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TRONG BAI TOAN LOP BIEN TANG HAl CHIEU 

VU BA MAl 

v " " 1. D~T VAN DE· 

Bii toin l&p bien ting 4ai chi'eu di drrqc Blasius nghien ctl'u [1], sau d6 dm;rc Khimennetsj 
Khauoat cling nhieu tete gii khic phit tri:n [6]. Cic tic- gil dUng chubi lfiy thlra ella x v&i die h~ 
s5 Ia. him ella y. cac h~ sO' nay du-qc tinh toin va. l~p thinh bing bigu ti~n cho vi~c s& dvng kY 
thu$t. Cling vl the' mi g ~P kh6 khan khi din c6 d{) chlnh xic cao han. 

Drr&i diy se trinh biy m{lt ca.ch phit trien phuang phip m~t d.t lien tie'p dg giill bii toin 
nh~m khic phvc t8n t~i vlra neu. 

'~ .,.(' , v .j"""" 

2. CO SO LY THUYET CUA PHUONG PHAP ¥A.T CAT LIEN TIEP 

Tlr lien h~: 
aU(x, y) I 

U(x0 + L'.x0 , y) = U(xo, y) + ax x=xc · L'.xo (2.1) 

ta tha'y d~ tinh U(x0 + ~Xo 1 y) c'an bie't him U(x01 y) vi d~o hilm ri€ng thea x cda n6. Vi v~y 

w1u coi U(xo 1 y) Ia gi;i tr~ ban d"lu di bie't thl chl c'an tim gii tri ~~ t;;ti xo li bii- toin dtrqc giai 

quygt. 
Nh~m IDJ.!.C dich d6, ta bie'n d&i phrrcrng trinh Prandtl hai chi"eu [3] 

v&i di'eu ki~n bC:r: 

uau + vau = _ dP + azu 
ax ay dx ay2 

au av 
-+-=0 
ax ay 

u = v = 0 t~i y = 0 

U=U= t~i/y=oo 

(2.2) 

v'e phrrcmg trlnh vi-tlch ph3.n thea y f \ 
Tlr (2.2) theo [6] va [8] nh~n drrqc: 

y 

aul au J 1 [a2

U Jl 1 [a2 u Jl - =-X - --
2 

- f(x) dy +- ~7 - f(x) ax x=xo ay U2 ay Xo u ay~ Xo 
(2.3) 

0 

trong d6 d~"t f(x) = dP/dx 
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oul Bii!u th&c (2.3) cha tHy khi bi~t gia tr\ ella ham U(x, y) t~i x = xo = canst thl -
0 

c6 
X x=xo 

khi ning xic d!nh du-gc. MuOn v~y, cic d~i hrgng 

phii tOn t~i hlru h~n trong mi'en tich phin thea y tir 0 de'n y. 
U(x, y) t~i x 0 dCing thiri phii tho a man [7]: 

~:~I",~"~ =0 

azul 
8y2 "'y==,;:.

0
o 

= f(xo) 

Hai d:i€u ki~n (2.4') va (2.5') dU'qc g9i Ia cti'eu ki~n du-Ong vi'en. 

3. xAc D~NH GIA TR+ ~~ TA,I X= Xo THEO CONG TH"UC (2.3) 

Thea d~ ngh\ ella phmrng phap m~t c~t lien tigp, ta tlm nghi~m ella (2.2) d~ng 

N j 

U(x,., y) =La~ y'; 
'· i=l 

(2.4) 

(2.5) 

(2.4') 

(2 5') 

( 3.1) 

trong d6 cic h~ s5 a{ la hlng sd [4] vase drrqc kf hi~u Ht a? t<,ti m~t c1t ban d'au Ung v&i x = x0 . 

Uy cl~a ham c5p 1 va dp 2 ella (3.1) thea y 

N 
iJU "' a; i-1 ay = L.., (i-1)!y ; 

,=1 

82U- N aiyi-2 

iJyZ - ~ (i- 2)! 

Vift bi~u thUc cUa. U2 drr&i d<~mg chu6i hfru h<,tn 

trong d6 : 

va tich phiin [7] 

2N 

uz = LA;y' 
i:::2 

i-1 
' aiai-i A,= L.., .,(.- .,, 
j=l J· t J,. 
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(3.2) 

{3.3) 

(3.4) 

{3.5) 

(3.6) 



trong dO Bi li nghi~m eli a h~ plnrcmg trlnh d~i s5 tuye'n tinh 

tinh tich clta (3.2) v&i (3.6) drrqc: 

au j" 1 a2 u I N . ~ X --;; [-2 - f(xJ] dy = L C;y' ay u~ ay x=xo . 
0 •=1 

trong dO 

i = l,N. 

Cling tU'ang tl! ta tim dtrqc: 

1 [a2 u Jl N · -u -a 2 - f(x) = LD;y' 
y X=xo . 

~=1 

trong d6 Di l.?t nghi$m ctia h~ phuong trinh d~i s5 tuye'n tinh 

i = 11 N 

Thay d.c bi&u thfrc (3.8), (3.10) viw (2.3) duyc: 

aul N . ~ = '\'(G; + Di)y'; (G3 + D3 = 0) ax x=xo L-t 
i=l 

Thay (3.12) va (3.1) viw (2.1) ta nh~n dm;rc Ht qu~: 

U(xo + L:.Xo, y) = 
N 
'\' { (G, + D;)fl.xo +a;} i. 
L- '! y, 

t. 
i=l 

4. THI DTJ 

xac dinh bigu dtl hru t8c trong 
b?ti to<in dOng chiy bao hlnh trv trOn 
ban kfnh R cUa chit lOng nh&t khong 
ch!u nen. Hlnh trv d~t vuOng g6c 
v&i v~n tOe dOng bao t'.Li vO cling 
(hlnh 1). 

Hinh 1 
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c3 + D3 = o; 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

as= 0. (3.13) 



A.p dvng phrrong phip m~t c1t lien tie'p d~ xic dinh bi~u dO hru tOe U(x, y) t~i cic m~t c~t 
li-ng v&i cic gii trj xic d!nh x = x:i· Theo (2.1) c'an cho tnr&c d~ng bifu dO U(xo, y) t~i m~t c~t 
ban diiu x = xo = Rp0 (trong d6 'Po la g6c ban diiu). Theo (3.1) d•ng Cl) th~ cda bi~u do U(xo, y) 
dtrqc quyet d!nh bCri cic hing sO a?= ai(x0 ). cac h~ng sO ban d'au niy dm;rc xic d!nh t~i phOng 
thi nghi~m thuy hrqc tnrimg d\'i h?c Xay dlffig nhlt phmmg phip chl)p imh dong cMy bao h\nh 
trv c6' pha cic h~t phlm quang. G6c if>o ban d'au lay b~ng 15° [2]. Ke't qui tinh toin cv thf nhu 
sau: 

a~= 68.10~ 2 ; ag = ~150.10- 2 ; ag = 0; a~= 864.10- 3 ; 

a~= -2688.10- 3
; a~= 3348.10- 3

; a~= -45864.10-s. 

Thay cac gii tri nay via (3.1L nh~n du-qc d~ng ev thf cUa bi€u dO hru tOe ban crau: 

U( x 0 , y) = 0, 68y- 0, 75y2 + 0, 036y4 
- 0, 0224y' + 0, 0046y6 

- 0, 00009y7 

Bi~u dO lu·u tOe ban d'au v&i cic hf sO h~ng si5 th6a man di'eu ki~n bien (2.2) cling nhu· c<ic 
dih! ki~n (2.4') va (2.5'). 

Thvc hien cac phep tinh (3.5), (3.6), (3.7), (3.9), (3.11) nhan dtrqc kgt qu~ (3.13) cho d.c m~t 
c!t lien tie'p sao d6. 

Drr&i diy li bi€u dO hru tOe ella 3 m~t c£t d~e tnrng li-ng v&:i cic g6c /f>l = 25° 1 1{>2 = 90° 1 

'P3 = 100", x, = R<pj U= 1,2,3) 

U(x 1 , y) = 0, 75y- 0,09ll + 3.10-4 y4
- 98.10-5 y5 + 11.10-5 y 6

- 18.10- 6 y 7
, 

U( x 2 , y) = 1, 215y- I, 04y4 + 3.10-3 y 5 
- 205.10- 5 y6 + 514.10- 7 y7

, 

U(x 3 , y) = 9.10-2 y + 0, 91ly2
- 0, 222y< + 213.10- 4 y5 + 493.10- 8 y 6

. 

Bi~u 0:'0 eic dU'Ctng cong thg 
hi%n str phin hO ltru tOe ella l&p 
bien t'ing t<;<i bOn m~t cit d~c 
tnrng drrqc cho tren hlnh 2. 

Hinh 2 

Trong do: 'I = y/5 - chih 
day kh6ng thrr nguyen nla l&p 
bien, UN = U/Uoo - V~n tOe d9c 
cda l&p bien 
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5. MQT SO NH~N XET 

Phtrong phap m~t dt lien tie'p vita trlnh bay Ia kilt qua ke't hqp sd- d\lng lien h% (2.1) v&i vi%c 
tlm U(x 0 , y) bhg bigu thrrc bin th\l·c nghi%m (3.1). Nhir sd- d\lng lien h% (2.3) rna ke't qua cuoi 
cling d.ITqc tlnh toin thea cOng thll-c dan giin (3.13). NhCr v%y tinh toin l&p bien v&i d9 chlnh xac 
tlly Y, ·khOng phii sll- dl;lng cic bigu miu tinh sRn. Tuy nhien dg nhanh chOng d;:tt t&i ke't qui thl 
vi~c sd- dvng cic ke't qui thv-c nghi~m c6 d{l chinh xic cao la c'an thie't. 

Tic gilt chin thinh cim an Giio su·- Tie"n si Nguy~n Tii v'e sv- hrr6-ng dAn tqrc tie'p cling 
nhrr nhii_ng Y kign d6ng g6p hi~u qui, da t;:to dieu ki~n cho vi%c hoim thinh d~ tai cUa tic gii. 

Dia chi: 
Truirng it q,i hqc Xdy dv:ng HN 
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SUMMARY 

DEVELOPMENT OF NUMERICAL STEP-BY-STEP METHOD 
FOR CALCULATING BOUNDARY LAYERS 

In this paper was proposed a development of numerical step-by-step method for calculating 
boundary layers. As an example showed all the coefficients a~ of initial velocity,s profile had been 
calculated by experiment. 
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