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MQT V AI PHUONG TRINH PHI TUYEN GIAI DUQ"C CO 
A .-./A _.tH /A 

LIEN QUAN DEN HIEN TUONG MAT ON DINH KHI DONG . . . . 

NGUYEN DANG BfcH, NGUYEN v6 THONG 

COng trlnh cao, ke"t dfu m~m chiu tAi trgng gi6 dao dc$ng khOng eM theo phrrang dOng gi6, 
mi cOn theo phrrcrng vuOng g6c v&i dOng gi6. Chuygn d(}ng thea phucmg vuOng g6c v&i dOng giO 
li hi~n tu-qng tv dao dc$ng, c6 thf din t&i tlnh tr<_tng milt 6n d}nh khf d9ng. Phucrng trinh mO t!t 
hi~n trrgng tv dao d<)ng ella cOng trlnh xem nhu h~ mQt b~c t\1· do c6 d<.J.ng [1, 2]: 

J.P +f3<P + C'P = M('P, .P) ( 1) 

Trang bii toin niy M(~, <P) 13. m6 men ctla ll[c khf dQng, khOng phv thuQc hi~n vio thCti gian 
vi li ham cda vi trl vi v~n tbc dao dc$ng clia chinh c6ng trlnh. 

Bii bio niy chi ra m<}t sO d<.tng ll(C khi dQng, tlm nghi~m chinh x<ic cUa phrrang trlnh vi phin 
phi tuye'n hrcmg li-ng, phin tich d~c tnrng dao d<?ng va hi~n tu·c;rng milt 5n dinh khi d9ng lhlg v&i 
cic hrc d6. Drr&i day xet cic d~ng l\fC khi d9ng 

A ' ~ A ~ 

1. MO MEN CUA LUC KHI DONG CO DANG . . . . 

& diy a 2 
- tham sO ella h_rc khf d9ng. 

Khi d6 phrrang trlnh (1) c6 d~ng [3[ 

& day 

2v = f3_ 
J' 

2 c w =-
J 

(1.1) 

( 1. 2) 

Trong tru·Crng h<;rp tham sO v, w bit k)r, phrrang trlnh (1.2) kh6ng tim dm;rc nghi~m chlnh 
xic, nhll'ng n6 c6 nghi~m dUng khi 

2v!z 
w= --v 

3 
( 1.3) 

Trang tru-ang h'!P nay phrrang trlnh (1.2) c6 tich phan d"au: 

. 2v ( ) 
'P + 3 1 + "''P 'P = 0 (1.4) 

Phrrang trlnh (1.4) cho nghi~m 

1 ,-(v/3)t 
'P= a Celv/3)t + ,-(v/3)t 

( 1.5) 
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b day C - hing siJ tich phiin 
Tlr (1.4), (1.5) suy ra: \0 Ia ham dllng bign va gia trj nim trong kholmg hrru h~n 

1 
<<Okh1"0<t+ a(C+1)_<p _ _ <co 

Nghi~m (1.5) li• ~n djnh khi C of -1 

2. MO MEN LlfC KHf DQNG CO D~NG 

Khi d6 phrrcrng trlnh (1) c6 d~ng 

DS gi!Ii phrrcrng trlnh (2.2) ta dung phep bign d~i 

(au) 11" = 10(1 + a 2<p2)-
112 

nha phep bign dili (2.3), phrrcrng trlnh (2.2) drra v~ phrrcrng trlnh 

a) Khi a= 1 
Trong tru-ltng h7p nay phep bign dili (2.3) va phu-crng trlnh (2.4) c6 d;mg: 

cp = u(l- a2u2) ~1/2 

i.i + 2vU + w2 u = w2 a 2 u3 

( 2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

nhtr v~y, v&i phep bign dili (2.5) phmmg trlnh (2.2) drra v~ phucang trlnh (2.6) c6 cung d~ng v&:i 
phu-crng trlnh (1.2). Do d6 niru thoa man dih ki~n (1.3), dva vito (1.5), (2.5) ta tim dm;rc nghi%m 
da phu-crng trlnh (2.2) 

(2. 7) 

b day : C - hing siJ tich pharr 
Khao sit nghi~m {2.7) ta tha:y1 cp Ia him d5ng bi&n va gia tr~ n~m trong khoing hfru h;;tn 

1 
< < 0 khJ" 0 < t + aC( C + 2) - \0 - - < co 

Nghi%m (2.7) Ia iln djnh khi C t -2 
b) Khi a= -2 
Trang tru-irng h7P nay phep bign di!i (2.3) va phrrcrng trlnh (2.4) c6 d~ng 

~ . 2 2 3 uz 
u + 2vu- 2w u = w a?+ --

2 u 

12 

(2.8) 

(2.9) 
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nh>r v~y, v&i phep bie'n dBi (2.8) phmrng trinh (2.2) dlra v~ phrrcmg trinh (2.9), vi the' ne'u th6a 
man dih ki~n (1.3), dva vao (2.7), (2.8) ta tim dtrqc nghi~m cua phmJng trlnh (2.9) 

Ck
2 

2.vt 2 u=--(Ce' +1) 
2 

D~ dang nh~n thily rlng (2.10) Ia nghi~m khOng Bn djnh 
c) Khi a bat ky 
Dva vito (2.3), (2.7) ta tim drrqc nghi~m cua ph>rcmg trlnh (2.4) 

1 1 
u = 2 

a(-a)" (Ceovt + 1)" 

Nghi~m (2.11) Bn djnh khi a> 0, khong Bn djnh khi a< 0 

3. MO MEN LT[C KHI DQNG CO D~NG 

Khi d6 phmmg trlnh (1) c6 d~ng 

• 2 
·· 2 · z 3 z'P'P 223 IP + vt,p + w <p = a 2 2 - w a rp 

1+<> <p 

nhit phep bie'n diii (2.3) ph>rcmg trinh (3.2) d>ra v~ phmmg tr\nh [4] 

- . ( 1) iJ.2 u+2vu+aw2 u= 1- ~ ~ 

a) Khi a= 1 
Trong tru·itng hqp nay phep bie'n diii (2.3) va phrrang trinh (3.3) c6 d~ng: 

'P = u(1- azuz) -1/2 

Khi v > w, ph>rang trlnh (3.5) cho nghi~m 

& day C, (3 - hhg s5 tfch phiin 

1 u= -e-vt ch(~v2 -w2 ·t+f3) c 

Dva vao (3.4), (3.6) ta tim dtrqc nghi~m cua phrrcmg trlnh (3.2) 

(2.10) 

(2.11) 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3. 7) 

KHo sat nghi~m (3. 7) ta thity: trong kho<l.ng bien thien cda t, 0 :0: t < +oo, 'P Ia ham c6 eve 
dq.i, Cl!C dq.i d6 c6 th~ hlru hq.n, ciing c6 th~ vO hq.n, phv thuQc vio gi<i tr! cUa tham sf5 l11c khi 
d(\ng a 2 Nhrr v~y c6 thS xem (3.1) Ia d~ng hrc c6 kH nang gay mat Bn djnh khi d(ing va (3.7) Ia 
nghi~m mO t.t hi~n trrqng mit 5n djnh khi d9ng trr011g tl-ng v&i nO. 

b) Khi a bitt ky 
Dva vao (2.3), (3.7) ta tim dtrqc nghi~m cda phtrang trinh (3.3) 
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(3.8) 

Nghi%m (3.8) 6n djnh khi a> 0, khOng 5n djnh khi a< 0 

H A 

KET LU4N 

1. Qua khio sit nghi~m cclc phu-ang trlnh vi phin phi tuye'n du-qc d~ c~p cho thliy: phrrang 
trinh (2.4) va phu:cmg trlnh (3.1) cho nghi%m khong 5n djnh, nhu v~y d~ng l'!'c khi d(ing cho & ve' 
phii cic phuang trlnh nay li ding chli f 1 vi n6 c6 khi nang giy mit 5n d!nh kh:l dQng. 

2. Phu:ong phap gill.i cac phtrang trinh vi phin phi tuye'n & day Ia: d~ng phep bie'n d6i chrra 
tham s5 (2.3) ag dieu khi~n vi~c hu-&ng t&i nhii-ng phlrO'ng trinh gilti dm;tc, sau d6 dUng hi~u TI-ng 
day chuy~n: bie't nghi~m cda phm:rng trinh giii drrqc 1 nhCr phep bie'n d5i tim nghi~m cda phlXcmg 

trinh khic. 
3. Diy m&i chlli c5 g£ng brr&c aau trong vi~c chi ra m<}t sO d~ng hrc khi d9ng giy m5:t 5n 

d!nh, song c6 th~ nh~n xtft, nhii:ng ll!c khf di?ng cau thinh tir hai ye'u tO: ye'u t5 phi tuye'n va. ye'u 
t5 tin s!c nhrr (3.1), d~ gfiy milt 5n dinh khl d9ng. 

COng trinh hofm th~tnh v&i Sl[ tii trf! crl.a Chuang trinh nghien cli-u ca bin trong linh Vl!C 

khoa h9c tv nhien. 

Dia chi: Nh4n ngay 12/9/1994 
Vi~n Khoa hqc Ky thuqt Xdy dvng 
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SUMMARY 

SOME SOLVABLE NON-LINEAR EQUATIONS 
RELATED TO AERODYNAMIC INSTABILITY PHENOMENA 

This article proposes some forms of aerodynamic forces, looks for accurate solutions of corre~ 
spondent non-linear differential equations and analyses the characteristics of aerodynamic forces 
and of equation's solution. Found solutions proves that aerodynamic forces are formed from two 
elements: element of non-linear and dispersion, that single solutions are usually found and aero­
dynamic instability easy occurs. 
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