system is coming to the standart form) which 
can be solver by the method of separation motion. Computed result is the exponential function. 
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