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MOT S6 BAI TOAN VE VAN DE DONG NHAT HOA
DAM DAN HOI BANG CAC DAC TRUNG DONG LUC HOC

NGUYEN TIEN KHIEM

MO PAU

D0ng nh&t héa 12 mét bai todn cé nhiéu ¥ nghia trong thwe t& vi dang dwoe quan tim mds

cdch dic bigt. Néi dung cda né 13 thiét 1dp mé hinh cia d8i twong dang t5a tai dya trén nhing s&

liéu cé thd do dac dwoe vE chinh né tai th¥i diém dang xét. Thue t& diy 12 dang bii tosdn ngwec,
ma c4c phwong phip gidi vin con dang trong thii k¥ phdt trién. Trong bai bio niy tic gid djt
ra vi tim phwong phip gidi mét 83 bai todn ddng nhit héa dim din hdi bing cic dic trung dao
ddng. K& ciu dang niy md t4 nhidu d8i twong thwe t€ dang dwoc s dung nhw cic méng coc,
thip cao v.v...

1. MO HINH VA CAC DAC TRUNG DONG LUC HOC
Xét dim din hdi Iy tudmg cé:

| m = pF = const; ko = EJ = const.
Khi 46 phirong trinh dao ddng uén cé dang:

-tW (z,1)

2 e
ICO -+ L4m————a W(z, t) =

e s =0, 0<ESL (L)

Tir (1.1) ta c6 thé tim dwoe cic dic trung cda dim bao gom:

- T%n 8 riéng:
(VBT [T
w={3) V5F =¥Viim = % | (12)

trong dé A 13 tham s8 xdc dinh t¥r diéu kién bién.
Dang ridng: : _
$(F) = C1 8in AT + C; cos AT + C'3shAT + CychAF (1.3}

véi C; 1a céc hing 8 tich phan, x4c dinh t¥ ditu kién bién vi chuin héa.

Nh!r viy cac dic l:ru'ng ddng lwe hoc cda dim phu thudc vio céc thong 50: E e J, P LA
Ta goi tap hop cic théng s0 niy 14 c4c tham 6 md hinh, ching cé thé chia thanh c4c nhém:

+ Tham s0 két cqu:

- Tham s8 vas ly: E, p.

- Tham 88 hinh hee: J, F, L.

+ Tham 58 bién: A.

Tt (1.2) va (1.3} ta thiy ngay cic tinh chit sau:
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Tinh chit 1: Dang riéng ft phu thudc vio cic tham 83 k& cdu.

Tinh chit 2: Thn s riéng 13 mot ddc trung phu thude vio t8 cd cdc tham s§ cida hé.

Nhitng tinh chat m‘:.y cho thiy, dang riéng chi dic trung cho diu kién bién, vi viy né khéng
chita dyng thong tin v& k&t ciu (di nhién 1A trong trubrng hcrp I¥ twdng dang xét) vi do &o 88 co
it vai trd trong bai tosn ddng nhit héa. Trong khi dd, tin s3 riéng s& déng vai trd chl yéu, vi né
phu thudc vao tdt ci cdc tham s8 cda co hé. -

2. BAI TOAN TONG QUAT VE DONG NHAT HOA

Bii todn dong nhit héa dwoc thinh 1ip trén co s& cic dir kién:

A. Céc dic trung do dac; B. M hinh ¢6 thé chon; C. Céc tham s8 mé hinh.

Nhw viy d8i véi dim dan hdi ta cb cde A kidn:

A. T%n 58 va dang riéng; B. M6 hinh dim chiu u8n thuln tiy; C. Céc tham s8 {5, b).

Bai to4n tdng quét: Tir cdc s& lidu do cda cde dic trung ddng lwe hoc (w, ¢), x4c dinh céc
tham s& mé hinh (S5, b).

Piy 13 mdt bii toin ngoc trong co hoc dao d8ng. Viéc gidi bii todn niy cdn rit nhitu khé
khin, cho dén nay chwa cé dwge dwimng 16i chung nio hiru hlgu € giki. Tuy viy cé thé khing dinh
mét vai tinh chdt co bin clda bii todn niy:

- Bai todn rit cé thé khong cd loi gidi. Trong tredmg hop ndy phii xem xét lai hai yéu t: 1
M5 hinh todn hoc d3 sit véi thye t8 chwa? v 2. 88 lidu do dac 43 dd tin ciy chwra? N&u hai yéu
t6 ndy di thda min thi bii todn bao gi¥ cling cé 11 gidi bdi vi cu thé d3i twong dang ton tai.

- Khi c6 1o gidi thi rat {6 khi né 13 duy nh#t. Didu ndy dwec khing dinh ngay bing todn hoc
vi 88 lwgng n 13 rit 16u, trong khi 46 &8 phwong trinh (=& lidu do dac) rit han ché. Viviy 4é
ti€n t4i 17i gidi ¢é ¥ nghia thire t€ cin phai cé nhitng chi tiéu nio 46 € chon nghiém.

3. BAI TOAN XAC DINH b0 DAI CUA COC

Bd qua nhitng yéu t8 phirc tap, gid thi€t cé mét coc din hdi véi nhu'ng tham 8 13 hing 43
bi& E, p, F, J va di3u kidn bién sao cho xdc dinh dwge diy tham s Ags g . Trong trwdng
hop ndy cé thé do dwoge céc t3n 88 neng, Iin lwot 13 wy, wa,... Vin 48 la. xé.c dinh chign dai coc
(L). o] diy theo tinh chit 1, khong ¢an phai do dac dang rieng, viné khdng phu thudec vao L.

Theo (1.2) thl éng véi mdi tin s8 do dwoc wy ta cb mt gid trj Iy thuyét tinh du'o'c cda tham
s0 bién A;. Bii todn dit ra 1d tim L sao cho:

w12 )

o(L) = z [A_.,- =Ly f *f] — min = 0. (3.1)
i : :

Trong truwdng hop Iy twéng thi o{L) = 0 s& cho nghiém L vi nghiém ndy 13 duy nhit. Nhung

vdi 86 ligu do dac vi md hinh cé nhitng sai 58 ndo 86 o(L) > 0, khi d6 L chi ¢6 thé tim tir ditu

kién o(L) — min, Duwéi diy ta ching minh dinh 1§ d€ gidi bai todn ndy.
Dinb I¥ 1. Bii todn c6 nghiém duy nhit 1i:

(3.2)

khi vi chi khi thda min ditu kién:
~ M2 .
RN (§ a2y u,_-) . - (3.3)
7 7 7 .
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Thit viy, ky hidu /w;/a = T; vi vecte X={A,A2,...), & = (&1, Fa,...) khi dé
fP=3"  Bl'=Xa}
: 7 )

v3 tich v6 hudmg ca hai vecio A v w bing:

@) =05 = D e

Véi nhitng k¥ hidu nay ta ok
o(L) = X - La|* = X ~ 2[3@|L + L*|a|*.
Phwong trinh oL) = 0 c¢6 nghidém khi va chi khi:
= 22 T2y (2 — = =
(R, - 20 hay (03) 2 [¥/[a].
Nhung theo tich v& hwdéng cda hai vecto X, @ (I, E) < IJ\’ lcTJ}, ditu kién ¢b nghi{éﬁl tré thanh:
(e =K@ R (3.4)
Khi 46 nghiém duy nhdt cda phwong trinh (L) = 0 8 bing: L = |A|/|&|. Mt khic t¥ ditu
kién o(L) — min ta ¢6 2Lla|2 ~2(X,&) = 0. Ciing véi (3.4) ta cé ngay L = |A|/|&|. Dinh ly &2
dwgc chéng minh,
H¢ qud 1. Dinh 1§ cho ta thujt todn tim nghiém dding duy nhit cda bii toin ahw sau:
Buéc 1. Kiém tra difu kién (3.4). Néu khong thda man bai toin vo nghiém. Né&u thda min
ta thuc hién:

Buwéce 2. Nghidm L = I).I/]w‘ 1a duy nhdi.
H¢ qud 2. Nghidm gin ding ¢4 thé tim theo cdng thirc:

_ % r) z;:@_ (3.5)
fw wy

Hé¢ gqud 8. Bii todn ¢ thé t8ng quat héa nhuw sau: Gid st cé the do dwoc cdc tin s riéng
wy, w3, ... va tinh dwoc cdc tham s8 bién Ay, Ag, ... phu thudc vio cdc dic trung diéu kién bién
13 by,b2, ..., by Khi d8 cdc tham 88 (by,b2,...,by) tinh tir phrong trinh

¥ 20 vag = Zxﬁtb)zgj) 2 (3.6)

v 4 dai cda coc 8é dwoge tinh theo cong thie:

(3.7)

Riéng cic tham s6 b s& dwoce xét dén trong bai todn cda phin ti€p theo.
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Vi du thee té
Trong phong thi nghiém [3] 43 ti€n hinh do tin 3 riéng cda mdt ddm (hink 1) & 10 diém

khic nhau dwee 10 gid tri khic nhau cda hai tin s§ d3u. Kiém tra didu kién (3.4) cho cdc gid tri
do niy ta thiy cip: wy = 13,1847, wy = 82,0247 thda min vdi sai s8 nhé nhit 9-107°. Liy céc
gid tri nay tinh L theo cdng thic (3.2) ta dlrorc L = 1,0008 m. Trong trwing hop nay gid thife
d3u dwdi bi ngam tuyét d8i véi Ay = 1,875, Ao =4, 694 [1].

4. BAI TOAN DANH GIA LIEN KET BIEN

Muc dich cda bii todn ndy 13 ti s8 ligu do dac tin 83 riéng v dang riéng d4nh gid bin chit -

cda lign k&t tai bién. Mudn viy ta phii m3 hinh héa bién bing cic tham s§ djc trung cho céc lién

két. Nhitng lién k& Iy twong 43 bict gdm: gdi twa, nghm citng, tw do,... Ta coi 4y 13 céc trwdmg’

hop t6i han cda lign k&t dang t8ng quit nhw hinh 2, trong d4:

ki, k2 - D8 cdng 15 xo tinh tién

Vi, vz - P9 cting 10 xo xodn

Cic tham s3 niy bién d5i trong khodng (0, c0}. Céc trudmg hop t61 han bao gom:

1. Géitwa: k=oo, v =20 ‘

2. Ngam cimg: k=00, v =0

3. Twdo: k=0, =0

4. Gai trugt: v =00, k=0

Trong thwe t& gid tr1 vé cling cla cdc tham 88 dwoe coi 1a dat dwoe & gid tri &4 16n ndo dé
[2}. .

Vé&i nhitng gid thidt dim &an hoi Iy twéng chiu udn thulin tuy (chc tham 88 k&t cfu 13 hing
sS) phuong trinh dao 43ng ¢ dang (1.1). Khi d6 tin s3 ridng vi dang riéng vin cé dang (1.2) va
(1.3). Trong 46 A va Gy, 7 = 1,4 xé4c dinh tir hé phwong trinh [1].

(A(\ K, v)C =0, )

k= (k13k2)3 v= (V11V2)1 C= (01102103104):
A 13 ma trin:
ASkq -k — 23k, —ky
- -)\ko - )‘ko

—{koX3cos A+ kpsin A) ko3 sin A —kacos ) koA3ch) — kosh)  koA3sh) — kochA |
—kodein X+ vgcos X —kpgAcos A —wgsin A kgAshA + pgchd  kpAchd + vashh

Nhw viy A li tham 38 bién xdc dinh tir phwong trinh:
D)\ k, v) = det A{M, k,v) =0 (4.2)

vi 5& phy thudc vio cic tham 88 ky, kg, 11, v, nhung bidu thérc hidn A = A(k, v) khdng thé xdc
dinh dwoc tir (4.2). : '

Bai todn 43t ra 13 tir 58 lifu do cda tin s ri€ng wy,wy, ... Ddnh gid cic tham 8 ky, k2, 11,
vy véi nhivng tham s8 mé hinh E, p, F, J, L cho trude. '

K¢ hiéu:
ar =\ kg/mL4 .
Véi nhitng gid tri do dwgce cla wy,wa,... ta tinh dwoc A; = J/w;/fa; .
Khi 46 cdc tham s8 k, v 58 1 1&i gidi cda bii todn:
o(k,v) =y (D(Az,k,¥))* — min = o. S {4.3)
. ,
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Nghiém diing cda bai todn cb thé tim dwgc tir phwong trinh:
olky, ko, v1,09) = 0. {4.4)

Diy 13 mdt phwong trinh bic hai cé bdn in 58, néi chung khdng cé 1oi gidi duy nhdt vi rit
khé gidi. Viéc oghidn ciéu lf thuyét cin phdi tifn hinh. Théng thudmg, viée do dac vi md hinh
héa cb sai s8 nén phwong trinh (4.4) néi chung khé thda min. Do @6, c6 thé tim nghiém gin ddng
tir bai todn cuc tri:

O'(kl, kz, V]_,Vg) ~—+ min (45)
8o o do do
b9 _o, 27 o 29 _y 2. 4.6
akl ! akz ! 6v1 ! 31/2 ( )

Néi chung, do tinh chit cda ma trin A, (4.6) 13 hé phwong trinh tuyén tinh cda b&n &n, viéc
gidi né khéng <6 gi khé khin nhit 13 d6i véi méy tfnh. Tuy viy, v& mit I¥ thayft ¢6 thé dwara
dién kién tbn tai vi duy nhit nghiém cda hé (4.6). Ta sé€ han ché trong trwémg hop dom gisn nhit,
khi k2 = v2 = 0, k1 = oo (mhu hinh 3) .

Khi 86 ma tran A cé dang:

1 -1 0 -1
- —'Ako -V Ako
—~A%kgcos A ASkgsind  AkgchA  A%kgshh |
—AkgsinA  —Akpcosd  AkgshA  Akgchli

A=

va:
Dy, A) = 2X*k2((1 + cos AshA)wy + Mkg(cos Ashh ~ sin Ach))).

K¢ hidu:
a(2) = 23 ko(1+ cos Ash}),  b(A) = —2X°k3 (cos AshA — sin Ach))
va a(A;) = aj, b(X;) = by, khi dé: |
olv) = > _(agv1 = b;)% = laf*sF ~ 2(a, b)vy + [b]?

¥

|af? = Ea,; le|? = Zb (@,8) =3 asb,.
]
Dinh Iy 2. Nghiém bai todn (4.3) trong trudmg hop hinh 2 ¢é duy nhit nghidm la:
sz('\j)-
I S—
Z“z()‘a')

i

M=

(4.7)

_ khi v chi khi thda min digu kién:
1/2 '
’Za(A 0)| = ( () 380 (4.8)
7

Viéc chitng minh dinh K néy khong khéc gi cich ching minh dinh Iy 1.
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¥ nghia vit If cita nghiém (4.7) nhw sau: Néu w; do dwoe gin véi tan s& riéng cia dim bi
ngim ctng diu dwéi, khi d6 a(A;) ~ 0 Vj. Khi dé theo bidu thirc (4.7) thl »; — co. Ta nhin
dwoc treomg hop ngam ctng (ky = oo, 1y = o0}, :

Dibu kién (4.8) c6 thé st dyng nhw 13 phwong trinh 4€ tim L, trong trudmg hop chwa biét L:

Nhw viy thuit todn d€ gili bai todn mé rong (tim vy vi L) bit w,:
Buéc 1. Gidi phwong trinh (4.9) a8 véi L.
Bwéc 2. Tinh A; = Ly/w;/a vi vy theo cong thic (4.7). - _

A .
'—J..——---—-.:'..
o T
_J T
| }
I |
| i
| |
| b
| I
| ]
| R
I I
v | I
3 I M
I I
{
| I
!
|
I I
I
| I
| ||
| f
| |
i - —
| Y} ] —=x=0
| 1
: PITITT
Hinh 1 Hinh 8
(k2=b’3=0,k1=l/1=00) (k3=1.}2=01 k1=°°)
‘)1 V \)Z
k : kﬂ

Hinh 2
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5. MOT VAI NHAN XET

- Trong ci hai trwdng hep ta tim du'gc dieu kién duy nhit nghiém bai toin nglrc_rc. Nhitng
diéu kidn niy cé thé st dung trong hai vaj trd sau diy: Mt 13 d€ tim nhlrng tham 28 khic chua
bigt. Hai 13 didu kign dé chinh s3 ligu do va mé hmh {So li¢u do chi 4 ¥ nghia néu dién kién niy
thc.’)a. man).

ej diy ta di tranh sy dnh hm’mg chia 88 lwong t3n s8 do dwoc trong phwong phédp gidi. Tuy
viy két qui € cing chinh xdc néu 88 lwgng do tin s§ do dwoc cang nhiéu.

- K&t qui cia bai todn xdc dinh d3 dai cda coc di dwge kifm nghiém trong phong thi nghlem
va ¢é 46 chinh x4c cao. Vi viy cé thé dwa vio 4p dung thic té.

Bai bdo niy dwoc hodn thanh dwéi sy tii tre cda Chwong trinh nghién céu co bdn.

Dia chi; - thm ngay 5/12/1994
Vién Co hoc, Trung tim KHTN & CNQG
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SUMMARY

SOMES PROBLEMS IN THE IDENTIFICATION OF ELASTIC BEAM
BY THE DYNAMICAL CHARACTERISTICS

Two problems in the identification of Mechanical gystem are presented and solved by the ana-
lytical method. Pirstly, the length of an elastic beam is found from measured narural frequencies.
Secondly, the boundary condition of the beam was also obtained with given frequencies. In both
the cases, unique solution can be found only with condition, that is given in this paper.
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