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STABILITY AND RESOLUTION OF NON-LINEAR
DYNAMIC SYSTEMS CONTAINING TIME DELAYS
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§1. INTRODUTION

The stability and the vibration for non-linear dynamic system with time delay received con-
siderable attention [1-6]. ‘

This study is concerned with the stability and the resolution of higher-dimensional systems
containing several time delays. Two exemples are presented to illustrate the method.

2. FORMULATION OF PROBLEM

2.1. Definitions

Let’s consider the following nth-order system containing two time delays:
X = fX(0), X(t—n), Xt -m)) (1)

where X and f are n-dimensional column vectors; X denotes time derivative of X; 7, and 75 are
constants; {rz > )

The origine is the steady state: f{0,0,0) = 0.

The initial conditions are given by:

X=g(t) for —m<t<0 {2)

For any continuous initial function g{t), assume that, ¢(t, g) is a unigue and continuous solution
of (1).

For time delay systems, we have the following definitions [3]:

- The norme of state vector:

p[X(E)] =sup|z;{t— 1) for 0<r<m; 7=1,...,n

- The equilibrium of equation (1) is said to be stable if for every ¢ > 0 there is a () > 0 such
that:
elgt)l <e for -7 <t<0

implies that
plé(t.g)l <& for >0

The equilibrium of equation (1) is said to be asymptotically stable if

(i} it is stable

(ii) there is a 61 (=)} > O such that for all p[g(t)] < &1, then
limpl¢(t,g)] — 0 as t— o0
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- Let R be a closed and bounded region in the n-dimensional state space and assume that R
contains the origin then R is a region of stability for equation {1} if for all

gitye R for -1 <t<0

then .
#(t,g) e R for t>0.

- The region R is called the region of asymptotic stability for the systems in equations (1), if
for all g{t) € R and for —rp, <t < 0:

(i) R is a region of stability

(ii) lim p{g(t,g)] = O ast — oo

2.2. Formulation of problem

For time delay system (1), the problem of stability and resolution is formulated as following:

Determine the region of stability for several values of time delays and search a convenient
algorithm to solve the system of non-linear differential equations containing time delays {1} with
initial conditions (2) '

§3. CONSTRUCTION OF REGION OF STABILITY

~ Let’s return to the system (1) and denote F the vector equation corresponding system without
delay {1.e. 1y — 72 = 0). ]
X = F(X); F(0)=o0. (3

For stability of time delays systems we can use Liapunov’s second method, that has been
developed for non-lineare system with time delay [3]; [4].

3.1. Construction of Liapunov’s function

For many stability problems, a Liapunov’s function has the type:
V(X)=FTAF

where F is the derivative vector and A is a positive-definite matrix. For the time delay system (1)
the Liapunov’s function can take type V = FT F,

Suppose that V(X) is a positive-definite function such that V(X) = K = const definies a
closed surface, ' ‘

Let § be the boundary of a closed region R that contains the origin (Fig. 1).

Assume that V{X) has continuous first partial derivatives on $ and the time derivative

V(X)<0 forall XeS.

Thus at each point on the boundary § of a region R, the derivative vector f is aliways directed
into R. Since

V=VUV.fX{t),X{t-n),X{t—n); m>n

at each point on the boundary, V depends on the past state X(t— 7}, X(t— 3). We must now
construct the regions of possible past states [4].

3.2. Regions of possible past states

If upper bounds on the time derivatives of the state variables are known or can be estimated;
i.e.

fjmax = ma'x!fgl
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then the region (1 iz defined as follofws for any current state X*: °
Qe = {X ClEy - 25 € fimaxT; F=1m; k= 1,2}
and region of possible past states:
Q=0 NR for k=12

3.3. Sufficient condition for a region of stability

Let’s denote:'

Vie(X*) =maxV(X) for X=X X(t-rn)eql

and Ry = {X : HXH < r} for some r > 0

Assume that in Ry, the function V(X) is positive definite and V(X) = K defines a closed
surface 5 and bounded region V (X} < K as R < Ry then R is a region of stability for time delay
system (1) if:

Vm(X*) <0 forall X*e§

4. Computational algorithm

Using above sufficient condition, we can determine the region of stability for time delay sysiem
in the following manner:

(1) Select a Liapunov’s function

{2) Select an initial value for the contour parameter K

(3) Calculate Fimazxs f2max

(4) Evaluate V (X) along the curve V{X) = K

{5) Increase the value of K and repeat steps (3) and (4) until the maximum region of stability
is obtained.

In the partie of application is constructed a region of stability for a concrete example.

§4. NUMERICAL RESOLUTION FOR SYSTEM OF NON-LINEAR
DIFFERENTIAL EQUATIONS CONTAINING TIME DELAYS

Using numerical methods to resolve the non-linear differential equations with time delays we
can apply the algorithms of ordinary differential equations without time delay, howeve a procedure
to time delays must be added as shown in fig. 2.

—

x{1) x(t-T)

" Fig. 1 Fig. 2

where 7 - time delay, DT - time step
Also, we can use the blocs creating time delays in the computer programme of simulations.
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5. EXEMPLES
5.1. Exemple 1 .

System of differential equations with time delays is given:

d1=1,2-2,15,(8) - Odzy(t — 1) = fo
ig — _1]2 —_ 23;1(” - 4:]32{5 - TZ) = fZ

The corresponding system without time delay:

j1=1,2—2,5331,(_tJ':,F1 )
i’z = —1,2 - Zml(t) — 4$2(t) = F2

T T T i

The Liapunov’s function: Vix) = K - const
V(X)=Fi+F}
The contour of V(X) = K = const is shown in
fig. 3 s
Calculating regions of possible past states ~

{(frmax famax) and evaluating the derivative V(X)

along those contours we will obtain the region of sta-
bility. '
The behaviours of states zy{{), z,(¢t — n}, z2(¢)
and z3(t - 72) are shown in fig. 4
The influence of time delays is shown in fg. 5

£

where :
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Thus, in this case, the time delay system has the vibrational character of state variable z»(t).

5.2. Example 2

Differential equation with time delay:

X= EXQ(t—“Ir] cos t‘
X({0)=0,25; £<0,2

This differential equation has an analytical solution in the first. approximation [1):

X = 0,25 +0,0125sin .
The corresponding behaviour of X (¢} showns in fig. 6

T T T j T ul T T T

wemo A spNT
- 2o x{fl-g25ra 28 sl

0. 0000 Time . 40.0000
1 ] | 1 5 - - i 1

Fig, 6

Using computational algorithm presented in part IV, we receive the numerical results and the
behaviour of state X({t) as shown in fig. 7 ‘
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Comparing curve 2 in fig. 6 and that in fig. 7, we see that in this case, the numerical results
are correspondent to the analytical results.

CONCLUSION

This study has research the region of stability and computer resolution for non-linear systems

containing time delays, two exemples are consided and the numerical results are compared with
the analytical results.

This publication is completed with financial support from the National Basis Research Pro-
gram in Natural Sciences.
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SU ON DINH VA GIAI cAC Hf: DONG LyC
PHI TUYEN CHUA THOT GIAN CHAM

Xét mitn Sn dinh va phwong phép s6 42 giii hé phwong trinh vi phin phi tuyén ¢ip cao chia
thoi gian chim, '

D3 x4t hai thi du cu thé. K&t qui dwoc so sanh véi két qui gidi tich cia xip xi thi nhit.
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