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" VE BAI TOAN BAN COMPOSITE LOP DAN HOI
DI HUGONG KHONG THUAN NHAT

PAO HUY BicH

Bing phwong phdp trung binh héa bii todn bin composite 1&p dan hbi di hwéng khdéng thuin
nhit dwge dwa vE bai todn cda ban thuiin nhdt di hwéng., DA nhin duroce cdng thite xdc dinh cde
hing s8 vit lidu lim co s& d€ kiBm tra cdc k&t qui thire nghidm. Céc két qud nhin dwoc cho phép
khdo sit mdt loat cdc bii todn tinh vd dong lwe hoc cda bin composite bdng cdc phwong phip
quen biét.

1. BAI TOAN TINH
'Bai todn cda co hoc vit lién compoisite dan héi theo chuyén vi cé dang .
[Cise(Z)ue. e} +X; =0,

Vé&i digu kién bidn:

0
U4 s = u?, Uuke( )Uk £eng s, =57,
trong dé:
Cisre(Z + &Ny} = Cijre(Z)
v s 4 N o s Y]
Dit €5 = [-‘; + N,g], a= - va tim nghiém dwéi dang khai trién:

(p) {¢-» 7)

E Z Nt.’.'kx Ky (é‘) j,kl Ky I
Dit vao phwong trinh cin bing vi ditu kidn bién, cin bing cic hé 58 cing bic cla «, dwa vE
mét diy cdc bai todn truy hoi v&i hé s8 hing sb, tic 13 cdc bii todn dan hdi di hwéng thuin nhit
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h1_1nk w:{'xpfzj + Xi{p} = O’

] = -
hunkw;{ngn = Stn{p}

=4

trong dé



_','mn.kl mnk:l ke i

p : -
xP = z w0 X=X,

o - W, {0
u; {p} Z v._]kl w},il.r:.}k,- g H P > 0; { } = ui 2 {12)
o{p} _ —r . . 040} _ a0
5; = Z h‘glnnki wirinkz...k,.nf G p>0; 5 = Nk
r=1 i -
Céc dai hrong hg’mnkl ey Ni(J?k)L.,.k, x4c dinh theo cdng thire truy hbi.

Trwdng hop composite 16p bao gom nhidu bé (¢) tulin hoin theo toa 48 73 ching han. M&i
bé hao gdm nhiBu 1&p, tai-mbi 1é6p vat ligu cé thé di huémg vi khong thufin nhit. Khi d6 cdc hé
s8 AlP) vi cdc ham dja phwong N(®) x4c dinh theo cdng thive sau:

42 i1 +1 ' +1 !
[Gt'Sm,S (Nr(rfnklj kp+2) J + (CiSm-‘Cp+2 N)!yfnkl} kpgr ) + Cikﬂ-ﬂ m3 (N’(Tfn""l]---kﬂ+1 ) +
N(I’) :h(p] r :-.—1,0,1,... (13)

+ Cikp+2mkp+i mrnky..ky thppenkyoppy?

trong 44
(p} _ {p+1) ! {p) —
hiﬁﬁ;nkl...kwl - <O"kp+2M3(Nmnkl k,,+1) + C"szmky-ﬁ—lenk;...kF)! r=-10,1,... (1'4)

Dau phiy & trén chi dao ham theo bién & véi € = {Z_{_), + N}; diu ngodc nhon chi gid tri trung
o

bink cia dai lwong.
Ly thuyét mé dun hidu qud rng véip =10

hijnkw,(-,_(?;]cj + Xi = 0; hi.]"nk = hffr::.k’
R Y (1.5)
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Truwémg hop composite 1&p tenxo mé dun hidu qud hyjne xdc dinh nhw sau:

hz'jn.k == < 13nk> + < i7m3 rn.BZS)(Cf;pB} (C;gtgoqepnk) - (C'i]'mi’:c;émoﬂi?)nk)

Do viy ditu quan trong 13 x4c dinh tenxo md dun hiéu qud khi biét tenxe mé dun cda cdc
thinh phin. Phin ti€p theo giki bii todn cda Iy thuyét din hdi di hwémg thuin nhit (1.5).

Néu 18p 14 tree hwéng vi tryuc tryc hwémg tring véi truc toa d8, ta ¢é tenxo mé dun hidu
qui cé cdc thinh phin khic khong:

"1 C 2 C?
Ry = (Cnn) + ( 1133) _ ( 1133> :

{(1/Cs333) \ Ca333 Cazas
1 Ca233\? 02233
hoass = (Cama) + <
= (Caam2) (1/Ca333) (73333> <03333>’
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hasss = i
333? {1/Ca3s3) ’
- : 1 /Cuaa\ /Caoss C1133Ca233
=6 (GG (Cunny
1122 = 1F22> * {1/C333) \Cazas <03333 Csss )
1 . /Ciias
- , < ) 1.6
L1es (1/Csa33) VCasaz/ ’ (19
honas . 1 (02233>
#23 (1/03333) Caasal ’
hiziz = {Ci212) ,
h — ;M h - 1
13E3 (1/01313> ) 2323 — (1/02323>

Sau khi tim dwge nghiém cda bii todn (1.5}, ¢6 thé x4c dinh tmg sudt vi md tai mdi lép theo
Iy thuy8t gin déing:

0 s
015 = Clily (E)un.o(2), (1.7)
trong dé
/
C}ﬁx = Cijpe + Ciyma (N r(r:ili) (1.8)
Nr(j,ze 13 nghiém cia phwong trinh vi phin

[Ciﬁm.S (N,(nl;!g)' + Gi.'ik:lf]’ =0,

thda min digu kién

(Naley =0, [[NGL]] =0

Trwdmng hop composite 16p cdc thank phin niy cé dang:

" Clias (Ci133/Csasa) _ Cliss
Cazas  (1/Csass) Cyaas '
clo) :_62222+' Caass (Ca203/Ca3ss)  Clysa
: Cssss  (1/Csaaa) C3333

or
%, = Cuu

‘ 1
G(O} =———e
3333 = <1/03333>
' 'C,(O)T _ Clis3 1 ,
158 7 Cy333 {1/ Caas )
olo) Ca23s 1

2283 ™ Ya333 (1-/6'3333} '

3



Cégil - <G1133> 1

03333 <1/03333> !
clo) 02233> 1
322 Caasz (1/03333) !
0 = Clip+ 01133(02233> 1 _ C1433Ca233
122 ! Ca333 VCa3aa / (1/Caaas) Casss
C Cliss i C1133C%233
9 _ o 4 2233( 1 > _
2 M T Cysss \Casss / {1/Cagaa) Csaaa
1 A
ol :
2a2s (1/Czszé> , :
1 ..
o130 J
1313 <1/c,1§13> )

Cig)ltz = Ciaiz-

D% dang thiy ring:
_ /M0
hijke = (%:35)
Bai todn v& bin 13 bai todn dmg suit phing suy réng
a3z =0 trén todn d5 day cda bin,

gi3 =03 =0 tai mit bdn 23 = +h/2.

Ta c6 lién hg éng suit - bidn dang theo If thuyet ms dun hidu qui:

o011 = h1111€11 + hi1s2822 + hyiasEas
72 = hi122811 + Roggafos + ho23ssss ,
0 = hyya3e11 + haasaean + hagasess

g13 = 2h1212€19.

Biédu didn
1
hzass

g33 = — {h1133811 + hoz3acas),

Thay vio hai phwoeng trinh diu di dén

hi1ashaass
=23,

) }’3133
011 = (hnn % )511 + (hnzz"“

3333 hasss
= {n h1133h2233 A h%zgg
o2 = A — ——— Jen + {hazag — €33 4
3333 hazss

g12 = 2h1g12812.

Ky higu

(1.9)



hiawy =G,

5 hflSS . B
1111 — = e,
3333 11—
h2 E
hagae — ;228 = 2 (1.10)

b
hazaa  1— vy
Aiizzhazas — Rlisahass

=
2 2
hllil’h3333 h-1133

hi1pzhasas — Riiasheoss

5 ) =py, vé Ew, = By,
haazehanss = R3ss

Suy ra
_ 2
£ (h1111h3333 — hi1aa) (h222.2h33_3'3 — h3a33) — (hi1zzhssss ~h11ashana)
L= '
: ~ hasas (hazz2zhasss — h3ass) (1.11)
E (haaazhasas = hdyss) (Ruiiihasss — hiisy) — (Riazehasas = huiashanss)
2 =

hasas{hitiihasas — h? gq)

Cac dai lwong &1, Ea, vy, v, @ goi 13 cic md dun twong dwong trong cic bai to4n tmg suit
phing suy réng. .
Lién hé éng sudt - bién dang theo 1y thuy& md dun hidu qud <6 dang 1y thuy8t dan hdi trec

hudng

£

a1l = m(su -+ V2€22) ;
o = ———Ef—(s + vien1) (1.12)
22 =i 22 1811} ;

Oyo = 2G612 .

C6 thé s dung cdng thic (1.10), (1.11) &€ kim dinh sA lidgu thwe nghidm.
Xét bai todn udn bidn chir nhit trirc hwdémg

32w 3% 8%
€11 %= —¥3 5o €22 = —%37, 5 £i2 = —E3 o
3$% ’ ai’% ! 8:51822

Do dé

Elwg (6211; n azw)
gl = — oy t 2y
H 1— g \dz? 2 dz3 /"’
Fazg (G?‘w Bzw)
o = — My
2 1 - vy \ 3zl az2 /"’
32w
di19 = —ZGJ:S

6$16$2 )
Cdc dai lwong 044, 025 xdc dinh ti phwong trinh cin bing
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(90'11 60’12 30'13 =0
8z, G EF R
80'12 30‘23 30‘23 -0
81:1 81’2 8r3 - !
v&i didn kién tai z3 = +h/2; 013 = 033 = 0 ta dwoc
1 2 hz El 33w E1U2 83w
7o =3 - ) £+ 7o)
2 4 i— V113 63:1 1-— [ 2SR %) 3.’618%2
i 2 h.z E]_V_g 33w E'g [3311)
o= M- ) (s ) T 22
2 4 1—vivy Ozi{dzy 1 — 1wy 9z

Cdc thinh phin md men va luc cit

hfz
Fw Aw
M, = [ o1173dzy = —Dy (E;? -+ Vza;%—) )
—hj2
hfz 2 5
Fw 3% w
M, = f TapT3day = *Dz(gg + 1 EE) ;
_hfg
/2
M= / oigz3dzy = —20) O
12 = 12T30T3 = % 521025 "
—hj2
hj2 , ,
' 3 w 4w
G = [ o13dT3 = —E(Dl—az:{ +D3w~w—ax§) .
—-hj2
R/2 ) .
J 3w 9%
Q2= / o23dTs = “@(m_azg + Dz——axg) :
—h/2
trong dé
E:h? E,h® Gh?
h=—r""——, Dy=-viim—— |, Dp=—>+, D3=0D 2D,
T 12(1 = ) 27 121~ vyw) V) 3= Yrvz 2Lk
. Phuwong trinh cin bing cda bin tryc hudng
%M, P M,  9M;
322 5 +qg=0
z3 Jz18z, dzz
dwa v& {2]
dtw Fw 8ty
D,——+2D =
L ogt + 3322%6:17% + Dz dz} 7

G

(1.13)

(1.14)




Cdn ban trén nén din hdi véi mbt hé 8 cb dang

Ftw 3%tw 5w

Dla—zji“-l-ZDg 232+D23 +k0w-q

K&t hop v&i cdc dign kién gin bién, ta cé phwong trinh co bdn cda bai toin udn ban tryc
hwéng quen thude

2. BAI TOAN DONG CUA COMPOSITE DAN HOI DI HUGNG
Phwong trinh chuyén déng cda composite dan hbi cé dang

[Cijne(E)us, e] + X = piy;

Pidu kién bién

— g0

Y Core(D)ukeny .

Didu kign ban diu

Bit nghiém

528 !
'MZ Z ‘Jkl kq 28 §g2B Vhkikeas

q=0

q
va oy = Za”wi{p} bai todn dwa vE [1]

{p}
e >6t2 !

wiP)| = e R0

! ijke Wk eTy s

0){0)
G+ X0 =

= g, (2.1)

Swl-{p}

0 i e
t Cow) A
0w Ty

— V{{P}

Xy =0

b P : '
xi) = SIS R Wit . pe0
ifmki.ker1-2p atz,a Y k.. Krpr-ag? P ?
r=1 g
59 p=20

t

P

(8) {p—r} 1.
Zzhﬂjm’ci Kry1oap atZﬂwm Kpewkrsioag s, p>0,
r=1 g

{5} Wi o p=0

w

giet =




Us; =
yied = { P

' Vi p=
‘4“’}={ 3 .

trong 46

Q{P} " Zz ’}(ﬂ {1' r}
ik ke 2p atZ,ﬂ :.' ki...krap
r=1 f

Trwdng hop composite lép N8 v3 Rl2H8) x4 dinh theo cong thite sau;

N(‘l'*'i)(.@)

)T + (C£3mkq+z—=ﬁN(q+LHm )] +Cikq+s—25"‘3( mnky.. kq+1—2ﬁ)r+

mrk, kq+;_gﬁ

[C£3m3 (N(Q+2Hﬁ)

k). kypa-3p

N(a)[ﬁ) —pn(ntE-1 — plals . (2.3)

Cikq+'3—2ﬂ""k'.-+1~2ﬂ mnki.. . ky_ag P inkyo k1225 {kq+2_7ﬂ'ﬂ.kq+1_gﬂkrl.ukq_zﬁ’
g=-1,0,1,...; £=0,1,...

N =

véi didn kién

(N{q)(ﬁ)):(), >0 [[N(q)(ﬁ)]] =0,

(q4)158) — . (g+1){5) !
h{kq+g_gﬂnkq+1_;gﬂkl...kq_gﬂ - <C'kq+2—2ﬁ""3(Nm.n.k1 NI gﬁ) +

G)(ﬂ! tap{p—1)
+ Cikq+1—2.ﬂ”Lk1+1—2ﬂ ks ko-zp - pNif!—kl...k,;+1_gﬂ> (24)

So sdnh (1.3), {1.4) véi 52.3), {2.4) 4% dang thdy ring Al7O) tring véi A7 xdc dinh trong
bai todn tinh. Pai lwong A1) = k%) = A 13 ten xo mé dun hiéu qui. Do vy theo I¥ thuy& md
dun hifu qud bai todn dong lirc hoc cda vit liéu composite dwra vE bii todn déng cda Iy thuydt
dan hdi di hwéng thuin nhiat saw

32wy
hijrewk, iy + X; = PUBT;, po = (p}y
w; = “?,
S (2.5)

0

hijkewg eny o S,
duy

t=0: wy=0;, — =V,

Wy 3t i

Trudrmg ¥ng suit déng vi mé dwoce xic dinh theo ¥ thuyét gin ding sauw:
(0] (o) =
Cﬂ,gk#’(‘f)wk ¢(Z,t) (2‘6)
P& v&i bai todn bin ta hp lai cdc k&t qud tinh todn nhur & muc truédc. Trong bai todn dao

32
déng udn tw do thay dai hrong g trong phu-o-ng trinh (1.14) bing lwec quin tinh - {p)h == i . Theo

1§ thuyét mé dun hidu qud bai todn dao déng udn tw do cda bdn composite Iép din héi dwa vE
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bai todn dao ddng udn cla ban tryc hwémg thuin nhit, tit nhién véi cic mé dun twomg dwong
(.10}, (1.11). Phuong trinh dac déng cé dang:

8%y 3%w Ftw
+D +2D + D =0,

a2 e 4 33:5%33% 2 dz3
o

trong 46 : (p‘)z( ;_Y>:?
Pat nghidm

{(pth—s

w(zy, 23, t) = (Acos(pt) + Bsin(pt))W (zy, z2)

dwa va
a4W AW W piyph
D 2D D - W =0,
15T 2 + 33, ER) + Ly e g
a) BAN TUA TU DO CA 4 CANH
Dit
W =sin daded’ sin E-’%E:E

Phwong trinh xic dinh tin s8 riéng:

(1) a0 (25) 4 () 2

Do dé

o= 22100 () s () 002

b) BAN TUA TU DO TAl z; =90, z; = a, HAI CANH KIA TUY Y

Dt
mrz
Wz, zz) = Y(zz) sin !
din t&i
4 2 2 h
Dly(ﬂ) —2Ds¥" (1”—“) DY Py g,
a a g
Nghigm sé 12
k k k k
Y = Clchmﬂ' ng + C'gshm"rr Loy + C3cos mr zmg + Cy5in mr 2:;:2

trong dé

B 1 _ P’mhﬁ‘-4
e\l 3o D)
: / p2yohat
= \} Do (Daﬁ = DhDx+- Dy gmat ) ’

Cho thda man dizu kidn bién & hai canh cdn lai, ching han ngim chit
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— =0 té}i 32-“:0, :1’22:6
hay"

Y(0)=0, Y'(0)=0, Y(b}=0, Y'(t)=0;

Ta nhan duge bdn phuwong trinh dai 58 thuin nhit chra €y, Ca, C3, Cy. Dinh thitc hd s8 cda
h& phwong trinh nay bing khdng cho ta phwong trinh xdc dinh tin s8 p cin tim.

D@ xdc dinh cdc hing s8 4, B, ta st dung didu kién ban diu.

Ung suft ddng vi md tal ting 16p clia bin composite x4c dinh theo cbng thée (2.5).

3. KET LUAN

Cho composite k&p ta bidt cdc dic trung co hoc cla tirng 1ép, theo cdng thic {1.6) xdc dinh
céc thianh phin cia ten xo mé dun hiéu qui. Trong bai todn bin (&ng suit phing suy réng) cic
md dun twong dwong tinh theo ¢dng thic {1.10), (1.11), cdc dai hwong ndy dwoc st dung cho cd
bai todn tinh vi ddng, ching cé thé dwec kifm tra bing thwe nghiém. Két qud di dwa bii todn
bin composite 1ép dan hdi v8 bii todn 1y thuydt bin din hdi di hwdéng véi cdc md dun twong
dwong ndy. Cic tinh toan ti€p theo {cd tinh vi ddng) dwa trén cac phwong phép cda bin di hvdng
thuin nhit.

Céng trinh hodn thinh véi sy tii tro cla Chwong trinh nghién cdu co bin trong linh vire

khoa hoc tw nhién.

Pia chi: Nhin ngay 20/5/1994
Truong DH Téng hop HN
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SUMMARY

ON THE PROBLEMS OF NONHOMOGENEOUS AND ANISOTROPIC
ELASTIC LAYER - COMPOSITE PLATES

Using the homogenization method problems of nonhomogeneous and anisotropic elastic layer
- composite plates reduce to the problems of homogeneous and anisotropic elastic plates. The
formulae of effective modulus theory determining material behaviors in this cases are given and can
be checked by experimental data. Obtained results allow to analyse static and dynamic problems
of composite plates by well-know methods.
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