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VE BAI TOAN BAN COMPOSITE LOP DAN HOI 

I' "' ...... ,;./ 

D~ HUONG KHONG THUAN NHAT 

DAO HUY BfCH 

B3.ng phrrong phip trung blnh h6a bii toin bAn composite l&p dan hBi d! hrr&ng khOng thuln 
nhat dtr<?'C chra ve bai toin ctla bltn thu'an nhat di hu-&ng. Di nh~n chrqc cOng thtl-c xic d!nh ctic 
hang sO v~t li%u lim cas& eM ki~m tra cic ke't qui thl!c nghi~m. Cic ke't qui nh~n drr<;rc cho phep 
khio sit m9t lo<_tt cic bii toin tinh va d9ng hrc h9c cUa bin composite b~ng cac phuCJng phip 
quen bie't. 

1. BAI TOAN TINH 

Bii toin ella ca h9c v%t li~u coinpoisite dan h'Oi thea chuy~n v! c6 d~ng 

V Cri di'eu ki~n bien: 

u;l = uf, 
s. 

c-,·.,(x)uken·l = 8,0 , 
~ ' J Sa 

trong d6: 

c,,..,(x + ii;N;) = c,,.ke(x) 

D • < [Xp N l f ' ' h" d '" d kh . ·• ~t <;,f1 = --;-- + (J , a = L va trm ng 1~m trO'l <;~.ng a1 tnen: 

D~t vio phrrcmg trinh can bang va afeu ki~n bien, din bang cic h~ sO cling b~c cUa a:, dU'a v€ 
m9t diiy cic bii toin truy h'bi v&i h~ sO h~ng sO, til-e Ia cic blti toin din h'bi d! hrr&ng thuin nha:t 
[1] 

(1.1) 

trong dO 
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p 

u?{p} =- LNgL ... krw},~~-~_}krlsu' 
r=l 

p 

p>D; 

p > 0; 

SO{p} =- '\' h(c) w{p-c} n ·I· 
i L- i;'mnkt--·kr m,nkt···kr J c; ' 

r=l L(j" 

x{o} =X· 
i - 1) 

p > 0; 

Cic a;p_ hrqng hi~~~nkl···kp' N}JL.,.kr x:k Otnh thea cOng thtl-c truy h'oi. 

( 1.2) 

TnrCmg hqp composite l&p bao g'om nhi~u b6 ( l) tu'an hoin thea ·t9a dQ X3 ching h~n. M6i 
b6 bao g'om nhi'eu 16-p, t~i-m6i l&p v~t li~u c6 th~ d! hrr&ng va khOng thu'an nh5:t. Khi d6 cic h~ 
sO' h(P) vi cic ham dia phrrcmg N(v) xic d!nh thea cOng th-frc sau: 

[ ci3m3 ( Nr~:k~) ___ kp+Z) ']' + ( ci3mkp+2 Nl~:k~) ... k,+l) I + cikp+2m3 ( N!:::kl/ .kp+l) I+ 

+ Cikv+zmkp+1 N!::lkl···kv = h!r!+::~nkt .. kp+l' P = -1, o, 1, ... ( 1.3) 

trong d6 

D~ h'' ' hid h' h b'~" , . ., [x3 Nj d" o h h' ., · au p ay a tren c <).O am t eo 1en ~; vm ,. = -;- + ; au ngo;::t.c n 9n c 1 g1a tq trung 

blnh ella d~i hrqng. 
LY thuye't m& dun hi~u qui U:ng v&i p = 0 

TnrOng h<;fP composite 16-p tenxO' mO dun hi~u qui htjnk xic d!nh nhrr sau: 

Do v~y di'eu quan tr9ng Ia. x.ic d!nh tenxO' m& dun hi~u qult khi bie't tenxcr mO dun ella c<ic 
thanh phlin. Ph'an tiErp theo giili bai toan ella ly thuygt dan h'oi dj hrr&ng thu'an nhit (1.5). 

Ne'u 16-p 1a tn;rc hrr6-ng va trvc tn;rc hrr&ng trUng v61. trvc t9a dQ) ta c6 tenxcr mO dun hi~u 
quA c6 cic tha.nh ph'5.n khic khOng: 

( ) · 1 (C1133) 2 (c;,33) hun = Gun + -- - -- , 
(1/C3333) C3333 C3333 

h2222 = ( Czzzz) + 
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·h _ (c ·) + . 1 (Cuss)(C223s) (Cns3C2233) 1122 ~. '1122 -- -- - ' 
(11c3333) C3333 C3333 Cs333 

h _ 1 .. (Cus3) 
1133 - ( ) ' 11C3333 Cs333 

(1.6) 

h _ 1 (c22ss) 
2233

- (1/Gssss) Cssss ' 

h1212 = ( Crzrz) , 
1 

h1313 
= (1ICI313) ' 

Sau khi tim drrqc nghi~m cti.a bai toin (1.5), c6 thf xic dinh tl-ng suit vi mO t~i m6i l&p thea 
ly thuye't glin clung: 

(1.7) 

trong d6 

(1.8) 

N!::ke li nghi~m cda phrrang trlnh vi phftn 

[ ( (1) )' ]' -Gisms N mke + C;,ske - 0, 

thOa min dieu ki~n 

( N(l) ) = o 
mke ' 

Trrr?rng hqp composite l&p cic th~mh phlin niy c6 d~ng: 

C
(o} C Cuss ( Cuss/Gssss) Ci133 
1111 = 1111 + c ( 1 ) - -c , ssss 1 Cssss ssss 

C
(o) C . C22s3 ( C223siCs3ss) Cji233 
2222 = 2222 + c ( 1 ) - -c , ssss 1 Cssss ssss 

(0) 1 
c3333 = (11C3sss) ' 

do) _ Cuss 1 
11" 3 - Css33 (1IC3333) 

clo) _ c22ss 1 
22" 3 - c3333 (11Cs33s) 
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G(o) _ ( G1133) 1 
3311

- Cssss (1/Cssss) ' 

dol _ ( C2233) 1 
3322

- Cssss (1/Cssss) ' 

G{o) _ c + Gu33 ( Czz33) 1 
1122 - 1122 -- --

c3333 c3333 (1/G3333) 

C (o) _ c Czzs3 ( C1133) 1 
2211 - 1122 + -- -- ( ) 

G3333 C3333 1/C3333 

cm3= 1 
(1/C23z3) 

c(O) _ 1 · 
1313

- (1/C1313) ' 

G(O) C 
1212 = 1212· 

Bii tmfn ve bitn 13. bcli tocln lhlg suit phkg suy rQng 

ass = 0 tren toan d9 day ella bttn, 

CttssCzzss 

03333 

C11ssCzzss · 

Cssss 

a13 = cYzs = 0 t~i m~t ban X3 = ±h/2. 
Ta c6 lien h~ lhlg suit - bign d~ng thea lj thuye't roO dun hi~u qui: 

au= hun en+ huzzezz + hussess , 

O'zz = hnzzen + hzzzzezz + hzzssess , 

0 = -hnss€'11 + hzzssezz + hssssess , 

0"12 = 2htztz€'tz· 

Thay vao hai phrrang trlnh d'au di Jg'n 
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Suy ra 

E1= 

Ez = 

huzzh3333 ~ hu33h2233 

huuh:JJJJ ~ hflJJ 

huzzh3333 ~ hu33h2233 

hzzzz.hs33~ - h~233 

= Vz 

v&i 

(h1u1h3333- h1l33) (hz22_2hJJ_J·J- h~23J- (huzzhJJJJ _:huJJhzzJJ)
2 

h3333 ( hzzzzh3333 - h~233) 

(hzzzzh3333 :- h~Z33) (hullh3333- hi133)- (huzzh3333- huJJhzzJJ)
2 

h3333 ( h 1111 h3333. - hi 133) 

(1.10) 

(Lll) 

CAc d;;ti hr<[Ilg E1 1 Ez 1 v11 Fz 1 G g9i ll d.c mO dun trrong d~ang trong cic bai tOin mig suit 
ph~ng suy r9ng. 

Li€n h~ li-ng suat - bie'n d<;tng theo l:Y thuye-t rnO dun hi~u qui c6 d;;t.ng l:Y thuye't din h&i trv-c 
htr&ng 

CO thg sti- d1;1ng c6ng thU-c {l.lOL (1.11) df kifm d!nh s;::; 1i~u tlurc nghi~m. 
Xet bJ,i toin uOn bin chif nh~t tr'!c hrr&ng 

Do d6 

ca.c d~i luyng 0"13J O"zJ xic d!nh tli- phu-crng trlnh d.n bing 
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v&i di~u ki~n t~i x3 = ±h/2; a13 = a2 3 = 0 ta duvc 

C<l.c th3.nh ph'an mO men v3 l\fc d.t 

trong d6 

h/2 

M, = J <r11x3dx3 = -D, (~:~ + v2 ~:~) , 

-h/2 

h/2 

M2 = J <r22x3dx3 = - D2 ( ~:~ + v, ~:~) 
-h/2 

h/2 

M 12 = ! a 12 x3 dx3 = -2Dk a
2

w ax,ax2 
-h/2 

D 
_ E2h3 

2-
12(1- v1v2) 

Phrrcmg trinh din b[ng cUa bAn tr\J."C hrrCrng 

du:a v~ [2] 
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(1.14) 



COn bin tren n'en din hOi v&i mf?t h~ s5 c6 d<.mg 

a4 w 34 w a4 w 
D,-a 4 +2D3a za 2 +Dz-a 4 +kow=q 

xl xl Xz Xz 

Ke't -hqp v&i cic di~u ki~n g!n bien, ta c6 phU"ctng trlnh cO' b!m ella b~ti toin ubn bin trlJC 
hm5-ng quen thu9c 

v&i 

'~A) ' .... ~ 

2. BAI TOAN DQNG CUA COMPOSITE DAN HOI D~ HUONG 

PhU"ang tdnh chuy~n d9ng cU. a composite d~m hOi c6 dq.ng 

Di~u ki~n ban d'au 

D~t nghi~m 

'I 

vi Vi= LaPw}P} 
p=O 

x}pJ = { 

s}vl = { 

t=O Ui=Ui, Ui=V: 

biti toan drra ve [lJ 

r=l {i 

u,{Pl = { 
u?; p = 0 

Q,(Plj ; p > 0 
s. 
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p > 0, 

p > 0, 

(2.1) 

(2.2) 



Ui; p = 0 

Q)"llt~o; p > 0 

Vii p = o 
~Q{p)l . 0 at i t=o' p > . 

y{P} = 
' 

trong d6 

Tnr&ng hap composite l6p N(IJ)(fl) va h(q)(fl) xic djnh thea c6ng thtl-c san: 

[C (N(q+2IIPI )']' (C· Nl"·i-illfll )' C· (NI"+lllfll )' 
t3rn3 mnk 1 ... kq+Z-'Jfl + t3mk~+2-2tl rnnklkq+l-:Zfl + tkq+Z-2tlrrt3 rnnk 1 .•. k 1+z-:z.a + 

cikq+'J-1/3mkq+l-2{3Nr~~~:. k 1_,. 13 - pN}r~L~~1.~k~~1-1fl = h~k!~:1_ 2 ""nkq+l-2flkl . . kq-zf3' (2.3) 

q = -1, o, 1, ... ; f3 = 0, 1, ... 

N(O)(O) = 5;,· ,, 

(NfqJ(fll) = o, p > 0; 

(2.4) 

So sinh (1..3), (1.4) v&i f2.3), (2.4) d~ dang thify rhg hfq)(O) trung v&i hi'll xac djnh trong 
bii toin tinh. f)~i hrqng h(o} OJ = h(O) = h li ten xa m8 dun hi~u qui. Do v~y thea I:Y thuye't m& 
dun hi~u qui bai toin d9ng llfC h9C cUa v~t li~u composite drra ve bii toin d9ng cUa IY thuye't 
dan hOi dj hu&ng thu'an nh5:t sau: 

8 2 wi 
h;jklwk.ej +X,= Po(Jt2, Po= (p), 

w,l = u~, 
Sv. 

hijklwk.enjl = s?, 
8<T 

Owi -l( 
3t - ,. 

Tru·Ctng U:ng suit d9ng vi mO drrqc xic d~nh theo lY thuye't g"an dUng sau: 

(2.5) 

(2.6) 

DOi v&i bai toin bin ta l~p l<_ti cic ke't qua tinh toin nhu & mvc tru·&c. Trong bii toin dao 

d\mg u5n t'!' do thay d<,ti hrqng q trong phrrang trinh {1.14) bang l'!'c quan tinh- ( p )h ~:~ . Theo 

1-y thuye't m& dun hi~u qui bii toii:t dao d(}ng udn tV' do cUa bin composite l&p ctan h8i du-a ve 
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bii toin dao dc}ng u(jn cUa blm tnrc hrr&ng thu~n nhit, t[t nhien v&:i c<i.c mO dun hrcmg dtrcmg 
( 1.10), ( 1.11). Phuang trlnh dao di)ng c6 d~ng: 

trong do : ( p) = ( ~ ) = ~ 
D~t nghi~m 

w(x,, Xz, t) = (A cos(pt) + B sin(pt))W (x1 , xz) 

a) BAN TVA TV DO cA. 4 q.NH 

D~t 

W 
. m1rx1 . n1rxz 

= Slll --Sill--
a b 

Phll'cmg trinh xic d!nh t'a.n s5 rieng: 

( m1r) 4 ( mn1r) 2 ( n1r) 4 z/oh D, ~ + 2D3 -;:;b + Dz b - p g = 0 

Do d6 

b) BAN TVA TV DO T~I x1 = 0, x 1 =a, HAl C~NH KIA TUY Y 
D~t 

din t&i 

(mrr)4 , (m")2 
IV p

2
Joh D 1 Y ~ - 2D3Y ~ + D2 Y - -
9
-Y = 0. 

Nghi~m se Ia 

trong d6 

-1( 
Dz D3-

Cho thOa m:in di'eu ki~n bien l:r hai C<!-nh cOn l~i, ching h"!-n ngim ch~t 
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W=O, 
aw 

t{Li x2 = 0, xz = b -=0 axz 
hay 

Y(O) = 0, Y'(o) = o, Y(b) = o, Y'(b) = 0; 

Ta nh~n duqc b5n phmrng trlnh d~i sO thu'an nhfit chfra. C1 1 C2, C3, C4. Dtnh thll'c h~ s6 cU. a 
h~ phll'ong trlnh nay bang khOng cho ta phm::mg trlnh xac dinh t'iin sOp c'an tlm. 

D~ xic dinh cic hlng sO A, B, ta sd- d\lng cti'eu ,ki~n ban d'au. 
lrng su5:t d9ng vi mO t~i tUng l&p ella blm composite xic d!nh theo cOng thlrc (2.5). 

" ' 3. KET LUAN 

Cho composite l&p ta bie't cic d~c tnrng CO' h9c ella tlrng 16-p, thea cOng thli-c (1.6) xic d~nh 
cic thanh ph'an crl.a ten xa mO dun hi~u qu.i. Trong bai toin bin (ling suit phitng suy r9ng) cic 
mO dun hrong dm:mg tfnh theo cOng thlrc (l.lOL (1.11), cic d~i lm;mg nay drrqc str dvng cho d. 
bai toan tinh va d9ng, chUng c6 th~ drrgc kifm tra b~ng th\fC nghi~m. Ket qui aa drra bai toin 
bin composite 16-p dan hbi v~ bai toin IY thuye't b.in dan hili d! hrr&ng v&i c<lc m6 dun trrang 
d1.rcrng niy. Cic tinh toin tie'p thea (c<i tinh va d9ng) dva tren cic phtrang phip crl.a bin dj hrr&ng 
thu'an nh5t. 

COng trlnh ho3.n thinh v&i sv t3.i trsr crl.a Chrrang trlnh nghien c-&u ca bin trong linh VlJC 

khoa hqc tv nhien. 

Dja chi: Nh4n ngay 20/5/1994 
Tndmg DH T6ng h'!P HN 
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SUMMARY 

ON THE PROBLEMS OF NONHOMOGENEOUS AND ANISOTROPIC 
ELASTIC LAYER- COMPOSITE PLATES 

Using the homogenization method problems of nonhomogeneous and anisotropic elastic layer 
composite plates reduce to the problems of homogeneous and anisotropic elastic plates. The 

formulae of effective modulus theory determining material behaviors in this cases are given and can 
be checked by experimental data. Obtained results allow to analyse static and dynamic problems 
of composite plates by well-know methods. 
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