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BANG PHUONG PHAP DO DAO DQNG 

NGUYEN CAO MtNH, TRAN TRQNG TOAN 

v " "' 1. D~T VAN DE 

Khi giai quy~t m(it sil v~n d~ cO' hqc, ng~t1ri ta th~t1rng l~p mo hinh toan hqc, trong d6 d~ta 
v3.o c3.c tham siJ cO' bin ella h~ CO' h9c nhtt cci.c k:lch th11&c hlnh h9c, tlnh chgt v~t li~u, ccl.c di~u 
ki~n bien, ... 

Khi bie't- c3.c tham sg CO' bin va tai trqng ta.c d9ng, ngrrOi ta dUng mO hlnh to3n h9c d~ d3.nh 
gia pharr 1hlg cda h~. D6 !a n(ii dung ccr ban cd.a bai to;ln thi<ft kEf. N g~tqc !~, dili voo cac c8ng 
trinh da tl\n t\>i Va dang s,J- d11ng, Vi~C do d\>C pharr d-ng Va k(ch dgng d~ XaC djnh !('i cac tham s/l 
1hlg voo m(\t m8 hlnh thich hqp nao do !a mgt n{\i dung cd.a bai toan dl>ng nh~t h6a. Bai toan nay 
nh~m chitn doan tr\>ng thai ella h~ trong dih ki~n thvc t~ v6i cac lo\>i t!U tr9ng khac nhau. Ly 
thuye't dOng nh5t h6a ccl.c h~ d9ng ll!c n6i chung di dU'gc vie't trong nhi'eu c&itg trlnh [1}, nhll'ng 
trong cac h~ CO' h<;>c, d~ bi~t Ia cac h~ c6 tham sil phil.n bil vi~c 1hlg d¥ng d~ gi!i quye't cac bai 
toan th'!'c te' con g~p nhi~u kh6 khan [2, 3]. 

Trong bai nay, chU.ng t8i d~ c~p de'n mgt bai 
toan dl>ng nh~t h6a Ia xac djnh d(i dai cda dli.rn bi 
ng3.m m9t diu, m9t d'a.u tl}' do, dtr6i tic d9ng cUa 
t!i tr9ng ngang bling phlfcrng phap d.o dao d(ing 
t~i m9t sg di~m tren dkm. 

... ' "' ' .... 2. DAO DQNG CU A DAN DAN HOI 

0 day chUng ta hay t6m tl'.t m\)t sil ke't qua 
di bigt v~ dao d9ng cU.a d~m dan h'Oi, m{>t d!Lu 
ng3.m, :lnQt diu tv do va chju lvc tac dv.ng cda 
t!i tr9ng phan bil ph¥ thu9c thlri gian [4] (hinh 
1}. 

H~ t9a d9, kich th~t6c cda dlim va t!i tr9ng 
d~tqc cho tren hlnh 1. 

Ph~tcmg trlnh chuy~n d9ng c6 d~ng: 

h 

q1(x,t) 

Hlnh 1 

az [ azyl azy 8y 
axz EJ(x) axz + m(x) B(l + 2am at = -qt(x, t) 

trong d6 m(x) !a kMi l~tqng tr~n m9t dcrn vj dai, EJ(x) Ia d\) c1hlg cMng uiln. 
Trong tru-ang hqp dlm c6 tie't di~n kh8ng thay Mi tir (2.1) ta c6 ph~tcrng trlnh: 
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trong d6: 

a= {E.i; q(z, t) = - q.(x, t) y-;;; m 

Di~u ki~n bien: 
ay 82 y a3 y 

y(O, t) = ax {0, t) = ax• (l, t) = axs (l, t) = 0 (2.3) 

Di~u ki~n ban dlu: 
y(z,O) = Yo(z); y(z,O) = Yo(z) {2.4) 

Tlr b3.i toa.n gia. tri rieng va hAm rieng v6-i ccl.c di~u ki~n bien (2.3} ta tim du-qc gi3. tri rieng 
k;, Ia nghi~m d. a ph110'11g trinh: 

va ham rieng c6 d\"'g: 

trong !16: 

cos{k;l)ch{k;l) + 1 = 0 

X;(x) = B(k;, l)C(k;, z)- A(k;. l)[)(k;, x) 

A(k;, x) = 0, 5[ch{kjx) + cos{k;x)) 

B(k;, x) = 0, 5[sh{k,'3:) + sin{k;x)). 

C(k;, z) = 0, 5[ch{k;x)- cos(k;a:)] 

D(k;, z) = 0, 5[sh{k;z)- sin{k;x)) 

Sau khi c6 gia tri rieng va ham rieng, ng110i ta khai tri~n q{z, t) theo ham rieng: 

trong d6: 

q(x, t) = .L;X;(x)S;(l, t) 
i=1 

' J q(x, t)X;(x)dx 
S;(l, t) = "-0

--..,.,---­

J XJ(x)dx 
0 

va tim nghi~m cua phm:tng trlnh {2.2) dlt&i d~ng: 

00 

y(x, t) = L F;(t)X;(x) 
:i=l 

Thay {2.9) vao {2.2) ta d11qc h~ ph1l0'11g trlnh xac djnh F;(t): 

.. . 2 
F; + 2aF; + w,-F; = S;(l, t) 

trong d6: 

{2.5) 

{2.6) 

{2.7) 

(2.8) 

{2.9) 

{2.10) 

{2.11) 

Nghi~m dlrng cua phuang trinh {2.10), khong ph\' thuo$c vao di~u ki~n dlu c6 th~ vie't d11&i 
d\1Jlg: 

t 

F;(l, t) = J R;(t- r)S;(l, r)dr {2.12) 
-oo 
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trong d6: 

{ 

1 -ua • ((3 ) 
( ,a• sm ftL 

Ri u) = ,-3 

0 

v6i u?: 0 

v6i u :5 0 

Trong tru-lrng h'?'P d~c bi~t: 

q(x, t) = Q,(x) sinwt + Q2 (x) cos wt 

ta se c6: 

v&i: 

S",(t, t) = a,.(l!) sinwt+ b3(t) cos wt; 

t 
I Q,(x)X,.(x)dx 

a,.(t) = "-
0 -,.e---­

I X](x)dx 
0 

t 
I Q.(x)X;(x)dx 

b;(t) = "-0 ----,.e----
I X](x)dx 
0 

Nghi~m dirng cda phrrong trlnh (2.10) trlr thanh: 

F;(i, t) = A;(i) sinwt + B;(i) coswt 

a;(i)(wJ- w2 ) + 2awb;(l) 
A i ( t) = ....::..;'--;( w'-';•. '--_-w-:;2'-)2.;-+.,-,4-a;;-•w""'2:;-:--:-' , 

b;(l)(w~- w2)- 2awa;(t) · 
B (i) - ~~.........,,.:---='-'c..:. 

' - (w~- w2)2 + 4aw2 

Dao d\mg c~rcrng bore ch dli.m Ia: 

00 

y(x,t, t) = ~ [X;(x)A;(t) sinwt + X;(x)B;(t) coswt] 
j=l 

va bien dl) dao dgng co d'j.ng: 

Y(x,tl = [f:x;(xJA,.(iJr + [f:x;(x)B;(tlr 
j=l j=l 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2-18) 

(2.19) 

(2.20) 

Nhtr v~y v~ m~t nguyen t~, dOi v6i bai toa.n thu~n, khi bi't ca.c tham s5 ctia d'run va ll!c tac 
d11ng, ta tim d1rgc bien d\) dao dgng t~ vi trl bitt ky cda dli.m. 

3. BAI TOAN DONG NHAT HOA 

Bay gilr gilL sdc ta bidt tii tr.;mg phan M q1(x, t) va do d~rgc bien dl) dao dl)ng t~i ml)t sg di~m 
cda d~m. VO:n d~ d~t ra Ia, ndn nh1r tir y nghia v~t ly va trong cac tr~rlrng h9'P th>rc ti~n nao d6 
ta c6 th~ coi d~m tuan theo cac dih ki~n bien nh~r tren, ta hiy xac djnh dl) dai ella dli.m k~ tir 
thidt d~n bltt d~u bj ngam ddn mut t'!' do. 
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Gilt sll- rhg, t;ti vi trl i- h. nao do tren d'am (v6i h. da cho va ho = 0) ta clo dm;tc bien d</ 
ao d<)ng Dk, khi d6, M tim d9 dai cda d'am ta c'an gilri ph ~.rang trlnh: 

k = o, 1,2, ... (3.1) 

rong do Y(i- hk, l) duqc cho b&i dlng thrrc (2.20) sau khi thay :z; b&i l- hk. Vl hk da cho nen 
·hrrang trlnh (3.1) d1.r<;tc coi Ia phll'ang trlnh d~ xac djnh di) dai t. 

Phtrang trlnh (3.1) Ia ph>rcmg trlnh phrrc t~p dili v6i £, vl cac chu~i trong cilng thrrc (2.20) 
i chuBi v8 h~n, ta cl.n pha.i dll'a ra dieu ki~n g'an dUng d~ chuygn c<l.c chu6i tren th~mh hiru h~n . 
.1lj.t kMc, trong cac bi~u thrrc cda X;(:z:), A;(t) va B;(t) d~u c6 chua gia tri rieng k;, rna k; l;ri 
> nghi~m cda phtrcrng trlnh chUa di) di>.i t theo cong thrrc (2.5). Do do vi trai cda (3.1) khOng 
h~ bi~u di~n du6i d~ng bi~u thrrc gilri tich vi\. cang khong th~ gilri trvc tiip d~ tim bi~u thrrc cda 
. theo cclc tham s5 khclc ella d'a.m cling nh1r cda tlti tr1;mg: Vl v~y, ta se gilti quye't b3.i toil.n tren 
>hg phucrng phap sil vi\. vii dll thj. Tlr phrrcmg trlnh (3.1) ta chuy~n v~ di).ng: 

(3.i) 

Khi k = 0 ta co: 
Fo(L) = Y(L, t)- Do (3.3) 

rng v6i gia trj bien d<) dao d<)ng Do & d'li.u tv do cda d'li.m. 
D~ gilri phrrcrng tr\nh (3.2), ta chqn i bign thien trong m<)t khoAng nao do, Ia gi6i h').n dtr6i 

ri\. tren cda bai toan thvc te', vii dll thi ham sil Fk = F• (£) tren m~t ph!ng (£,F.). Giao di.1m cda 
111 thi va tr~c hoanh chlnh Ia cac gia trj co th~ co cda t. Nhtr phan tich trong biti toan thu~n, khi 
:ho gilt trj £, h• va D• cung vcri cac tham s~ khac, ta pHi tlnh k;, w;, X;(t- h•), A;(t), B;(t) 
ra cu~i cung Ia gi;i trj F• ( l). Scr dll kh~i th~ hi~n qua tr\nh tfnh loan va l~p tr\nh duqc cho tren 
10' d~ 1. 

C'an chU Y rlng sau khi tinh to3.n va. ve dO th!, dg xa.c d!nh chinh xa.c hon giao digm cU.a dO 
:hi vcri tr~c hoanh ta dung chrrcmg trlnh chia doi khohg each giil-a hai di~m nh~n gia tri tnii d~u 
:da hams~ F(t). 

Tieu chu~: 
A~ +B~ < e J J (3.4) 

•cri e nhO tuy y cho tru-crc, dung d~ liiy m<)t sil hii-u hi).n cac thanh ph'an cda cac t&.g trong cong 
thrrc (2.20), drrgc ly giii trong [7]. 

D~ minh h9a cho phrrcrng phiip dii trlnh bay, ta xet vi d~ sau: 

VI dv 1 
· M<)t ~ng t~ bltng thep thing drrng, m\>t d'au ngam, 

m<)t d'au tv do vcri biin klnh ngoai R = 0, 1m, ban klnh 
trong r = 0, 09 m, chju t.li trqng phiin b<l d~u (h = t) 
c6 di).ng (2.13) v&i: Q1 = 9810N/m; Q2 = 2Q 1 ; w "= 
llrad/s; a= 0, 5. 

N goai ra, ciic tham sil khac cda ilng tr~ li\.: p = 
7, 8.104 Njm3 ; E = 2.1011 Njm2 • 

Mo men quiin tinh J va khili ltrgng m drrgc tinh 
theo cong thrrc: 

J = 1r(R4 - r 4 )/4; m = p1r(R2 - r 2 ). (xem hlnh 2). 
GiA str ta do drrgc bien d\> dao d<)ng & d'li.u cqc Ia 

0,016874m. Ta hay xiic djnh eli) dai cda cqc k~ tlr thie't 
di~n bi ngi\.m dlrn mut tv do. 

q1(x,t) 

-r---- --~ ___ ........ 
---~ 

----ll"-

h=1 ____ ,.. 

Hlnh !! 

X 

0 -

Duca cac tham sil cda vi d~ 1 vao ch>rcrng trlnh tren vi\. ve dll thi ham F0 = F0 ( e) ta nh~n 
dugc ducitng cong tren hlnh 3 (d\> chinh xiic "= to-•). 
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I BEGIN I 
1 

Tinh: J, m, dl = (b _: a)JN 

1 
I;= o I 

Jt := a+ idl.J := 1J 

kj,w;,X;,AbBi 
(ph'! thu(>c l) 

/n:=iJ 
1 

Su a~ 1 

dung 

dung 
i := l + 1 

Hinh 3 cho ta dang di~u tSng th~ cda dll'irng cong F0 = F0 (i). Tuy nhien, d~ nh~n bie't ri5 
nhirng giao di~m v6i tr¥c hoclnh, ta ph6ng d,P du-Ong cong n3.y len nhi'eu lin va. dttgc hlnh 4. 

Tlr hinh ve thi!y rlng, ta nh~n dtrgc nhi'eu giao di~m cda dtr<mg cong v&i tr¥C ho3.nh va. ta 
ky hi~u l"an hrgt Ia: l01, io2, loo, ... 

Trong th'tc te", chi c6 m{\t gia tri cda io; (i = 1, 2, ... ) Ia chiip nh~ dU'gc. 
DG tim ghi tri d.y va. lo~i trlr ccl.c gia trj kh3.c, ta giai b3.i toc\n tren v6i. c<i.c gicl tri do dtrqc cda 

bien d9 dao d9ng t~i cci.c digm khclc tren d'am. ChLlg h~n, ta Ui:y h1 = 1m, h2 = 2 m, ta do du-gc 
ca.c .bien d(> dao d(>ng IU"O'Ilg U,ng Ia: D, = 0, 117564 m; D2 = 0, 245461 m. 

Ve dll thj cac ham F, = Ft(i), F2 = F2(i) ta dll'gc hai dll thj khac cda ham F.(i). 
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0 
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Hlnk 9 

10 F
0 

( 1 ) 
9 

8 

7 
6 

5 

4 

\) 3 

2 
1 
0 

-1 1. -(' 9.6 18 .1 • -e 
-2 
-3 

Hlnk 4 

Vii ba d& thi tren m~t phing ( t, F•) 11-ng v&i k = 0, 1, 2. Ta nh~n thlty rlng, tren do~n [1; 25] 
co m(it gia.c:i di~m v&i t111c hoanh h'au nhu- c! 3 du-Ong cong d~u di qua (xem hinh 5). 

ChUng ta se IO:y hi~n tu-c;mg nay lam cll.n ell- d~ ch9n gia tri t tlln t\'i trong th~ tg. Kgt qui 
tren dll thi du-gc cho trong btng 1, trong do li~t u cac giao di~m cna tlrng du-lmg cong v&i tr~c 
hoanh. 

Tlr dll thi tren hlnh 5 va b!ng 1, ta tim du-gc d(i dai cda c9c k~ tlr thigt di~n hi ngam de'n 
mut tv do blng 20m. 

Trang tru-lmg hgp tlln sll kfch d(ing thay d~ cho b&i w; = w + iAw v&i i = 0, 1, 2,. . . ta do 
du-gc bien d(i dao d(ing cda dl>u C9C Ia G, (i = o, 1, 2, ... ) va do do ham F;(l) co d\'ng: 

F;=Y(l,w+iAw)-G;=O (i=0,1,2, ... ) 
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Hlnh 5 

Bdng 1 

Vj trl Bien di} 
t, £3 t. is 

do do 

t 0,015018 2,3182 19,1422 20,0000 
t-1 0,117564 4,0431 16,5147 19,1456 20,0000 22,6732 
t- 2 0,245461 4,8638 15,4509 19,1852 20,0000 23,7743 

(v&i di} chlnh xac [A]+ BJ[ < w-6
) 

Ve dt. thj F; = F; (t) ta se drrqc cac drrirng con g. Giao di~m cda cac drrirng cong nay v&i tr¥< 
hoanh chota danh gia drrqc gia tri cda t t~i m\)t giao di~m chung cda d.c drrerng cong. 

D~ thS:y rO di"eu- n3.y, ta hiy do dao d9ng t~i d'a.u cqc U:-ng v6i c3.c t'a.n s5 kich d<}ng ngo3.i thB.y 
dc3i w; = w + it.w (w = 11 rad/s; t.w = 1 rad/s; i = 0, 1, 2) va cic tham sil nh1r vi d¥ 1, ve dt. thj 
ba ham nay tren hlnh 6 va l~p b!.ng 2 gi6ng nhrr tren. 

Bdng 2 

T'a.n s5 Bien Cac nghi~m thu drrqc 
i'!'C di} 

kich di)ng do t, t2 t, 

11 0,015018 2,3182 19,1422 20,0000 
12 0,043444 2,9794 17,4852 20,0000 
13 0,092560 3,4992 16,0412 20,0000 

(v&i di} chlnh xac [A]+ BJ[ < 10-6 ) 
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mnh6 

Tlr hlnh 6 va bang 2 ta ciing du-gc kit qui l = 20 m Ia dl} dai cda cgc k~ tlr thilrt di~n bj 
ngil.m dlrn d'au mut t" do nhll tren. 

D~ ki~ tra l;U ke't qua da nh~ du-gc, chang t8i da gi!i bhl toan thu~ dg tim l;U bien dl} dao 
dl}ng t'!>i nhii-ng di<!m da do. Lai gi!i tim dllgc xac nh~ kdt qua tren Ia dung .. 

VI dt,t 2 

Ml}t chie'c cgc thbg d1lng hlnh a'ng tl"l) bllng 
thep (kich thllac thie't di~n va v~t li~u nhu- trong 
vi dlJ 1) co m(\t d'an mut elm sau vao day bi<!n, 
<19..-siu cda nwc bi~n bic nu-&c yen tinh Ia h, cgc 
c6 phltn nllm tren ml/.t mrac H1• DtrOi tac d>Jng 
cda s6ng bi~n, cgc chju h.rc cu-Ong b.rc phil.n M 
theo chi~u sau [z1 , z2 [ (hinh 7). Hay tim dl} dhl 
l ctl.a cgc k~ tlr thilrt di~n du-gc coi Ia ngil.m de'n 
d'au t'F do cda cgc (l :2: Ht +h). 

Dg gi!i quy<ft vh d~ nay, trn&c Mt ta xac 
djnh h.rc tac d>Jng cda s6ng len cgc. Gill sd- trong 
di~u ki~n cda bai toan c6 tM coi s6ng bi~n Ia song 
Airy. 

Chgn tf'Jc Oy hu-6-ng theo ph1l0'11g truy~n 
s6ng, tl"l)c Oz trtmg vai tl"l)C ctl.a cgc vii. hu-6-ng 
tlr dtrOi len tren. 

1
----_r----~---

-- ---~ 

-----
{ h 

2Jq1(x,t) 

-i-~~~--
--~----

Hinh 7 

Theo [6[ ngu-ai ta da thilrt l~p du-gc cac ma'i quan h' sau day: 

X 

p. = (H/2) cos(ky- wt) Ia phllang trlnh m"t s6ng; k = 21t/A Ia ail s6ng, >. Ia bwc s6ng; 
w = 21rjT Ia th sil s6ng, T h\. chu kY s6ng; 

w2 = gkth(kh) 

vai g Ia gia tile trgng trnang; 
Tren hlnh 7: x1 Ia khoang each tlr thi<ft di~n bj ngil.m d<fn day bi~. 
V~ tile cda h'!>t nll6c theo .hai phllang "' va y Ia 
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Vy = 0, 5wHchkxcos(ky- wt)jshkh, 

V, = 0, 5wHshkxsin(ky- wt)jshkh. 

Gia t<lc cU.a h~t mr<rc thea hai phucrng X va y Ia 

ay = 0, 5w2 Hchkxsin(ky- wt)/shkh, 

a, = 0, 5w2 Hshkx cos(ky- wt)/shkh. 

Tlr [6] ngrrcn ta tlnh d1rqc l'!c cU.a song tac d<)ng len cgc thea ding thrrc Morison: 

trong d6: 
C1 = G;p11rD 2j4 

Ia h~ s5 quan tlnh; p1 Ia m~t d(i cU.a nu6c; D Ia dm'rng klnh v~t can. 

Ia h~ s5 can v~n Me (xem [5]). 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

Ne'u coi v$n tO'c ella c9c 13. nh6 so v6i. v~n t5c ella mr&c, sa.u khi tuye'n tinh h6a cOng thll-c 
Morison (xem [6]), ta drrqc: 

trong d6: 
Vy = 8El/(31r) = 4wHch(ky)/[3Trshkh] 

E1 = 0, 5w H chky / shkh 

Thay (3.12), (3.6), (3.7) v1to (3.11) ta drrqc: 

q1 = 0, 5Clw2 Hchkxsin(ky- wt)jshkh+ 

+ 4CD(wH)2ch2 kx cos(ky- wt)/[3TrSh2 kh]; 

Do chgn h~ t'1'c tga d9 nhrr tren nen & vj tri y = 0, ta c6: 

ql(x, t) = -0, 5Ciw2 Hchkxsinwtjshkh+ 

+ 4CD(wH)2 ch2 kxcoswt/[31rSh2 kh]; 

D(l.t: 

Ao = O, 5Ciw2 H/shkh; 

Bo = 4CD(wH)2 /[31rSh2 kh]; 

Thl: 
q1(x,t) = -A0 chkxsinwt +0,5Bo[1+ch2kx]coswt 

Khi d6 phrrang trlnh dao d<)ng cU.a cgc se Ia: 

2 a•y a2y ay 
a ~ 4 + ~ 2 + 2a0 = -q1(x, t)jm = q(x, t.J 

vx vt vt · 

v6i a2 = EJjm. 
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Phmmg trinh (3.18) c6 d~ng gi5ng phuong trinh (2.2) nh=g & day: 

q(x, t) = Q1(x) sinwt + Q2(x) coswt; 

Q1(x) = Aochkx/m; 

Q2 (x) = -0, 5B0 [1 + ch2kx]/m; 

Ta tha:y (3.19) hoan toiin gi5ng (2.13). 

(3.19) 

(3.20) 

(3.21) 

Dil'n day lam gi<!ng nhlr phb tren, ta se di de'n bien d9 ciao dgng cda cqc c6 d~g (2.20), trong 
d6 A; va B; dugc xac djnh bcl-i (2.17) va (2.18), con a; va b; xac djnh til' cong th.rc .sau: 

., 
J Ql(x)X;(x)dx 

a;(l) = =-%''--,----­
! Xj(x)dx 
0 

%2 

J Q2(x)X;(x)dx 

b;(l) = %""'----­
' £ XJ(x)dz 

(3.22) 

GiiU blng cac s5 li~u da cho trong vi dJ;t 1 va cac thO~g s5 cda moi tnrang biin nhu sau: dg 
sau cda nU'&c h = 15m phb c9c tren m(l.t nuac H1 = 3m; chu ky song Airy T = 6 s; d9 cao song 
H = 1, 2m; m~t d9 nu&c p1 = 1026 kg/ m3; cac tham s<! khac 0 4 = 1; C; = 2; tb s5 s6ng tinh til' 
w = 21rjT; s5 s6ng tlnh til' (3.5), & day: z 1 = l- (h + H 1); x2 = e- H1• 

Dil'n day, sau khi tinh cac tlch phiin (3.22), ~P trinh cho may vi tinh theo set dll da cho & set 

dl\1 va lam tlrCfng tv nhu trulmg hgp tren, ta c6 ke't qua tren hinh 8 va bang 3. 
Dll thi ~en hinh 8 ve tren do~ [18; 28]. . 

10 

9 
8 

7 

6 

5 
4 

3 
2 

F ( 1) 

0-~----------~~~--------------+-----~ 

-1 1::..8 ~~""" 
-z 
-3 

Hlnh 8 

Bdng 9 

Vi trl do Bien d9 do ca.c nghi~m thu dugc 

e 
l-1 
e- 2 

0,274137 m 
0,255271 m 
0,236416 m 

(v6i d9 chinh xac lA~ + BJI < 10-6) 
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20,003 m 
20,003 m 
20,003 m 



Ti'r hlnh 8 va blmg 3 ta c6 nghi~m l"" 20m. Ti'r d6 suy ra: "'' = t- (h + H,) =2m. 
Trong tru-ang hqp d9 cao s6ng H khOng dBi nhllllg ehu ky s6ng thay deli cho b<l-i T; = T+it.T 

veri i = 0, 1, 2, ... ta do d1rqc bien d9 dao d9ng ella dllu e<:>e Ia Gi (i = 0, 1, 2, ... ) va do d6 ham 
F; ( l) e6 d;mg: 

Fi = Y(t, T + it.T) - Gi = 0 (i = 0, 1, 2, .•• ) 

. Ve d~ thi Fi = Fi(t) se dm;re d.e d1rang eong. Giao dil!m ella e:k d1rang cong nay veri t111c 
hoanh eho ta danh gia duye gia tri ella f. t~ giao di~m chung cda cac du-ang cong. 

D~ th§:y rO di'eu n3.y, ta h3.y do dao d9ng t~i d'a.u cqc li-ng v6i ccic tin sO klch d9ng ngoai thay 
d5i theo Ti: 

Ti = T + it.T ; (T = 6 s; t.T = 1 s; i = 0, 1, 2) 

vCri c3.c tham s<J nhtr vi du 1 va. c3.c tharn s<J cda bi~n nhu tren, ve d'O thi ba ham nay tren hlnh 9 
va l~p blmg 4 gillng nhrr tren. . . 

10 

9 
F ( 1 ) 

8 

7 

6 

5 

4 

3 

2 

1 
0 
-1 

-z 
-3 

Chu ky song T"a.n s<l s6ng 

6 s 1,047198 
7. 0,897598 
8. 0,785398 

20.5 

Hink 9 

85 song 

0,118387 
0,992909 
0,076824 

F, 

23.0 

Bdng 4 (do t~i dllu c9c) 

Bien d9 do 

0,274137 
0,305040 
0,309556 

Cac nghi~m thu du-qc 

20,003 m 
20,004 m 
20,003 m 

Ti'r hlnh 9 va blmg 4· ta ciing co k~t qu! f. "" 20m va x 1 = 2m. 
Chung toi da My k.tt qui. f."" 20m d~ ki~m tra bai toan thu~n nhkl tlm l;ri bien d(l dao d9ng 

<1- nhihtg di~m da do. LOi giai tim d1rqc xac nh~n cac Ht qua tren Ia dung. 
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K A 

KET LU~N 

Cac ke't qua da trlnh bay (r tren cho ta thgy r~ng b~ng d.ch do dao di)ng t'}i mi)t sil di~m tren 
dlm m9t dlu ngam va mi)t dlu I'! do dmn tac dyng cua tli tr9ng cu-i'Yng bfrc ho~.c do dao di)ng 
t~i m9t di~m v&i tl.n sO' cU"CYng b-6:-c thay d5i ta cO th~ xB.c djnh dtrgc dl} d3.i cda c9c. B3.i to<i.n n3.y 
dtrqc gilli bAng phlWilg ph<lp st5. Vi~c ch9n m9t gi3. trj trong b3.i to<i.n da trj dU'gc minh h9a qua 
c3.c vi d\1 Ung v6i trU'Ong hqp tii trc:,mg phan bO dCu v3. ta.i tr~mg phin b5 thay dgi theo de$ dai cqco 

Tru-lmg hqp tli tr9ng cu·i'Yng bfrc da tln ho~c ng!u nhien se dlf9'C trlnh bay trong cac bai Mo 
sau. 

Bit.i bao nay dtrqc hoan thanh Vm S\f tai trq CUa chucrng trinh nghien CtfU CCf bAn. 

Ilia chi: Nh4n ngay 16/11/1994 
Vi~n Cu h9c, Trung tam KHTN 13 CNCJG 
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SUMMARY 

DETERMINATION OF BEAM CHARACTERISTICS 
BY ITS VIBRATION MEASUREMENT 

On the basis of analysing the transverse vibration of a clamped - free beam, in this paper an 
inverse problem is investigated. The analytical method· and computational programme have been 
presented for determination of the length of the beam when vibrations at some points on the beam 
with external distribution excitation or vibration at one point with some excited frequences are 
measured. The obtained results from the illustration examples described in the paper give us the 
procedure for selecting one solution in multi-solution inverse problem. 
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