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CHlU TAC DlJNG CUA AP LlJC NGOAI 

LE NGQC HONG, LE NGQC TH~CH 

B3.i to<in gn djnh cda vd trl_l d[ dtrqc nhi~u t:ic gilL nghien ctl-u nh1.rng ch-fi ygu 13. cac v6 c6 
m~t cltt ngang Ia hlnh trim [1]. Thong de linh vvc ky thu~t khac nhau, ta con g~p cac lo<:<i v6 tr\1 
c6 m~t citt ngang khOng trOn, kin ho~c hCr (c<l.c vO h'am, c3.c b~ chU:-a nhien li~u, c3.c dtrCrng Ong ... ) 
rna vi~c nghien cli-u 5n djnh c-da c3.c vO nAy cOn it dtrgc d'e c~p t&i vi kh6 khan chit ye'u Ia vi~c gi!ti 
cac h~ phucrng trlnh vi phan co h~ s5 khOng ph!ti Ia hhg sil. Bai bao trlnh bay mgt each xac djnh 
hrc t&i h~n cda cac lo').i v6 nay tren ccr s& phucmg phip ti~m c%n tlch phan cda A. L. Goldelveizer 
[2] U5i v6i ly thuy~t v6 tuy~n tfnh tuan theo gilt thi~t Kirchoff-Love [2]. 

1. PHUo-NG TRINH ON DlNH "NHO" VA DlNH TINH NHGitM CUA 
PHUGNG TRINH 

Tir cac h~ thfrc CO' bin cda ly thuye't vo mong dan hl\i, Ia nh~n drrqc h~ phuong trlnh dung 
dg khio sat 5n djnh tuye'n tfnh cda vO tq1 c6 m~t clt ngang khOng trOn ch~u t3.c dl).ng cU.a ap lvc 
ben ngo3.i, vie't dtr&i d~ng c<ic d~i hrgng khOng thli- nguyen nhu sau: 

(1.1) 

V&i t9a d\) kh8ng thu: nguyen a, fJ lay theo dU'ang sinh va dU'ang chu tuygn cua vd (co cac 
h~ s5 Lame A= B = 1). 

* h, R~, W Ia mqt nlh b~ day, d\) cong cU. a dU'ang fJ va chuy~n vi phap tuygn vigt dU'&i d~ng 
khOng thfr nguyen, blng cic d').i 111'\)'llg lll'crng 11-ng chia cho mqt tri s5 B co thtl- nguyen Mng chih 
dai va d~ tr1rng cho kich thll'&c hlnh h9c cda vo, vf dl) Ia ban kinh cong trung blnh Clla dtrang {J. 
Do do h Ia mi)t tri sil be dili v6i vo mdng. 

• P = ~ v&i P* Ia ip h,rc phap tuygn 

* <!I = ZE~B2 v6i <p Ia ham frng suitt cda bai toin v6 ma khi bi~t no ta co thB tfnh dll'qc ap 

h.rc mang N0 , N~ va S. 
T<;Li nhirng vilng tren m(i.t vd co xua:t hi~n cac ngp nhiln (khi m<1t 5n djnh) ham <!Iva W bie'n 

d5i nhanh theo phucmg dU'emg t9a dq fJ, ta co th€ gil> thie't :fJ :» 1 va nghi~m cU. a phU'crng trlnh 
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[1.1) khi rn~t v6 luon luon tr<m, khong hi gay, d1t&i d~ng: 

<11 = <11(,8) sin ka 

W = W(,B) sinka 

V&i k = n1rj L, n: si5 m'ra b1t&c s6ng hinh sin tren chi~u dai khi'ing thfr nguyen ella vo; 

(1.2) 

· Thay (1.2) vao (1.1) ta nh~n du-gc phmmg trlnh g'!m dung d~ xac djnh ham <11 ella bi<!n ,8: 

v6i: 

Sl'r d~ng ph1r<mg phip thong si5 be, tac gia d~ nghj tim nghi~m ella (1.3) du&i d~ng 

<I)= ef(P)/•[<111(P) + e<I12(P) + ... ] 
P = P,e6 + P2e8 + P3e9 + ... 

13. m9t thOng sO he 

!(,8), <11,(M (v&i i = 1, 2, ... ) li\. cac ham ella ,8 
_P;, (i = 1, 2, ... ) -13. ~ac h~ng s5 c'an tim. 

(1.3) 

(1.4) 

Thay (1.4) vao (1.3) sau khi bi<!n dBi ta nh~n drrgc vi! tdi Ia mqt da thrrc thu1l.n nhgt ella e. 
Cho cac M si5 ella da thrrc b~ng khi'ing ta nh~n drrgc phu<mg trlnh d~ sa di5i v&i d~o ham !'(.B) 
(ky hi~u F = f'). 

K• 
Fs + P,Fe + R2 = 0 

p 

Giili phmmg trlnh d;Li sil nay [3[ va tich phii.n nghi~m ta tim drrgc: 

p 

I (p1 )'/2 
f(P) = ± 4 + D, d,B 

0 

v&i D1 Ia. ham ella P1 va ella R(p) (i = 1, 2, 3, 4). 
Phu<mg trlnh d~ tlm ham <111(P) se c6 d~g: 

(1.5) 

(8RpF'3 + 6P1R13 F') a<!1, + (4R~F3 + 15P1RpFII + 28RpF2 F' + 2P1R~F)<!11 = 0 (1.6) a.e " . " 
T1r d6 

(1.7) 

Cac phmmg trlnh d~ tlm <112(/3), <113(P), ••• Ia cac ph1r<mg trinh vi phan khi'ing thu'a.n nhgt 
c6 vi! trai gii5ng nh1r vi! trai ella phm:rng tt\nh (1.6), con vi! phili Ia bi~u thrre tuy<!n tlnh ella P,. 
Khong di~n giili qua trinh tlnh toan, ta tlm dlfge nghi~m ella eae phtr<mg trlnh nay d~r&i d~g 
tC:ng quit: 

(1.8) 

Wi(P) va Gi(/3) Ia eac ham da bi<rt khi tim <11i(P) (Ia nghi~m ella ph1r<mg trinh khi'ing thu"an nhat), 
c, Ia h!ng si5 tich phan xae djnh theo di~u ki~n bien. 
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Theo nhii-ng ph1rang tr\nh vlra trlnh bay a tren, c6 th~ neu ra nh~n xet v~ dp.h tfnh d?ng 
nghi~m cda bai toan nh1r sau: 

Ham li-ng suO:t llit~l dllng d~ xac djnh cac rrng h,c trong v6, ngu tlin t;ti thl ph!i Ia nhii-ng ham 
thvc, va do d6 cac thanh phh lli;(fil cda n6 ding ph!i Ia nhii-ng ham thvc; gia tri ap lvc P cling 
nhrr cac thanh phh p, ella n6 ph!i Ia sil thvc va dll"ang. Ham fun ho~c d~o ham cda n6 f(pJ = F 
c6 th~ Ia thvc, phrrc tuy_ theo gia trj cac h~ sil Cll.a ph1Wng trlnh (1.4). Ngu ta tlm ducqe m(\t b<} 
ba thOng sil P, f, <11 thda man cac tfnh chO:t k~ tren thl P chfnh Ia lvc t&i h~n cda v6, Ia nghi~m 
cd.a bhl toan <ln dfnh. 

& gli.n dung thU· nhO:t, ta ch xac djnh gh( tri thvc cd.a P1 sao cho, li-ng v6i n6, nghi~m F cda 
ph1rang trlnh (1.4) va, do d6, ham f theo (1.5) se lam cho ham lli xac djnh theo {1.7) Ia thvc. Luc 
nay ta g~p nhii-ng phrrang trlnh thu"an nha:t. 

a cac gh dung tie'p sau, ta cling xac dinh cac gia tri thvc P; ( i = 2, 3, ... ) co nhii-ng tinh 
cha:t neu tren. Luc nay cac ph1rang trinh Ia nhii-ng ph1r;,.,.g trlnh kh&ng thuh nha:t. 

DOi v6i v& ttv c6 m~t c1t ngang Ia h&, ta c'a.n sd- d'9ng di~u ki~n bien tren cac C<pth song song 
drrlmg sinh (khi f3 =Ova f3 =flo) d~ xac djnh cac hang sil C; trong bi~u thrrc (1.8) cd.a ham lli. 
COn dOi vCti vO t~ c6 m~t c1t ngang lA kin thi cac dieu ki~n bien nay khOng tOn t{li, vi~c giai biti . 
toan c6 th~ dan gilm han. 

M(\t di~m cli.n lrru y Ia cac gia trj gh dung thrr nha:t, thrr hai ... cd.a lvc t6i h~n se rO:t g"an 
nhau theo bi~u thrrc phan tfch ella P (1.4). Di~u nay cho thO:y ro rru di~m cda phrrang phap vlra 
kie'n nghi. 

Sau day, ta se ·xet nhii-ng vl d\1 ap d\}ng <\1 th~ cho vd tf\1 co m~t clt ngang kin va m~t eltt 
ngang ha. 

2. BAI TOAN VO TRT,J KIN c6 M~T cA.T NGANG HINH ELLIP 

Phrrang trlnh m~t trung binh cda v6 cho tren hinh 1 se Ia 

y 

b 

ffinh 1 

x =a cost 

y = bsint 

a x 

(a> b) 

Do tfnh dlli xli-ng, ta chi kh.lo sit ml)t phh tli- m~t phkg 0 ::; t ::; 1r /2 
Gia thlift tfnh v6i cac thOng sil ella vo: k = 1, a = 2, b = 1, B = 1 

n2 _ (4sin2 t+cos2 t)3 

.tf.p- 4 

38 



Tlnh glin dung thrr nh~t ella l'!'c t&i h~n P1 sao cho nghi~rn ella phm:rng tr\nh (1.5) se cho 
tghi~m th'!'c ella phrrcmg trlnh (1.7). 

Trang trrremg hw d'ang xet, phrrang trlnh (1.5) se c6 d~g: 

4 
F 8 + P1F 6 + 2 = o 

4sin t+cos2 t 
{2.1) 

D<pLg nghi~m F phl}. thu9c v3.o gia tri cUa P1 V£ bie'n s5 t9a. d9 t, kg't qui phii.n tlch d~ng 
>ghi~m F cho trong blwg 1. 

Gia trj P1 

0,8 
1,0 
1,2 
1,4 
1,6 
1,8 
2,0 
2,2 
2,4 
2,6 

t = 0+60' 
t = 0 + 48° 
t='0+36' 
t=0+30' 
t=0+24' 
t=0+20' 
t=O+ 14' 
t = 0 + 6° 

Bdng 1 

Hlnh th ll-c nghi~rn F 

Phll-c tren toan b~ rn!it v6 
8 trj s<l phll-c t = 60 + 90' 4 phll-c, 4 thu~n lw 
8 trj s<l phtl-c t = 48 + 90' 4 phrrc, 4 thulin lw 
8 tri s5 phtl-c t = 36 + 90' 4 phtl-c, 4 thulin lw 
8 tri s<l phli"c t = 30 + 90' 4 ph.rc, 4 thulin lw 
8 tri s<l ph.rc t = 24 + 90' 4 ph.rc, 4 thulin lw 
8 trj s<l ph.rc t = 20 + 90' 4 phll-c, 4 thulin lw 
8 tri s<l phll-c t = 14 + 90' 4 phrrc, 4 thulin !o 
8 trj sil ph.rc t = 6 + 90' 4 phU,c, 4 thulin iLo 

Th u~n iLo tren toan bll rn !it v6 

Tren CO" s& xet djnh tlnh d~g nghi~m F = !' ghi tren biwg 1 ta kgt lu~n 
- Vai gia trj P1 = o, 8 nghi~m Ia ph.rc tren toan b(> mi/.t vo, theo (1.7} va (1.4) d.c giatrj ella 

ill cling Ia ph.rc, dil>u nay trai v6i gia thigt, y nghia ella ham rrng su~t khong thrr nguyen ill, V6 
vln &. dinh. 

- V 6-i gia trj P1 = 1 thi tren do~ 0 ::; t ::; 60' ham ill cling khOng co gia trj th>Fc, chi tren 
do~ 60' ::; t ::; 90' ham !' m&i c6 gia trj thulin ao, va do d6 ham ill c6 gia trj th>Fc. Chrrng t6 
rlng v6i. P = 1 tren mi~n 60° ~ t :::;; 90° xu&:t hi~n c3.c ne'p nh3.n1 v6 mit 5n Cijnh q1c b9. 

- Khi gia trj P1 tang thi mi~n iln djnh se Ian r(>ng cho t&i khi P1 = 2, 6 thi rni~n nay Jan ra 
toan be? be ml;t ella vel. · 

- Tang khoiwg chia ella P1 trong do~ (1 + 2, 6) ta se c6 th~ nh~ drrgc cac Ht qua chinh xac 
han va theo doi duyc ti mi han qua trlnh hinh th1mh cac ngp nMn, mi~n rn~t 6n djnh ella vo. 

3. BAl TOAN DOl VOl TRV HO 

Khi xet v6 tf"\1 h.Y, ta clin dva them vao cac dih ki~n tren cac bien song song drrimg sinh {J = 
hhg s5). Vf d~: t~i {J = 0 va {J = {30 vo tr~ dm7c ngarn ch!;t thi: 

aw 
"= v = w = 8{3 = 0 

Ho!ic do d6: 
n.ll n.lll n.IV _ n. V _ 0 
"'(P) = "'(P) = "'(P) - "'(P) - (3.1) 

Thay cic bi~u thrrc ella ham ill vao (3.1) ta nh~n drrgc M phrrang trlnh d~i s5 Mi v&i cic 
hang s5 c, nhu sau: 
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H"[F1 (o, P1)]Cn + H"[F2(0, Pt)]C12 + · · · + H"[fs(O, Pt)]Cts = 0 
H"[Ft (.Bo, Pt)]Cn + H"[F2(.Bo, Pt)]Ct2 + · · · + H"[!s(.Bo, Pt)]Cts = 0 
H1II[Ft(O, Pt)]C11 +Hill[ li'2(0, Pt)]Ct2 + · · · + Hm[fs(O, Pt)]Cts = 0 

HIII[Ft(.Bo, Pt)]Cn + HIII[F2(,8o, Pt)]Ct2 + ·· · + HIII[/s(.Bo, Pt)]Cts = 0 (3.3) 
H1v[Ft(O,Pt)]C11 + H1v[F2(0,Pt)]Ct2 + · ·· +.H1v[/s(O,Pt)]Cts = 0 

H1v [F1(,80 , Pt)]Cn + H1v[F2(.Bo. Pt)]Ct2 + · · · + HIV[fs(.Bo, Pt)]Ct~ = 0 
Hv[Ft(O,Pt)]Cn + Hv[F2(0, Pt)]C12 + · · · + Hv[/s(O, Pt)]Cts = 0 

Hv [Ft(.Bo, Pt)]Cn + Hv [F2(,8o, Pt)]Ct2 + · · · + Hv[fs(.Bo, Pt)]C18 = 0 

Trong d6 ky hi~u H "' m{>t ham bi~u di~n qua c•k gia tri f', P1, Rp c6 d~ng (Da ky hi~u 
F = f') 

(3.4) 

D~ c6 nghi~m C;; khOng dllng nha:t Mng khOng, djnh thU.-c cac h~ s~ ella C;; trong phrrang 
tr\nh (3.3) phai b~ng khong. Gi!i djnh th.rc nay chUng ta nh~n d>rqc d.c gia tri cda 1\l"c t6i. h;tn 
Pt. 

D~ tfnh cac gia tti g~ dung tiil'p theo cda l'!c t&i h~ P1 ta cling dung h~ phrrcrog trlnh c6 
v~ trai giilng nh>r v~ trai cda ph>rcrog trlnh (3.3), con v~ ph!i Ia d.c bi~u thU,c tuy~n tfnh ella P;. 
T<l hqp cac gia tti cda P; theo bi~u th.rc (1.4) ta tlm drrqc cac gia tri g~ dung c~p cao han cda 
l'!c t&i h~n. 

Dia chi: Nhgn ngay 4/1/1996 
Tr11/tng a ~i h.gc X a~ d'fng 
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SUMMARY 

A METHOD TO SOLVE STABILITY PROBLEM OF 
NONLINEAR CYLINDRICAL SHELL UNDER TRANSVERSAL LOAD 

The stability problem of the cylindrical shell was studied by many researches, but most of 
those shells were circular. The present article considers a method to determine the critical load of 
noncircular cylindrical sh.ell with the open or close section. The author used th.e small parameter 
method to obtain the stability equation of the shell. Analyzing quality of the solution, author 
determines the critical value of the transv=al load for a shell with a elliptic close cross section 
and for a open shell, 
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