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VE MOT BAI TOAN GYROXCOP

PHAM HUYRN, NGUYEN THANH MAU

Bai todn vE chuyén ddng cia gyroxcdp trén 48 guay quanh mét truc 8 dinh trimg véi truc
.48 xtng cda 3 to 13 mdt bii todn khé, Ngudi ta 43 chitng minh dwoc réng gyroxedp mit on dink
khi truc d8i xéng clda rd to tién lai ghn véi truc quay khung ngodi. Vay chuyén ddng cda gyroxcdp
sé nhir thé ndo, néu ta budc nd quay quanh mét truc <8 dinh tring véi true d8i xdéng cha rd to 7

& bai bio niy, ching t6i dimg phwong phdp tiém cin hién dai 13 phwong phép tich chuyén
déng d€ gidi bai todn trén,

1. PHUONG TRINH CHUVEN DONG

Xét mét gyroxclp cin bing trén d& quay d2u quanh truc <& dink O¢* ma khi chira nhiu déng,
né tring véi truc d8i xtng OF cda gyroxedp. Ngoal lwe 13 lye ma sdt nhét & cic 3 true khang
trong v khung ngodt. Gid st 44 chnyén dong v&i vin tée gde d{u;, u,,u,) trong hé Ofn¢ gin
lién véi nd. Khi dé vén t8c gbc tuydt 46 cda khung ngodi cda gyroxcdp da(ps, go, ro) 461 véi hé
Ozsy222 gin véi khung ngodi. Vin t8c gbc tuydt ddi cia khung 13 a1 {p1, g1, 71 ) trong hé Cziyi=m
gin vé&i khung va G(p, g, 7) 12 vin t8c gdc tuyét A6i cda 15 to trong hé toa 4§ gin Hén véi né Czyz,
T4t ch cdc hé toa d nay dwoc chon sao che gc O trang véi difm bit dong cia gyroxcdp vi cdc
truc toa 45 trang véi truc chinh cda elipx@it quén tink. Khi dé vi trf oda rd to dwoc xdc dinh
bing ba géc Kruwldv: o, F, v, & 46 « 13 gdc tifn ddng, £ ~ gde trwong ddng, v - g6 quay ridng.
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hé c dinh O ¢™:

g Y2 23 zi 3 2y

z cos 0 ~—gin A T o8 §in 0
7 0 1 0 y  —giny  cosqy 1
2y gin A 0 cos z 0 1] i

Vi viy goi My, M5, My 1i cdc ma trin chuyén vi twong tng. Cé:

P2 { g a n ug & 0
gz | = M3 thy § 014; q1 | = Mo M Uy § + Mz 1O+ B (1 1) i
ro g 0 r1 %, 10 0
Cufli cing 1a: : ‘ d
D o fue (d a G o
2] = M3M2Ml Uy -+ J‘vig,Mg 0 + M3 _.6 4 0 B (12)
r t, 0 0 3

Duang phaomg trinh dng lwc hoc Ule vids cho hé Ozyz chuyén ddng véi vin tée gée {1 so véi

i o | -
E;"f“ﬁ&.@:ﬁfg

& - Mé men d6ng lwong cla vt rin, My - Mé men chinh ngosi luc t4c dung 18n vét rin. Vide

3 phwong trinh cho 3 vat rin a} 18 to, b) 18 to + khung trong, ¢} rd to + khung trong + khung
ngodi; chifn Bn truc quay twong ¥ng 13 Ozy, Oy, Oz, duge: ‘ :

4Gz, '
d{t}' + plGOUl W_QIVGOa:l = Lzl,

d(Go+ Gy . L |
(Go - 1w + ri{Go + Giler — P1{Go + Gl = Ly, 7 (1.3)

d{Go + G1 + o). o s A L
{Go 1 2}z + 32{Go + G1 + Gajp, — rof{Go + G4 + G2y = Ly

di

Gol A;, B;, C; - M4 men quén tinh chinh cfa cdc v3s rin twong dog+ =0,1,2.
Thay céc gid tri (1.1), {1.2) vao (1.3} dwge phwong trink vi phin chuyén ddng cda gyroxcdp

cin bing trén d€ di ddng trong gid cdc ding:

1) N&u 6 to ¢& elipxdit quan tinh trdn xoay thi Ay = By = H == Cor — const

(Do cos® B + Ag + Cysin? )& + Dacef sin 28 + Bl Do sin 28 + ro( Dy cos 27 — 3 )+
+ H cos 8] + (teg, tig, tie} + gz cos S{H + Crug sin f + Cirycos § — Dyug sin f)+

+ gore{Dosin® B+ Dy — D3} = Euy, {1.4)
Dsfi + &{Dsry — Dary cos § — H cos fi) — lie, iy, &) — (Dyrit -
+ Hi{ugcos f— rasin f) = Ly, , . ‘ ,
Go = upcosc+ ugsine, rz=—ugsinoe+ u, cos o,. 1 = (ue + ) sin B+ rocosff,

P{de, 6y, 4, ) = D3ty cos a + i sin e},
olte, iy, 8.} = Dofee cos B — i cos asin f -+ iy, sin&sinﬁ} cos B+

+ € sin {4 sin f + 4; cos e cos f — 4, sin o) + Dsfiy, cos a + 4, sin ),
Dop=Ag+ Ay, Da=Cy—Ag— A, Di=4,+8B;, [ =0,— B
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Cho Ly, = ~Nio; Ly, = -Nof

2. CHUAN HOA HE (1.4)
Trirére ht he’iy ha bac (1.4}, dit :

da ﬁ .
a""f - ﬂl’ . a7 - 02 (2‘1)

Dieu kién diu chon nhur sau:
a0) =a; &(0)=6; F(0)=0; B(0)=0.
Chuén héa hé {1.4) trong bién =8 (2.1) bing cdch dwa (1.4} v& dang khong thir nguyén

T=T% a=aX, =AY, A =IF>La, B; =1Lk,
C, =T, U=Uv, N =Nn; Q;=0W;, ¢=012 j=1,2

DY Tp = L/H, p = Tp/T.. Xéi 1p cic chuyén déng ma Ty bé con T, = Td - th&i glan
chuyén ddng cda d€ rit Iém, khi &6 p < 1. Céc gid tri dic trung cdn lai dwoe chon:
I, = max(4;, B;, %:);  Us = max{maxu(T), uy (T), u.{T)]}
N, =max(N;), e.=f =1 Q.=1T, OQ.~U,.

B3y giv hé (1.4} & dang khéng thir nguyén s€ 1a:

dX dy '
—dT = W]_ H I = W2 {2‘2)

dW
jJ.A(O‘(Y} 4 l_[ cas ¥ sin Y(2d2W1W2 -+ 26{7"5’2 v + q:Ul - duvlqz} -+ ng‘g{dg cos2Y — d3j+
+ ¢1dafacos? ¥V + dafa(do sin’ Y + dy ~ dg)] + pE -+ WacosY + §acosY = —nyxW,,

dWs; .
pds —= B + ﬂ.[Wl\dgrz —dafi(vycosY — Fosim Y)} —WicosY +vpcos ¥ +Fpsin¥ 4 ud =
= —noxWo,

d¢ - 12 cdc dal lweng khong thé nguyén cia cda 0;, f3, ¢, B2, @, % - che dal hromg khéng thé
nguyén twong dng

8] diy y = N./JH, A (Y)Y =dycos? Y + ag + ¢y sin’ ¥

H& (2-2) 15 hé phwong trinh vi phin chira tham 88 bé & dao ham bic }ém nhit. DE thiy (2.2)
thda min tit cd diBu kién cda dinh Iy Tikhéndv vi ditu kién khai trién trén doan 0 <t < oo,

3. XAY DUNG TIEM CAN NGHIEM CHO (2.2)

Cho v; = ug = 0 ¢dn v3 = wy dwoe:

dX . iNg
@ =M w T
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2
o)y )dWl = —[daWaWs sin? Y + Waug cos ¥ (=dy + dacos ¥) + o3 2 sin 2X cos? ¥+
2
%9 sin 2X(ds — ds + dg sin Y}] (Wa + wosin X) cos Y — xn Wy, {3.1)
dWs

el —p;{Wl [d{)wo ~da(WysinY + wpcos X cosY ) cos Y] + dowp (W sin ¥ +
+uwocos XsinY)cos Xsin¥Y + WycosY —wgcos Xem Y — xnaWa.

Ditu kién diu X(0) = =z, X(4) =0, Y(0) = Y(0) = 0.

Ha (3.1) ¢4 vi trf cin bing 8o dinh (0,0}, Nghidm tidm can cla né duwge xiy dung quanh vi
tri ndy. Do d6 coi X, ¥ nhéd: X = gz, ¥ = gy. Nghiém tim cdn € dwge xiy dung theo g bing
‘phwong phip tdch chuydn déng va theo £ bing phwong phip Poingears.

a) Nghiém tiém cin & ngoai lép bién
o bic “0” iheo p dwoe:

dz(0)
dz(9) 1 dy{®)

— woe ™ sin ey!® cos ezl xS =0

dt

-1

(3.2)

Pigu kién diu ctia hé (3.2) la:
@ =0, z°H0) ==z
Nghiém cia (3.2) xiy dung theo Pofngcaré:

20008 = 20t} + el (r) + 2.,

(3.)
yO0) =i (B + el (1) + 67

o} bic “1” theo p dwgc:

dz(0) dy(I)
o =<_u(11); ot ww(;) (3.4)

w(zl) cos ey(o) =+ nxwgol -+ (:J[).‘B[l) cos3 sy(o} cosez(®) — y{i) sin Ey(o) (swgﬂ} + wp sin sm(o)) =

de!” \
—(do cos Sy(o) + az +cypsin EU(U) u;i — sz )dg sin 2zy{" — w( }(G‘z Cos ’Zsymf—

2 .
— ds)wg cos ez0) ;—2 sin 282(0)(61 cos?ey(® + d4 — ds + dgsin ay(ﬂ)}, (3.5)
. (0)

— WiV cosey!® — woz sin &5 sin ey ® + nywl? + D (ewl® siney® +

(0 dwg )

+ wocos ez cesey(o}) = —ds + e(w {0 )) dy sin eyl®)—

2
— wgo)wg'cos ezl?) (do + dg sin? sy(o)]' — -é—z-dz cos? ez'®) sin ey(?).
Didu kién diu cha (3.4) la:
ZMoy=0, yHoy=0
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Nghidm cda (3.4) theo Polngeard dwge tim:

20() = 2{0() + eaD(t) + 2.

(3.6)
y(e) = i (0) + etf (0) + €2

Thay (3.3) vio (3.2) gift lei nhimg khai trién dén bic “0” theo e. Thay (3.6) vio (3 5) gif lai
nhitng 58 hang d4@n bic “1” theo ¢ s& dwge cic phwong trinh xdc dinh

200, 0, S0, @, P L)

b) Nghiém tiém cdn & trong 16p bién
Phwong trinh chuyén ddng gyroxcdp & trong 1ép bién:

a4z dy ]
—_— = L — =t =
d’r My, dr Mg, KT

duw .
A(O}(ey) L p[d2w1wge gin 2ey + wywg cosex(da cos ey — da )+
2

w . 7 Wo .
+ 2—0 sin 2ex(cy cos® ey + dypsin® ey + ds — d3)] — (wq + —EQ sin 2=1) cos ey — ynwy,
£ _ - :

d .
dg-—uﬁ = wp;{wl [dow —0Qcosez — dalwy sinsy + o cos ez cos ey){cos ey
£

. ] .
~ (g COS ET S1R ey}} ] COSEY — — COSEXSIN ey ~ NYws.
€

O bic “0” theo u dwoc:
dl0) dyl0)
= 0 e = G .
dr ! dr ! : (8.7)

(6)
A(O) (Ey(u))ii%“ { (0} + sm ’9:( }) COREY (0) _ an{o)
T

(o)

w
ds—— = —wlo cossym) - ?Gcos ezt sinsy( ) Xnwsy
Digu kign diu cho (3.7):

I(O){T)IT:O =0, 9(0)(T)|T=o =

(0) - 500 ol = gpde; Pg= ——D___
w§ (1-)|f:0 = ¥NIglp; W{g )(f)lmo = Zolo; @0 =g wiE
o bic “1” theo p duee:
dz(1) o dy(V) 0
e =wl”, - - =w”, (3.8)

(1)

(do + a2) = —wo(dz ~ dS)WgU) - “’él) ~ woz!!) - nxwg )
dwi (0}, {1) 1 - (1)
ds di = —w, (_ciawo — dawg) +wi — woyt) — xnw; .
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Pitu kién daun cho (3.8):
1)(T)|r:0 = O’ \ y(l)(r}lrzﬂ =0
Gidi che hé (3.2), (3.4) vi (3.7}, (3.8) dwoc ket qui:

z(t, 1) = zge Soxmt [1 + (M1 + Ma)pt cos E&ot] + pey,
yl(t, u) = ﬂ:oe"‘_""’xnt{ - [1 — pt{ My -+ M3)(sin ot + cos é')gt)] + psz}.

My, My - cic hing s8 khdng thé nguyén phu thudc cdc md men qudn tinh chink cda cdc bd phin
gyroxedp, s1, sz - hing =f khéng phu thudc vio wy, ¥, %, V. V...

Nhin xét: K&t qud cho thiy:
- GyroxcOp cé $i€n déng hé thing
© . T8c d5 tién ddng niy phu thude chidn chuyé’n ddng cida d€ theo luit him mit.

- Phu‘cmg phép tich chuyén dong cho thém =8 hang th? k} bac p. D p nh6 nhu‘ng néu ¢ 16
thi vin 13 mdt b sang ddng k& d6i véi tdc 45 tién ddng.

- H? s8 ma sdt ciing ¢é anh huéng ddng ké dén tién déng.

Nhirng k& luin niy 13 sw khidc bigt d8i véi ¢4t cd nhitng k&t Indn 4i bidt.

P4 minh hoa thém cho k& lujn niy, x& thém mdt thi du cu thé. Gid s d€ 13 tau bitn,
chuyén ddng theo cunyg trom 8° trong 5s. Khi dd: '

wy =2.107%1 /s, T.=5s, a.=p. =1

Viy:
o =210"%1/s vi p=2107% ¢=1.

Duye: ’ .
-5 -3
Az e zo{Zilo -1}, Ay=0, lape™® 7, g~y

Néu wo > 0 thi 2 0, 0091z, Ay & 0, 1zg, we < 0 thi |Az| ~ 0,02z, Ay = 0, 1zo. Do

aé:
Ay, <o) > 2Bau,>0)

Céng trinh niy dwoe hedn thanh véi sy tal try eda Chuong trinh Nghin cdu co bin trong
Fnh vire Khea hoe tw nhién

Die chi: ' Nhén ngay 2/10/1592
Bai-hoe Xdy dung
Dat hoc Sw pham I Ha Ngi

TAI LIEU THAM KHAOC

1. Hosoxumnos U. B. MeTonsr pasnanenna gamxennit. MO - 12382,

SUMMARY

ON THE MOTION OF GYROSCOP

In this work the authers had studied the motion of Gyro in mobile basis. Introducing the
uncountahle by degree units the differential equation system is coming to the standart form, which
can be solver by the method of separation motion. Computed result is the exponential function,
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