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ON D~NH CU A BAN B+ NEN DONG THOI 

HAI PHIA THEO QUY D~O PHUC T~P 

DAO VAN DUNG 

Theo hU'&ng nghien dru da chi ra trong [1, 2, 4], bai nay xft sv· 5n d!nh clia bin m6ng din 
deo v&i qui trlnh bie'n d~ng ph lYe t~p, x3y dlplg phrrang phip xic d!nh h;rc t&i h<;tn vi chi ra inh 
hu&ng cUa qui trlnh d~t tlti ph&c t<;tp t&i Sl]' 5n d~nh crl.a bin. 

~ v ' ; "' 

1. CACH D~T BAI TOAN ON D_[NH 

Xft bin m6ng chfr nh~t c~nh a, b, chi'eu diy- h d~t trong h~ De cic vuOng g6c Oxyz sao cho 
Oz vuOng g6c v&i bin. Gii thiet bin tv-a bin re t~i cic bien X = 0, X = a, y = 0, y = b vi ch!u 
nen d'Ong th1ri hai phia b&i cac h,rc thay clili theo quy lu%t bat ky ella tharn s5 t lit P 11 {t), P12 (t), 
P22 (t). V~t li~U li khOng n€n duqc vi khOng xet de'n sv- xu3:t hi~n mien c5:t tii trong bin. 

1. Qua trlnh tnr&c khi v'Ong 

Ta xem rlng, t~i thCri digm t nio d6 khi bln b} nen, tOn t?-i tr<;~-ng thai TI-ng su3:t phing mfmg 
trong bin nhrr sau 

cr 11 = -P11 (t), cr2 z = -P22 (t), a1z = -P1z(t) 

(11) 

Cic th~mh ph'an tenxcr t5c d9 bie'n d~ng trrcrng &ng xic d!nh theo l:Y thuyet qui trlnh d9 cong 
ttung binh l<l 
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trong d6 ¢/ = ,P'(S); N(S, t) = <Yuk(s) 
Phliong trinh xic dinh d9 dii cung crl.a qiiy d~o bie'n d<;tng nhu sau: 

ds 2 ( .2 . . . ·2 ·2 ) 1/2 _ F( ) 
- = r;; en+ eue22 + <::22 + el2 = s, t 
dt y3 

( 1. 3) 

2. Qua trlnh sau khi vtng 

Gilt thie't r~ng cic l¥c ngoai phv thU(?c vio cic tham s5 tlti t. T~ thCti di~m t* (c'an xic d!nh) 
bin b! v'Ong, tU:-c Ia xuat hi~n dq.ng cin blng Ian c~n. Khi d6 h~ cic phtr011g trinh 5n djnh din d~o 
ella bin ·c6 d~ng: 

(1.4) 

trong d6 

'"11 = 1- ~ (1 - -""-) P{, 
4 'PN a~ 

'12 = ·-3 (1- __<t!__) p12pll 

lPN a~ 

'"!3 = 2- 3 (1 - -""-) P"f2 - ~ (1- -""-) P11 P22 

'PN G~ 2 'PN 0"~ 

'"14 = -3 (1- 'Pt ) p12;22 
. . PN au 

· 3( 'Pt)P:f2 
'"/5 = 1- 4 1- 'PN <7~ 

.:_,P'(s). _N(S,t) 
'Pt - 3G ' 'PN - 3G ( 1. 5) 

Vi~c giii bai toin 5n d~nh quy v~ nghien cUu dOng thCri h~ 2 phtrong trlnh (1.3) va (1.4) cUng 
v&i cic di€u ki~n bien d3 cho. 

2. PHUONG PHAP NGHIEN CUU 

PhrrO'ng phip chung dg gili bii toin la ch<.m nghi~m OW sao cho th6a man di€u ki~n bien 
d9ng h9c, dem thay vio phtrang -trinh {1.4), tlr di~u k~~n t'on t~l nghi~m khOng t'am thrrC:mg, suy 

ra h~ thrrc Xac djnh l\fC t&j h;tn. rJ day do tinh phrrc t~p cita qua tr\nh (thong qua tham s5 t), 
nen d~ xic d!nh hrc t&i h~n ta phii ke't hCfp v&i phucrng trlnh (1.3). Sau diy trlnh bay m(?t each 
trrD-ng minh y tu·bng tren. 

Tir di'eu ki~n bien d9ng hqc ta ch9n 

(
1rX "Y) 6W =A cos --; + b , (2 1) 

ne thay dlng cich tlmnghi~m nhrr v%y th6a min di'eu ki~n bien tl[a bin re thea nghia tich 
phiin. Thay (2.1) vao (1.4) va tir dieu ki%n ton t~i nghi~m khong t:tm thuimg, tU:c lit A of 0 thu 
Chrqc 
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(2.2) 

Goi i = 36 
!a dii u6n e1\a birn va diit "= ": , khi do (2.2) co dang . h . . . b . 

'(1 111) 
(

b) 2 3G7r 'PN /14 + 12 3 + /3 2 + /4- + 1s 
2_

9 
~ a a a a ,_ h- 1 1 

P11- + 2P12- + P22 
a' " 

(2.3) 

Gii tr! t&i h~n Pi~· = P11 (t*) dm!C tinh tU'ang U:-ng v&i gii tri t = t* crla tham sOt. Gii tr~ t'., 

tlm du:qc bhg each d&ng thi'ri gi!U hai phtrang trlnh (1.3) va (2.3). 
[l~ minh h9a xet bin mOng c~nh a ch~u nen d8ng ~hCri theo hai phia Ox 1 Oy bdi hai l\fc P(t) 

vi q(t). Tfnh toin b1t qui blng sO 1\rc t&i h~n ella bin khi b.in lam vi~c & tr~ng th<l.i din hOi vi & 
tr<;tng thii din dJo v&i qui trlnh d~t tlti ph li-e t~p vi d~t Uti dcrn gik vi so sinh cic ke't quit d6. 

' . ' 
3. BAN VUONG CH~U NEN THEO HAI TRlJC 

K:Y hi~u 

a-11 = -P11 = -P(t), a-12 = O, o-n= -P22 = -q(t), 

a-~= (P2 -Pq+q2
); a= b; £11 i 0, £, i 0; £12 =0 

Phrrang trinh di) dai cung (1.3) din v~ 

ds 2 ( ·2 . . ·2 ) 1/2 F( ) 
dt = J3 <11 +<ll·<n+<2z = s,t 

He thll-c xic djnh hrc t&i h~n (2.3) c6 d~ng 

i' = g(":) 2 
= 3Gtr

2
'PN . [4 _ ~ (1 - £.<..) [P(t) + q(t)j

2
] 

h P(t) + q(t) 4 'PN a-;;_ 

(3.1) 

(3.2) 

Bii tocln tlm cic gii tr! h_rc t&i h?-n P(t), q(t) quy v~ vi~c tlm gilt trj t = t* nia tham s6 titi 
rna U:ng v&i n6 P(t) va q(t) d~t gi<i tri nh6 nh3:t. Vl S ciing li ham ella t nen gii tr! t* tlm dtrqc 
b~ng each gi!U d&ng then 2 phtrang trlnh (3.1) va (3.2). 

D~ ti~n lqi cho tfnh to<l.n bing s6, ta sai phin (3.1) nhtr sau: Gilt sti- t bie-n thien trong [0, T] 
nio d6, chia [0, T] thinh n bm:S-c chia 0 = t0 , t 1 , ... , tn = T v&i bu·&c chia T. Khi d6 (3 .. 1) tl.l'crng 
dU'ang v&i 

S(tn+l)- S(tn) = rF(t,,S(tn)) ( 3.3) 

Gib. sli- qily cl<:to d~t tlti drrqc cho b&i quy lu~t ~au 

P(t) = Poo + t, q(t) = [P(t;J• 
Po 

(3.4) 

V&i Poo, Po li cac h~ng sO 
Khi d6 crr&ng d<? li-ng su5t (1.1) bKng 

(3.5) 
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cac th3.nh ph'an tenxa t5c dQ bi~n d~ng 

e:\z = 0 

.. ·. 1 [ 2(P00 +t)3
] ( 1 1 ) [ . 4(P00 +tJ1 

'"ll = N(S, t) - 1 + Pc - <,b'(s)- N(S, t) (Poo + t) + P
0
6 

_ 2(P00 +t) 4 
_ ~(Poo+t)'] [(Poo+t) _ ~-(Poo+t)']a~z 

Pc 2 Pc 1 2 Pc " 

. 1 [ (P00 + t) 3 1] ( 1 1 ) [ 4(Poo + t)
7 

"zz = N(S, t) -4 pg + 2 - </>'(S) - N(S, t) (Poo + t) + pg 
2(P00 + t)

4 
_ 1 (Poo + t)'] [(Poo + t)

4 
_ ~(R l] -z 

p3 2 p3 p3 2 00 + t IYu 
0 0 0 

(3.6) 

Phmmg trlnh (3.2) dh v~ 

(3. 7) 

Nh4n xit: 
a) Ne'u v~t th~ din hOi tli'c 1a 'Pt = 1, 'PN = 1 ta c6 phuang trlnh xic d}nh l1fc t&i h~n cho 

Mn dan hlli (theo Euler) [3]. 
b) Neu qua trlnh d~t tii Ia dcrn giin, khi do 

ta c6 phuang trlnh x<ic dinh hrc t&i h<?J! khi sli- dvng l:Y thuye't dan d~o nh6 [3]. ,, -'>_ 

NhlX v%y d'!a viw cac h% th.rc (3.1), (3.7) taco thi! xac djnh tham s5 tli t&i h~n t•. Cac l'!c 
t&i han P., q, xac djnh nhu sau P. = P(t,); q, = q(t,). 

""' ' J J ~ ""' KET QUA TINH TOAN BANG SO 

Tinh l'!c t&i h~n cho bin vuiing blng thep 30XfCA, v&i gi&i h~n chiy cr, = 4000kgfcm2 , 

3G = 2,6.106kg/cm2 ; P00 = 2830kg/cm2 ; P0 = 4500kgfcm2 Ty sil a/h l~y de gia trj Ia 22, 25, l 
28, 31, 34, 37, 40, 43, 46, 4"9. -1 

Co.c ket qui cac l'!c t&i h~n cho b&i bang I, II, III .,, 
Nh4n xtft: 
a) Gia trj lvc t&i h?n tinh theo Euler (dim hlli) (b~ng Ill) luiin luon l&n hcrn l'!c t&i h~ tinh 

theo cic l:Y thuye't d~o phli-c t~p va dan gilm, han nii·a khi v%t th~ chju tii phtl-c t<;tp gii tri cUa A 
lv-c t&i h<;tn nh6 hem so v&i hyc t&i h~n khi d~t t<li dcm gili.n (xem blmg Iva II). D.ieu nay phU hqp 
v&i tlnh chat ca IY cUa v~t li~u. Tr€n dO th! li€n h~ gifra cr~ v&i a/ h, ta th.iy d~) thi cUa d~t t<'a.i 
dan gih nam gill-a d6 th! clia dan hOi va d~t tii phLrc t~p (Hlnh 1). ). 

b) Qua vl dv nay cho tha:y khi bin m6ng c6 tY s5 ~ 2 40, tU:-c 13. d9 m'em i = ~a 2: 120 t<li 

t&i h~n tinh cho bin dan hOi, ·va bin dan d~o (k~ ci phfrc t~p va dan giin) trling nhau. Do v~y 
khi bin c6 d9 mem lCm sU· dvng cOng thiTc Euler la hqp l:f. Trang tru·Crng hQ"p nity bltn mat bn 
d!nh ngay trong giai do<;tn aa.n hOi. 

c) Vi dv cho th5:y S\f c~n thigt phlti t:inh ll!c t&i h~n thea lY thuye't qui trlnh d~m dJo d6i v&i 

d.c bin day han ( * < 40) 
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Bdng I. Bin din- dJo chiu qui trlnh d~t t<ii ph li-e t<:tp 

a/h t' S.103 P, q. au, 

22 1630 1,9516 4450 4310 4383,0 
., 25 1.570 1, 7503 4400 4100 42.56,0 

28 1.550 1, 7086 4380 4040 4223,1 
31 15Hi 1,6236 4340 3880 4125,5 
34 1480 1,5814 4310 3770 4065,7 
37 1440 1,5·388 4270 3660 4000,3 
40 1240 1,4084 4070 3020 3661,9 
43 984 1,2806 3810 2320 3329,6 
46 744 1,1903 3570 1790 3095,2 
49 518 1,1209 3350 1380 2914,4 

Bdng II. Ban din - dJo chju qua trlnh d~t tai dan giil.n 

a/h t' S.103 P, q, au. 

22 1700 1,9507 4530 4390 4461,5 
25 1640 1, 7502 4470 4170 4328,2 
28 . 1620 1, 7025 4450 4100 4285,7 
31 1560 1,6233 4390 3920 4175,9 
34 1510 1,5809 4340 3800 4095,4 
37 1440 1,5386 4270 3660 4000,3 
40 1240 1,4084 4070 3020 3661,9 
43 984 1,2806 3810 2320 3329,6 
46 744 1,1905 3570 1790 309512 
49 518 1,1209 3350 1380 2914,4 

Bdng III. Bin dim hbi bj nen dbng thai hai phia 

a/h t' S.103 P, q. au, 

22 3460 5,7838 6290 17200 15038,0 
25 2960 4,1221 5790 12400 10718,0 
28 2540 . 3,0500 5370 9110 7930,1 
31 2160 2,3511 4990 6820 6113,0 
34 1830 1,8957 4660 5160 4928J 
37 1520 1,6004 4350 3940 4160,9 
40 1240 1,4084 4070 3020 3661,9 
43 984 1,2806 3810 2320 3329,6 
46 744 1,1905 3570 1790 3095,2 
49 518 1,1209 3350 1380 2914,4 
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0 2Z 40 Lf9 a;h 

Hinh 1 
Drrang I. Dim - dko phU:c t~p, Drrang II. Dan - dko dan gilm, Drrang Ill. Dan hBi 

,< A 

KET LU4N 

Phrrong phip gib.i bai toin tren day cho ta khio sat d!nh tinh va d}nh hrqng v'e Sl[ 5n d~nh 
ella bln khi ch!u qu<i.trlnh d~t tlti phlrc t?P· Cic ke't quit nh~n drrqc c6 Y nghia lY thuyg't va th1[c 
te. 

T3.c gii chin th3.nh cim.an giio Slr tie'n si Dio Huy Bfch aa hrr&ng diln cOng tdnh nay. 
COng trlnh nay Chrvc ho~m th~mh v&i Sl! tai trq cda Chuang trlnh Nghi€n clru CO' bin trong 

linh vv-c Khoa h9c t'! nhi@n 

Dia chi: Nh4n ngay 5/S/1993 
D~i hqc Tffng hqp HN 
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SUMMARY 

ON THE STABILITY OF THIN PLATES SUBJECTED 
TO BIAXIAL COMPRESSIONS OF COMPLEX LOADING 

In this paper, the method for calculating an expression of critical forces in general case has 
be£:n presented. As for its application, using computer programming in Pascal we've found the 
value of critical forces. The influence of complex loading on the stability of plates has been studied. 
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