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CONVECTIVE MOTION IN BINARY MIXTURE 

NGO HUY CAN 

Institure of Mechanics 

In the paper the problem of convective motion in a binary mixture is studied. In the 

binary mixture convective motion is caused not only by gradient of temperature but also by 

gradient of concentration .. 

1. BASIC EQUATIONS 

For the mathematical description of convection in a binary mixture, the Boussinesq approxi­
mation of the equation of motion, the heat equation and the diffusion equation will be assumed [1] 

av 1 
- + (v\l)v ~ --\lp + vl>v + g(fhT + fhC)i at Po 
aT · · 
- + v\lT ~ (x + a 2 DN)t>T + o.DN l>C at 
ac 
- + v\lC = Dl>C + aDl2.T at 

divv = 0 

(11) 

( 1.2) 

(1.3) 

(1.4) 

Where the following notations are used: v denotes the velocity, p - the pressure, T, C -
the temperature and the concentration in the mixture, p - the equilibrium state density of the 
mixture, g ~ the acceleration of gravity, fh' !32 - the heat and concentration coefficients of volume 
expansion of the mixture, D - the diffusion coefficient, v ~ the viscous coefficient, X - the coefficient 
of heat conductivity, a, N - thermodiffusion and thermodynamics parameters, 1 ~ the unit vector 
of vertiCal upward axis x3 in the cartesian coordinate system Ox! xzx3 . 

We consider the system of equations (1.1) - (1.4} with the following boundary and initiai 
conditions: 

v = 0, T = T1 , C = C1 on S 

vlho ~ v(O), Tlt=O = T(O), Clt=O = C(O) 

In [ 1] it has been proved that if 

\7T0 = -kr, V'C0 = -B1 

where A and B are constants then there exists an equilibrium state. 

(1.5) 
(1.6) 

(17) 

The problem (1.1} - (1.6) are written in dimensionless form. For this purpose some dimen­
Sionless quantities are introduced: L denotes a reference length, L2 /v ~a reference time, x/ £.-a 
reference velocity, AL ~ a reference temperature, BLx/ D- a reference concentration, p0 xv / L2 -a 
reference pressure. 
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lustead of the system {1.1)- {1.6) we get 

av - + P1-
1v"ilv = t.v- "ilp + R 1T1 + RzC1 at 

aT a 
P1 Bt +v"ilT = {1 + a)t.T + bt.C 

ac 
Pz- + P1-

1 P2 v"i1C = t.C + bt.T at 
divv = 0 

v = 0, T = T1 , C = C, on S 

vlt=O = v(O), Tit=O = T(O), cjt=O = C(O) 

Where R-1, Rz are the heat and diffusion Rayleigh numbers: 

R, = g(3,AL• , 
vx 

PI is a P:r:andlt number and P2 is a Smidth number: 

a, b are defined by: 

v 
Pz= ~ 

D 

b = aDA 
xB 

( 1. 8) 

( 1. 9) 

{1.10) 

{1.11) 

(1.12) 

{1.13) 

{1.14) 

{1.15) 

(1.16) 

Using {1.7) f~om the system of equations and boundary conditions (1.8) - {1.12) we receive 
the linear- equations describing the small convective motion in the mixture: 

av a·t = t.v- "ilp + R 17T + R27C (1.17) 

aT a 
P 1 at= {1 + a)t.T + bt.C + Vj {1.18) 

ac 
Pzat = L1C + bt.T +(vi) {1.19) 

divv = 0 {1.20) 

v = 0, T = 0, C = 0 on S (1.21) 

vjt=O = v(O), Tjt=O = T(O), Cjt=O = C(O) {1.22) 

2. EXISTENCE THEOREM 

The following Hilbert spaces are used throughout: 

Lz(O) = Hz(fl) x Hz(fl) x Hz(fl), 

with scalar product and norm: 

3 

(u,v)L,(O) = L J u,v,dfl, 
t::::l 0 

Lz = { v E Lz{fl), div v = 0, Vn = 0 on S}, 
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Wi(n) = Hj(n) x H}(n) x H,i(n), 
Hj(O) = {p E H,(O), 'Vp E H2(0)}, 

H:},0 (0) = {P E Hj(O), p = 0 on S}, 

WJ;, 0 (0)·= Hi,o(O) X Hi, 0 (0) x H:},0 (fl), 
~, { 1 ' W2 ,0 (0) = v E W 2 (0), d1vv = 0, v = 0 on S}. 

Likely as it has been done in [2] we can prove that the equations (1.17) - (1.20) with the 
conditions (1.21) are equivelent to the following equations in space L2 (0) and H 2 (fl) 

(2.1) 

(2.2) 

(2.3) 

Where the operator A 1 is self-adjoint positive definite in .Z2 (!1), its inverse operator is positive 
and compact, the operator A2 is self-adjoint, positive definite in H 2 (1l} its inverse operator is 
positive and compact. The operators B12, B13, B21 1 Bs1 are defined by 

B12T"' ,T, 
B,,v =(vi), 

B 13C= ,c, 
B,,v =(vi)· 

Definition. The generalized solution of problem (1.17) - (L22) is called the solution of the 

following problem in space L2 (0) X H 2 (0) X H2 (0): 

dX 
(2.4) - = -AX+BX 

dt 
Xl,~o = X(O) (2.5) 

Where X= (v, T, C)l. 

A, 0 0 0 R 1 B 12 R,B,3 

1 +a Az a 1 
A= 0 -A, B= -Bzl 0 0 

P, P1 b P, 
1 1 1 

0 -bA2 -A, ~Bs1 0 0 
P, P, p, 

It is clear that the equation (2.4) and the· system of equations (2.1) - (2.3) are equivalent. 
From (1.16) it .follows that the constant a is positive 1 the constant b may be positive may be 

negative. 
We consider the case when b < 0. We rewrite the operator A in the form 

A, 0 0 

A= 0 1 +a A, 
p) 

a 
- Pdb[ A, 

1 1 
0 --[b[A2 -A, 

p, P, 
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In the equation {Z.4) setting X= E 112 C we get 

where 

and 

1 0 0 

y ~ [:J E= 0 
P,lbl 

0 
a 

0 0 
p2 

TbT 
It is easy to ·see that 

A, 0 0 

0 ( 
q ) 1/2 - -- A2 

P,P2 
1 
-A2 
p2 

0 ( 
a ) 1/2 

- -- A2 
P1P2 

1 ( ( a ) 1/2 1 ; 2 ( 1 ) 1j2 1 ; 2 ) 
2 

(A,Y,Y)=(A1Y,,Y,)+p-(A2Y2,Y2)+ .p A2 Y2- p A2 Y3 
. 1 1 2 

0 0 1 
-(aP1P2)

1
1
2 A~' J 

P2{1 + a)A2 

(2.6) 

(2.6) 

It is clear that the operator A! 1 is positive and compact and the operator .4 1 is self-adjoint 
positive definite. 

In the case when b > 0 the operator A, get a form 

A, 0 0 

0 
1 +a 

( q t2 A,= --A2 -- A2 
P, P1P2 

0 ( a )'/2 
P

1
P2 A, 

1 
-A2 
P2 

In the same way we can prove that the operator .41 is self-adjoint positive definite, its inverse 
operator is positive and compact. 

So we obtain ]3] 
Theorem 2.1. The problem (1.17)- (1.22) get an unique generalized solution. 

3_. SPECTRUM THEOREM AND CONVECTIVE STABILrTY 

In {2.1) - {2.3), (2.6) setting 

v = Vre->.t, T = Tre->.t, C =Gre-At, y = Yr~-At 
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li ~ 

,. 



we get 

~vr = Arvr- RrBrzTr- RzBl3Ct 

P1~T, = (1 + a)A2Tr + ~AzC- B21vl 

P2~C, = A2Cr + bA2T1- B21v 
~y = ihYr- B,Y, 

Using the theorem 10.1 in [4] we obtain 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

Theorem 3.1. The spectrum of the problem (3.1)- (3.3) is discret. Excepting a finite n.umber 
of the spectrum points others-ones are contained in the sector -e < a~A < e, 7r-e < arg..\ < 1r+e. 
The system of eigenfunctions of the problem is complete in the space W,', 0 (0) x Hj,0 (0) x H:), 0 (0). 

From the system of equations (3.1)- (3.3) we get 

).(v,, v,) = (A,vr, vr)- Rr(BrzTr, vr)- Rz(Br3Cr, v1 ) 

~Pr(T,,T,) = (1+a)(A2T1 ,T,) + ~(A1 C1 ,Tt)- (B21 v1,Tt) 
~P2 (Cr, C,) = (A2C1, C1) + b(AzT1, C1) - (B31 v1 , CI) 

. From (3.5)- (3.7) it follows 

(~- ~·) { llv1ll2 + R1P1IIT1II 2 +R2Pzllc11n = o 

(A+ ~·l{hl\ 2 - R1P1\IT>\I'- R,P2jlc11n = 

= zjjAi/2v1jj 2- 2R1(1 + aJ\IA~/2 T,jj 2 - 2R2 IIA~/2 C1 jj 2 -

- 2R1a + b2R2 (A1/2c A1/2t) 
b 2 1) 2 1 

(H ~*J{ 1\v>\12 + R1P1jiT1II 2
- RzP2IIC11n = 

= ZIIAi12v1\l 2 + ZR1(1 + aJIIA;/2Trl\ 2- 2R2\IA;/2C1II 2
-

aR1- Rzb
2

( 1/2 1/2 ) ( + 2 b A2 C1, A2 T1 - 4R1Re B1zT1, vt) 

(A+~·) { llv>i1 2 -- R1P1j\Tr\\ 2 + R2Pzi\Cr\\ 2
} = 

= zi1Ai1'vr\\2- ZR1(l + aJIIA;12T1II' + 2R2 1\A~ 12C1 \\ 2 -
-aR1 + Rzb

2 
( 112 r;2 ) ( + 2 b A2 C1 , A2 T1 - 4R2 Re B13 C1 , v 1 ) 

(A+~*) { lh II'+ R1PriiTrll 2 + RzPziiC1II 2} = 

= 211 Ai/2 
v1 II' + 2Rt(l + a) II A~12 T1\\ 2 + 2Rz\l A;12 C1\\ 2-

aR1 + Rzb
2 

( 1/2 1/2 ) ( ) + 2 b A 2 C 1 , A2 T1 - 4RrRe Br2T1, v1 -

- 4R2Re(B13C1, v,) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

The equality (3.8) implies that if R 1 > 0, R 2 ; 0 then ), are real, i.e all the perturbations in the 
mixture in crease or decrease monotonely. 
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In the case when R 1 < 0, Rz < 0 from (3.9) we get 

2Re,\{ lh 11
2 

+ jR,jP,IITI\1
2 

+ jR2jP2IIC,II
2

} = 

= z\\Ai/2v,ll 2 + ZjR,j(1 + a)\IA~/2T,II 2 + 2jR211\A~12 C,II 2 
+ 

, + 2ajR,j + b
2

jR2j (A'/2c A.'/2T) 
b 2 lJ 2 1 

This inplies that Re > 0 if 

ajR,j + b2jR2j . < 1 
2b(jR,j·jR2j(l + al)l/2 

In the case when R 1 > 0, R 2 < 0 from (3.10) it follows that Re.\ > 0 if 

R, < 1112 and 
aR, + b2jR2I 

jbj(R,jR2ja) 112 < 1 

where 1 1 , lz are the minimum eigenvalues of the operators A1 and A2 • 

In the case when R 1 < 0, R2 > 0 from (3.11) it follows that Rd > 0 if 

and 

In the case when R 1 > 0, R 2 > 0 from (3.12) it follows that Re.\ > 0 if 

(:3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.13)- (3.16) are sufficient conditions for convective stability in t.he mixture but not necessary. 
Conclusion. In the paper the existence and spectrum theorems have been proved some 

sufficient conditions for convective stability in a binary mixture are obtained. 
This Publication is completed with f.iTiancial support from the National Basic Research Pro­

gram in Nat ural Sciences. 
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~ A ~ % 

CHUYEN DONG DOl LlJU TRONG HON HOP 
CHAT LONG HAl THANH PHAN . 

Trong bii bio da chtl-ng minh d!nh ly tOn t~i duy nh<it nghi~m va dinh lY ve cau trUe ph-5 cho 
bii toa:n tuy~n tinh v'e chuy~n d{}ng ddi hru nhi%t trong h8n hqp ch£t l6ng hai thinh ph'an. D5. 
thu drrgc m9t sd dieu ki~n dli d~ chuyfn d{}ng dOi hru trong h~n h(;rp 5n dinh. 
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